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Features and Benefits 


at a Glance 


Feature 


Benefit to student 


Chapter Opener 

Clear, Concise, and Inviting 
Writing Style, Tone and Layout 
Theory and Applications 
Theorems 

Solved Examples 

Examples 


Quick Look 


Try It Out 
Worked Out Problems 


Summary 


Exercises 


Answers 


Peaks the student’s interest with the chapter opening vignette, definitions 
of the topic, and contents of the chapter. 


Students are able to Read this book, which reduces math anxiety and 
encourages student success. 


Unlike other books that provide very less or no theory, here theory is 
well matched with solved examples. 


Relevant theorems are provided along with proofs to emphasize 
conceptual understanding. 


Topics are followed by solved examples for students to practice and 
understand the concept learned. 


Wherever required, examples are provided to aid understanding of 
definitions and theorems. 


Formulae/concepts that do not require extensive thought but can be 
looked at the last moment. 


Practice problems for students in between the chapter. 
Based on IIT-JEE pattern problems are presented in the form of 


Single Correct Choice Type Questions 
Multiple Correct Choice Type Questions 
Matrix-Match Type Questions 
Comprehension-Type Questions 
Assertion—Reasoning Type Questions 
Integer Answer Type Questions 


In-depth solutions are provided to all problems for students to 
understand the logic behind. 


Key formulae, ideas and theorems are presented in this section in 
each chapter. 


Offer self-assessment. The questions are divided into subsections as per 
requirements of IIT-JEE. 


Answers are provided for all exercise questions for student’s to validate 
their solution. 


Note to the Students 


The IIT-JEE is one of the hardest exams to crack for students, for a very simple 
reason — concepts cannot be learned by rote, they have to be absorbed, and HT 
believes in strong concepts. Each question in the IIT-JEE entrance exam is meant 
to push the analytical ability of the student to its limit. That is why the questions 
are called brainteasers! 


Students find Mathematics the most difficult part of IIT-JEE. We understand that 
it is difficult to get students to love mathematics, but one can get students to love 
succeeding at mathematics. In order to accomplish this goal, the book has been 
written in clear, concise, and inviting writing style. It can be used as a self-study 
text as theory is well supplemented with examples and solved examples. Wher- 
ever required, figures have been provided for clear understanding. 


If you take full advantage of the unique features and elements of this textbook, 
we believe that your experience will be fulfilling and enjoyable. Let’s walk 
through some of the special book features that will help you in your efforts to 
crack IIT-JEE. 


To crack mathematics paper for ITT-JEE the five things to remember are: 
1. Understanding the concepts 

2. Proper applications of concepts 

3. Practice 

4. Speed 


5. Accuracy 


About the Cover Picture 


Medieval mathematician and businessman Fibonacci (Leonardo Pisano) posed 
the following problem in his treatise Liber Abaci (pub. 1202): 


How many pairs of rabbits will be produced in a year, beginning with a single pair, 
if in every month each pair bears a new pair which becomes productive from the 
second month on? 


The solution to this problem leads to the recursive sequence, obeying the simple 
rule thattocalculate the next term one simply sums the preceding two. The Fibonacci 
numbers are recursively defined by F_,, = F, + F_,, where F, = 0, F, = 1. The first 
few are 


0,1, 1,2, 3, 5,8, 13, 21, 34, 55, 89, 144, 233, 377... 


The image on the cover is that of a Fibonacci spiral. 


A. 


CHAPTER OPENER 


Trigonometric Ratios 
and Transformations 


Each chapter starts with an opening vignette, defini- 
tion of the topic, and contents of the chapter that give 
you an overview of the chapter to help you see the 
big picture. 


Contents 


1.1 Angles and Their 
Measures 

1.2. Trigonometric Ratios 

1.3 Periodicity and 
Variance 

1.4 Trigonometric Ratios 
of Compound Angles 

15 Trigonometric Ratios 
of Multiple and 
Submultiple Angles 
Sum and Product 
Transformations 


Worked-Out Problems 
Summary 

Exercises 

Answers 


Trigonometric Ratios: The 
relationships between the 
angles and the sides of a 
right triangle are expressed 
in terms of trigonometric 
ratios. 


CLEAR, CONCISE, AND INVITING WRITING 


Special attention has been paid to present 
an engaging, clear, precise narrative in the 
layout that is easy to use and designed to 
reduce math anxiety students may have. 


DEFINITION 7.1 Random Experiment A random experiment is an experiment in which 
1. The experiment can be repeated any number of times under identical conditions. 
2. All possible outcomes of the experiment are known in advance. 


3. The actual outcome in a particular experiment is not known in advance. 


Examples 


(1) Rolling of an Unbiased Die 


Rolling of an unbiased die is a random experiment in 


This experiment can be performed any number of times 
under identical conditions. 


DEFINITIONS 


Every new topic or concept starts with de- 
fining the concept for students. Related ex- 
amples to aid the understanding follow the 
definition. 


which all the possible outcomes are 1, 2, 3, 4, 5 and 6, if 
we denote the six faces of the die with the numbers 1, 2, 
3, 4, 5 and 6. The faces of the die may also contain dots 
in numbers 1, 2, 3, 4, 5 and 6. In any case, we identify 
the faces of a die with the numbers 1, 2, 3, 4, 5 and 6. 
The actual outcome in a particular experiment (rolling 
of the die) is the number that appears on the upper- 
most face of the die and this is not known in advance. 


(2) Tossing of an Unbiased Coin 


Tossing of an unbiased coin is a random experiment in 
which there are only two possible outcomes, namely, Head 
(H) and Tail (T). In a particular experiment (tossing of the 
coin), the outcome is not known in advance. This experiment 
can also be performed any number of times under iden- 
tical conditions and therefore this is a random experiment. 


“Tossing of an unbiased coin till tail appears” is also a random experiment. However, experiments such as 
“measuring the acceleration due to gravity using a compound pendulum” is not a random experiment, since the 
experiment cannot be repeated under identical conditions and the possible outcomes are not known in advance. 

Throughout this chapter, by a coin or die we always mean an unbiased coin (or a fair coin) or unbiased die (or a 
fair die) unless otherwise mentioned. 


DEFINITION 7.2 


Some of the important definitions are as follows: 


1. A set of possible outcomes of an experiment is called an event. 


2. Two or more events are said to be exhaustive if the performance of the experiment always 
results in the occurance of atleast one of them. 


. Two or more events are said to be mutually exclusive if the occurance of one of the events 
prevents the occurance of any of the remaining events. 


. Two or more events are said to be equally likely (or equiprobable) if there is no reason to 
expect one of them in preference to others. 


Example 


Suppose that an integer is picked from among 1 to 20 
(both inclusive). What is the probability of picking a 
prime? 


Solution: There are 20 outcomes of the experiment 
of picking an integer. The primes between 1 and 20 are 


Example 


2, 3, 5, 7, 11, 13, 17 and 19 and these are 8 in number. 
Therefore, 8 are favourable to the event of picking a 
prime and hence the probability of picking a prime is 

8 2 


20 5 


Suppose that 8 dice are thrown. Find the probability that 
none of the dice shows 3 (on the upper most face). 


Solution: Any outcome of “throwing 8 dice” can be 
expressed as an 8-tuple of integers from 1 to 6 and hence 
the total number of possible outcomes is 6°. 


Example 


An outcome that none of the dice shows 3 can be 
expressed as 8-tuple of integers from the 5-element set 
{1, 2, 4, 5, 6} and there are 5§ such outcomes. Thus, the 
probability that none of the dice shows 3 is 


Suppose that a bag contains 6 red, 5 black and 4 blue 
balls. Find the probability that three balls drawn simul- 
taneously are one blue, one black and one red. 


Solution: The total number of balls is 
6+5+4=15 


Out of these 15 balls, 3 balls can be drawn in "°C, ways. 
Therefore, 3 balls can be drawn simultaneously in 


THEOREMS 


Relevant theorems are provided along 
with proofs to emphasize conceptual un- 
derstanding rather than rote learning. 


Qs QUICK LOOK 4 


Unlike the trigonometric functions sine and cosine, the 
trigonometric functions secant, tangent, cosecant and 


cotangent are not defined on the whole real line. The 
functions secx and tanx are not defined at x = (2n +1) 
m2, n€Z, since cosx=0 at these x. Similarly cosecx 


Drawing one blue, one black and one red ball simulta- 
neously can be expressed as a triple (a,, a), a,), where 
1<a,<4, 1<a,<5 and 1<a,<6. The number of such 
tuples is 


4x5x6=120 


Thus, the probability that 3 balls drawn simultaneously 
are one blue, one black and one red is 

120 _24 

455° 91 


DEFINITION 1.8 Complementary Angles 


EXAMPLES 


Examples pose a specific problem 
using concepts already presented 
and then work through the solution. 
These serve to enhance the students' 
understanding of the subject matter. 


Two angles are said to be complementary if their sum is a right 


angle. Therefore, for 0 < @< z/2, 9 and 7/2 — @ are complementary. 


THEOREM 1.6} Let @and ybe complementary angles. Then 
1. sin @=cos yand cos @=siny 
2. tan @=cot wand cot @=tan y 


3. sec @=cosec yand cosec O= sec y 


Draw a right-angled triangle OAP with OAP =90° and AOP=6 (Figure 1.12). Since the sum of 
the angles of any triangle is 180° and since 0+ y= 90°, it follows that OPA=y. 


and cotx are not defined at x =nz,n €Z, since sinx =0 
at these x. The domains of all the trigonometric funct- 
ions are collected in Table 1.1 for convenience and for 
quick reference. 


P 


90° 


O° 


A 
FIGURE 1.12 Theorem 1.6. 


QUICK LOOK 


Some important formulae and con- 
cepts that do not require exhaustive 
explanation, but their mention is im- 
portant, are presented in this section. 
These are marked with a magnifying 


glass. 


TRY IT OUT 


Within each chapter the stu- 
dents would find problems 
to reinforce and check their 
understanding. This would 
help build confidence as one 
progresses in the chapter. 
These are marked with a 
pointed finger. 


Example | 7.8 | 


Let S = {1, 2, 3, 4, 5, 6} be the sample space of a random 
experiment. Define P(E)= ¥ P(s) for any E < S, where 


seE 


P(1)=0.1 
P(2)=0.2 = P(3) 
P(4)=0.4 

P(5) =0.05 = P(6) 


Show that P is a probability function. 


Solution: We have 
(1) Positive axiom: 


P(E)=¥' P(s)>0 


seE 


(2) Completeness axiom: 


P(S)= ¥ P(s) = P(1) + P(2)+ P(3) + P(4) + P(5) + P(6) 


seS 


=0.1+ 0.2 + 0.2 + 0.4 + 0.05 + 0.05 
=1 
(3) Union axiom: For any EF, and E,¢€ ~(S) with 
E, 0 E,= ¢, we have 


PEE,VE)= ¥ P(s)=¥ P(s) +d Pls) = P(E) + PEL) 


seE{UEp seEy seE> 


since s € E, U E, if and only ifs € E, or s € E, but not 
both. 
Thus P is a probability function. 


since P(s) >0 for alls eS. 


Try it out Let S={H, T} be the sample space of a random experiment € and define 


and 


P(H)= 5 =P(T) 


P(o)=0 
P(S)=1 


Then verify that P is a probability function. 


SUMMARY 


7.1 Random experiment: An experiment is called 


random experiment if the following conditions are 
satisfied. 


(1) The experiment can be repeated any number of 
times under similar conditions. 


(2) All possible outcomes of the experiment are 
known in advance 


(3) The actual outcome in a particular experiment 
cannot be exactly predicted. 


Sample space and event: The set of all possible 
outcomes of a random experiment is called sample 
space of the experiment and any subset of the sample 
space is called an event. 


Exhaustive events: Two or more events are called 
exhaustive events if the performance of the experi- 
ment results in the occurrence of at least one of 
these events. 


Mutually exclusive events: Two or more events are 
said to be mutually exclusive if the occurrence of one 
of the events prevents the occurrence of any one of 
the other events. 


Equally likely events: Two or more events are said 
to be equally likely (or equiprobable) if there is no 
reason to expect one of them in preference to the 
others. 


7.6 Probability (classical definition): Suppose in a 
random experiment there are n exhaustive, mutually 
exclusive, equally likely outcomes. If m of them are 
favourable to an event £, then the probability P(E) 
of E is defined as 


7.8 Usual probability: The classical probability is also 


called usual probability. 


7.9 Sample points and sample space: Any possible 


outcome of a random experiment is called a sample 
point and the set of all sample points is called 
the sample space of the random experiment. An 
elementary event means a sample point. Generally 
sample space is denoted by S. 


Finite sample space: A set A is called finite if either 
A is an empty set or it is bijective with the set {1, 
2, 3, ...,n} for some positive integer n. If a sample 
space is finite, then it is called a finite sample space. 


Countably infinite sample space: A set A is called 
countably infinite set if it is bijective with the set 
Z* of all positive integers. If the sample space of a 
random experiment is countably infinite set, then 
the sample space is called countably infinite. For 
example, tossing a fair coin till head appears has a 
countably infinite sample space. 


Definition: Here afterwards events mean subsets 
of the sample space. If A and B are two events, then 
AUB means at least one of A or B and ANB 
means both A and B. Impossible event is denoted 
by empty set @ and a certain event means the entire 
sample space. 


Various events in set theoretical form: 

(1) Events E,, E,,..., E,, are said to be mutually 
exclusive if E, 0 E,= $ for i #j. 

(2) E,, E,, ..., E, are called exhaustive events if E, U 
E,U +E, =S (sample space). 


SUMMARY 


At the end of every 
chapter, a summary is 
presented that organ- 
izes the key formulae 
and theorems in an 
easy to use layout. The 
related topics are indi- 
cated so that one can 
quickly summarize a 
chapter. 


|B. | WORKED-OUT PROBLEMS AND ASSESSMENT - AS PER IIT-JEE PATTERN 


Mere theory is not enough. It is also important to practice and test what has been 
proved theoretically. The worked-out problems and exercise at the end of each 
chapter are in resonance with the IIT-JEE paper pattern. Keeping the IIT-JEE 
pattern in mind, the worked-out problems and exercises have been divided into: 
. Single Correct Choice Type Questions 

- Multiple Correct Choice Type Questions 

. Matrix-Match Type Questions 

Comprehension-Type Questions 


. Assertion—Reasoning Type Questions 


Ans wn = 


. Integer Answer Type Questions 


WORKED-OUT PROBLEMS 


In-depth solutions are provided to all worked-out problems for students to understand the logic behind and 
formula used. 


| shat ited 


Single Correct Choice Type Questions CH OICE I Y PE 
1. If (sin @+cosec 6)” + (cos @+sec 6) = tan’ 0+ cot’ A+ k, QU ESTI ON S 


then & equals 


1=cos’ 6+ sin’ 6 
(A) 9 (B) 7 (C) 5 (D) 8 ao 
; = min’ + nen These are the regular mul- 
Solution: 
=n (mM +n) 2 ° s 
LHS = sin’ 6+ 2 + cosec’ 6+ cos’ @+2+sec’O a eae , ) tiple choice questions with 
nswer: : 
=5+ (1+ cot” 6) + (1+ tan’ 8) four choices provided. Only 
4. Ifa sec@=1-—b tan@and a’ sec’ O=5 +b’ tan’ 6, then g 
ob? + 4a’ = kb? where value of k is one among the four choices 
Answer: (B) (A) 3 (B) 4 (C) 5 (D) 9 
‘s Solution: (1—b tan) =a sec 6=5+b tan’0 
6+3cos'8+ — Therefore 


=tan’@+cot’0+7 


will be the correct answer. 


2. If sin@+sin°@=1, then cos’ @+3cos 
cos’ @ is equal to 


(A) 0 (B) 2 (C) 1 (D) 4 1-2btan@ +b’ tan’ @=5 +b tan’ @ 


2 


Solution: Given that sin@+sin°@=1. This implies tan@ =— 
b 


sin @= cos’ 6. 


MULTIPLE Multiple Correct Choice Type Questions 
CORRECT CHOICE 1. IfcosA . cae and A lies between aii 540° then Po Maal 
TYPE QUESTIONS es es 


; (C) sinS=> (D) cos4 == -+ fi 2 
Multiple correct choice type 2 = 


A : (A), (B), (C), (D 
questions have four choices Solution: By hypothesis 450° < A < 540°. This implies Sei aide 

225° < A/2 < 270°. So L = 2 a= brand -cos3 
provided, but one or more of 3. Let cosx+cosy =a, cos2x + cos2y=b and cos3x + 


_A l= cosi4 1+ (7/25) 4 cos 3y = c. Which of the following is (are) true? 
the choices provided may be sin aia a ae b 


(A) cos’ x + cos’ y=1+— 
Conmect 2 


Now A/2 lies in the third quadrant. This means 


(B) 7(2 ~b-2) = cosx cos y 


_ A —-4 
sn— =—_— 
2 5 (C) 2a°+c=3a(1 +b) 


Again (D) abc =0 for all real x and y 


cos = JitcosA _ /1=(7/25) _3 Solution: 
7 . 2 cos’x + cos’y + 2cosx cosy =a" (1.11) 


MATRIX-MATCH TYPE QUESTIONS 


These questions are the 
regular “Match the Follow- | Matrix-Match Type Questions 


ing” variety. Two columns _ | 1: Match the items of Column I with those of Column II. 


each containing 4 subdivi- 


rae gin ’ 
1+sin@ _ 2 2 


(D) sec@+ tan@= 


‘ : Column I Column IT 
sions or first column with 
(A) sin 20 cos@ : Le te) ; 0 
Wicd =. ___,a~> {la . Lp | ss equalto cot— 
four subdivisions and sec- 1400320 |l14+.cos9} °° P 3 a : see | sisted : 
ond column with more sub- ae Wise , ==, —a 4 
vic : (B) | ——} || ——_ | equals (q) tan— cos——sin— 1-tan— 
divisions are given and the 1-cos26 }\ cos@ 3 2 2 2 


Answer: (D) — (s) 


student should match ele- cotd—1_ 


1-—sin20 
cota+1_ 


ments of column IJ to that ©) ) cos 20 2. Match the items of Column I with those of Column II. 


of column II. There can be 


Column I 


2) 
1+ tan, Column IT 


(D) sec@+ tan 0= (s) 


one or more matches. 7 
1 tan, (A) The value of cos?6 + cos?(60° + 6) + 
cos’(60° — 6) is 


seniben (B) cos20° cos 40° cos 80° Or 


(A) . 


sin 20 cos@_\_{ 2sin@cos’@ 1 
1+cos26 )\1+cos@} | 2cos*@ 2cos*(/2) 


_ 2sin(@/2)cos(@/2) 
~ 20s’ (8/2) 


”)5 


(C) sin’ 6 + sin’(120° + 8) + sin?(120°- 6) 
equals 


(D) sin20° sin 40° sin 80° is equal to 


COMPREHENSION-TYPE QUESTIONS 


Comprehension-type questions consist 
Comprehension-Type Questions 
1. Passage: sin(A + B) = sinAcosB + cosAsinB and 
cos(A + B) =cosAcos BF sinAsinB. Based on this (i) 
information, answer the following questions. 


of a small passage, followed by three 


sinA+sin2A+sin4dA+sin5A _ 
cos A + cos2A + cos4A+cos5A — 


(i) sinA + 2sin3A + sin5SA is equal to (A) cot3A (B) tan3A 
(A) 4sin3A cos’A (B) 4cos3.Asin?A (C) 2cot3A (D) 2tan3A 


(C) 4sin3Asin’A (D) 4cos3Acos’A (iii) COSTA eOsSA'=\c08 SA cos. 
sin7A —sin3A —sin5A + sinA 


multiple choice questions. The ques- 
tions are of single correct answer type. 


(A) cot2A 
(C) 2cot2A 


(B) tan2A 
(D) 2tan2A 
Solution: From the given information, we have 

2sin Acos B= sin(A + B)+sin(A — B) 

2cos Asin B=sin(A + B)—sin(A — B) 

2cos Acos B =cos(A + B)+cos(A — B) 

2sin Asin B = cos(A — B) — cos(A + B) 
(i) sinA + 2sin3A + sin5A =(sinA + sin5A)+2sin3A 
=2sin3Acos2A + 2sin3A 
=2sin3A(cos2A + 1) 


=4sin3Acos’A 
Answer: (A) 
(ii) Numerator = (sin A + sin5A) + (sin2A + sin4A) 
=2sin3Acos2A + 2sin3A cos A 
= 2sin3A(cos2A + cos A) 
Denominator= (cos A + cos5A) + (cos2.A + cos4A) 
=2cos3Acos2A + 2cos3Acos A 
= 2cos3A(cos2A + cos A) 


(ii) (cot B+ cotC)(cotC + cot A)(cot A + cot B) 
equals 

(A) sinA sin B sinC 

(B) secA secB secC 

(C) cosecA cosec B cosec C 

(D) cosA cos B cos C 
1+cosA—cosB+cosC _ 
1+cosA+cosB—cosC — 


(iii) 


(A) oak (B) taco Ee 
2 2 2 2 


(C) tan4cor 
2 2 


(D) tanEcot4 
20° 2 


Solution: 
(i) 1—2sin BsinC cos A + cos’ A 


=1+ cos’ A —[cos(B - C) — cos(B + C)]cos A 


=1+cos* A —cos(B—C)cosA + cos(B +C)cos A 


=1+ cos’ A + cos(B—C)cos(B + C)—cos* A 


=1+ cos’ B-sin’C = cos’ B + cos’C 


Answer: (A) 


(ii) (cot B + cotC)(cotC + cot A)(cot A + cot B) 


ASSERTION-REASONING TYPE QUESTIONS 


These questions check the 
analytical and reasoning 
skills of the students. Two 
statements are provided — 
Statement I and Statement 
II. The student is expected 
to verify if (a) both state- 
ments are true and if both 
are true, verify if statement 
I follows from statement 
II; (b) both statements are 
true and if both are true, 
verify if statement II is not 
the correct reasoning for 
statement I; (c), (d) which 
of the statements is untrue. 


Assertion-Reasoning Type Questions 


In the following set of questions, a Statement I is given 
and a corresponding Statement II is given just below it. 
Mark the correct answer as: 


(A) Both Statements I and I are true and Statement II 
is a correct explanation for Statement I. 


(B) Both Statements I and II are true but Statement II is 
not a correct explanation for Statement I. 


(C) Statement I is true and Statement II is false. 
(D) Statement I is false and Statement I] is true. 


1. Statement I: If 0 < @ < 7/2 and cos 2@= /2(cos 6- 
sin 9), then tan @ is equal to 1. 


Statement II: If 0 < a, B < 7/2 and sin(a@+ B) =1, then 
a+ B= 7/2. 
Solution: Statement II is clear. Now 
cos 26 = J2(cos@ — sin@) = cos’ @ — sin’ @ 
= /2(cos@ — sin@) 


This is true when cos @= sin @ (i.e., @= 7/4) in which case 
tan @= 1. Suppose cos 6 # sin 6. Therefore 


cos@ + sin@ = J2 


sin( 4 s 6] =4 
4 


are ee 
4 2 


This implies that either 


Therefore 


a+P=2nn or tan 


a+pP=2nn or 
1 
a+B=2nn or a= B+2nn-— 


Now a+ B= 2nz implies 
sin3a@=sin(6na—3B) or sin3a=sin(6nw+ 3B - 2) 


In any case sin3@=—sin3f so that sin3a@+ sin3B=0. 
Answer: (A) 


3. Statement I: sin(z/18) is a root of 8x° — 6x + 1=0. 
Statement Ik: For any real a, sin3a = 3sina — 4 sin’ a. 


Solution: Statement II is a standard formula. Put @= 7/18. 


Therefore 


INTEGER-TYPE QUESTIONS 


The questions in this section are nu- 
Integer Answer Type Questions 


1. In AABC, sin(B + C—A)+sin(C + A -B)+sin(A + A B.C 
B-C)=ksinA sin BsinC where k equals : =1- 208; cos, sin. 


A+B+C=2=> B+C-A=2-2A, ete. 


merical problems for which no choices 
are provided. The students are required 
to find the exact answers to numerical 


Solution: 
Therefore 


LHS = sin(a — 2A) + sin(a — 2B) + sin(a - 2C) 
=sin2A + sin2B + sin2C alt 


Therefore p = 1, q =2. 
Answer: 3 


i i problems and enter the same in OMR 


tan30+tan@ cot3@+cotd 
of kis ‘ 


= cotké then the value 


sheets. Answers can be one-digit or 
= 4sin Asin BsinC 


two-digit numerals. 


Answer: 4 Solution: 


2. If A+B+C=n, then iL _ 1 
oA 25'S tan3@+tan@ cot30+coté 
sinX — sin 

2 2 


_1B 
+ sin” 
2 


=p- cos os sin 
aie ke Yaar ae 4 tan tan 30 


“tan30+tan@ tan30+tan@ 


where p + q is 


Solution: _1l-tan30tand ot 


=— = =cot40 
tan3@+tan@ tan4@ 

wgA ap BR -. 5€ 
sin’-— + sin-— — sin’ — Answer: 4 


EXERCISES 


Single Correct Choice Type Questions 


41. The value of sin36° = 


) (V5 +1)/10 + 25 
8 
() 10+ 2V5 


2. 


(A 


Ifa 


(A) l-a 


6. Suppose that sin’ x sin 3x = yi An cosmx, where A), 
V5 +1 A,,:::, A,, are constants and A,, #0, then the value of 1 is 

oa (A)8 (B) 6 (4 (9 

D (V5 —1)/10+ IWS 7. If a, b, c and d are smallest positive angles in the 

(D) 8 ascending order such that the sine of each angle is equal 

to a positive constant A, then 4sin(a/2) + 3sin(b/2) + 


2sin(c/2) + sin(d/2) is equal to 
(B) J1+4 


(A) 2J1+a 


8 


= 2sin@ 
~ 14cos6+sin @” 


1—cos@+sin@ . 
- is equal to 
1+sin@ 


Multiple Correct Choice Type Questions 
1. Let 3. If sinO= (mr — 1 )/(m’ +17), then 


(B) cosec@ = 


5 = 2mn 
sin A — sin B 


3 28 
‘et cos A + cosB 4 sin A +sinB )" (A) tang= 2 —" 
° cos A — cos B 


m+n 


(C) secO= (D) cot@=— 


Then 2mn mn 


(A) x=0if is an odd positive integer 
4. Which of the following are true? 
(A) tan20°+tan 72° +tan 88°=tan 20° - tan 72° 
(B) tan51°+tan 62°+tan67°=tan51°-tan62° 
(C) cot27°+ cot32°+ cot31°= cot27°- cos 32° 
3+ tan40°+ tan 80°= y3 tan 40° tan 80° 


(B) x=tan"(A — B)/2 if nis an even positive integer 
(C) x=2cot"(A — B)/2 if nis an even positive integer 
(D) x= 0 ifn is an even positive integer 


2. Which of the following statements are true? 


Matrix-Match Type Questions 


EXERCISES 


For self-assessment, each chapter has 
adequate number of exercise prob- 
lems where the questions have been 
subdivided into the same categories as 
asked in IIT-JEE. 


m+n? 


7 


mn 


2mn 


2 
+n 


In each of the following questions, statements are given 
in two columns, which have to be matched. The state- 
ments in Column I are labeled as (A), (B), (C) and 


matches are (A) > (p) and (s); (B) > (q),(s) and (t); 
(C) > (1); and (D) > (r),(t) then the correct darkening 
of bubbles will look as follows: 


(D), while those in Column II are labeled as (p), (q), 
(r), (s) and (t). Any given statement in Column I can 
have correct matching with one or more statements in 
Column I. The appropriate bubbles corresponding to 
the answers to these questions have to be darkened as 
illustrated in the following example. 


Example: If the correct matches are (A) = (p),(s); 
(B) > (q),(8),(); (C) > @); (D) 9(@),(t); that is if the 


Comprehension-Type Questions 


1. Passage: The equation acos#+bsin@ = c can be 
solved when |c| < Ja’ + b°. Based on this answer the 
following questions (i), (ii) and (iii). 

(i) If0 <x < wand sinx + cosx = 1, then the number 
of values of x is 
(A) 1 (B) 2 (C) 4 (D) 0 
(ii) The maximum and minimum values of 
3cos 9+ 4sin @— 5 are respectively (@ is real) 
(A) 5,-5 (B) 4,3 (C) 0,-10 (D) 4,-3 
(iii) The maximum and minimum 
Ssin 0+ 12cos 0+ 13 are respectivel 
(A) 1 


values of 


qrs 
OO® 
@Ce 
O@O 
O@O 


3. Passage: To eliminate a parameter, we need two 
equations involving the parameter. For example, if 
x =rcos @and y = rsin @, then by squaring and adding, 
we have x°+ y’ = 7°. This shows that @ is eliminated 
from the given equations. 


Answer the following questions (i), (ii) and (iii). 
(i) If tan @+ sin @=a and tan 6- sin @= bd, then after 
eliminating 6, (a” — b’) is equal to 
(A) 4Jab (B) 4ab (C) 16Jab  (D) 16ab 
(ii) Eliminating @ from the equations x = cot 6+ tan @ 
and y = sec @— cos 6, we have 


Assertion—Reasoning Type Questions 


In the following set of questions, a Statement I is given 
and a corresponding Statement II is given just below it. 
Mark the correct answer as: 


(A) Both Statements I and II are true and Statement II 
is a correct explanation for Statement I 


(B) Both Statements I and I are true but Statement IT is 
not a correct explanation for Statement I 


(C) Statement I is true and Statement II is false 
(D) Statement I is false and Statement II is true 


1. Statement I: If xcosa@ + ysina = xcosf + ysin B = 2a 
and 2sin@/2sin B/2 =1, then y’ = 4a(a— x) 


Integer Answer Type Questions 


3. Statement I: For all values of @, 2(sin°@+ cos’) — 
3(sin‘@ + cos*@) =—1 


Statement I: x° + y?=(x+ y)(x°-xy+y’) 


4. Statement I: If tan(@/2) =m, then 


1-2sin°(6/2)_1+m 


1+sin@ 1l-m 


1-tan’@ 


atom? and cos20 = 


Statement II: sin26 = > z 
1+ tan’@ 1+ tan’@ 


5. Statement I: If 


The answer to each of the questions in this section is a 
non-negative integer. The appropriate bubbles below 
the respective question numbers have to be darkened. 
For example, as shown in the figure, if the correct answer 
to the question number Y is 246, then the bubbles under 
¥ labeled as 2, 4, 6 are to be darkened. 


. If 2tan(A + B) = 3tanA, then sin(2A + B) = ksinB, 


where k is equal to ‘i 


. If 3cosx = 2cos(x — 2y), then cot(x — y)coty is equal 


to 


. If sin2° + sin 4° + sin6° + --- +sin 178° =ncot1°, then 


nis equal to : 


y Let0<a,;< m2 for j=1,2,3, ---,8 and cot @,-cot @,--- 
cot @,=1.If Mis the maximum value of cot a, cot a, 
+++ cot @,, then the value of (32) M is ___. 


. The value of (1 + cot A — cosecA)(1 + tanA + sec A) 


is 


ANSWERS 


The Answer key at the end of each chapter contains answers to all exercise problems. 


| 


Single Correct Choice Type Questions 


- (B) 


Multiple Correct Choice Type Questions 


(A), (C) - (B), (C) 

- (A), (B), (C) - (A), (C), (D) 

- (A), (B), (C) - (A), (B), (©) 

- (A), (B), (C), (D) - (B), (C) 

- (A), (B), (C), (D) - (A), (D) 

- (A), (B), (C) - (A), (C), (D) 

- (A), (B), (D) - (A), (B), (©), (D) 
(A), (D) - (A), (B), (©), (D) 


ONAMAWHN a 


Matrix-Match Type Questions 


1. (A) > (p), (s), (B) > q@), (O>@), (D)> » (A)>(), (B)> (r), (C)>(q), (D) > (p) 
2. (A)>(p), — (B) > (p), (CQ >), (D) > (8) - (A)> (0), (B)> (p), (CQ) > @), (DB) > (q) 
3. (A) >), (B) > (s), (C)> (q), (D) > () -(A-() B®), (> @), O)-@ 


Comprehension-Type Questions 


1. (i) (B); (ai) (C); ili) (C) - G@) (@); (i) (BY); Gai) (A) 
2. (i) (A); (ii) (B); (iti) (D) 


Cut from here 
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Trigonometric Ratios: The 
relationships between the 
angles and the sides of a 
right triangle are expressed 
in terms of trigonometric 
ratios. 


a | Chapter 1 | Trigonometric Ratios and Transformations 


Trigonometry is the study of the relation between angles and sides of a triangle. This is an essential branch of 
mathematics useful for the measurement of areas, distances and heights. 


1.1 | Angles and Their Measures 


Consider a straight line extending indefinitely in both the directions and let O be a point on this straight line. Then the 
point O divides the line into two parts and each of these two parts is called a ray and O is called the vertex of the two 
rays. Usually rays are denoted by OA, where O is the vertex and A is any point on the ray (ray is a part of the straight 
line). In Figure 1.1, OA and OB are rays. The vertex of a ray is called the origin of the ray or the initial point of the ray. 


a 
A O B 


FIGURE 1.1 Rays OA and OB. 


DEFINITION 1.1 The figure formed by two rays with the common vertex is called an angle and is denoted by 
AOB or AOB, where O is the common vertex, A is a point on one ray and B is a point on 
the other ray as shown in Figure 1.2. 


Oo A 


FIGURE 1.2 Angle. 


A real number is associated with each angle and this number is called the measure of the angle. There are two impor- 
tant systems of measurement of an angle: the sexagesimal system (or British system) and the radian system (or circular 
measure system). 


DEFINITION 1.2 Sexagesimal System An angle AOB is called a right angle if OB is perpendicular to OA, 
geometrically. In sexagesimal system a right angle is divided into 90 equal parts called degrees. 
Each degree is divided to 60 equal parts called minutes and each minute is divided into 
60 equal parts called seconds. One degree, one minute and one second are denoted by 1°, 
1’ and 1”, respectively. Therefore, 


1 right angle = 90° 
1°=60’ 
and 1’ = 60” 


Figure 1.3 illustrates the sexagesimal system. 


DEFINITION 1.3  RadianSystem The angle subtended at the centre of a circle by an arc whose length is equal 
to the radius of the circle is called a radian and is denoted by 1°. 


B 


Oo A 
FIGURE 1.3. Sexagesimal system. 


1.1 | Angles and Their Measures 


FIGURE 1.4 Radian system. 


Figure 1.4 shows the radian system. In the following theorem, we prove that this angle is independent of the radius of 
the circle, we have considered. 


THEOREM 1.1] The radian is constant, in the sense that it is independent of the radius of the circle. 


ProoF| Consider a circle with centre O and radius r. Let A and B be points on the circle such that the 
length of arc AB is equal to the radius r of the circle (Figure 1.5). Then by definition, 


AOB = I radian = 1° 


Produce AO to meet the circle at C. Then AC is a diameter of the circle and the length of the arc 
ABC is equal to half of the circumference of the circle. Therefore, 


AOC =2 right angles = 180° 


We know that the angles subtended at the centre of a circle are proportional to the lengths of the 
arcs which subtend them. Therefore 


AOC _ arc ABC 
AOB arc AB 


Also, we know that the ratio of the circumference and diameter of a circle is always a constant 
and is denoted by z. Therefore, the circumference of any circle is equal to md(=2zar), where d is 
the length of any diameter of the circle. From these, we have 


180° (2ar)/2 | 7 
AOB- ir 
and hence AOB = 180°/z, which is independent of the radius of the circle. 


B 


FIGURE 1.5 Theorem 1.1. oO 


es Chapter 1 | Trigonometric Ratios and Transformations 


1. The value of the constant 2 mentioned in Theo- : 1 : . 
rem 1.1 is approximately 22/7 (=3.1415...). In fact A right angle = () radians = 90 
m is not a rational number; nor it is an alge- 
braic number in the sense that z is not a root of Also, 
any nonzero polynomial with rational coefficients. rt 
However, 22/7 or 3.1415... are only approximate 1° =—— radians 
values of zz. 180 
2. From Theorem 1.1, it follows that These provide us methods to convert the measure- 
P ment of an angle in sexagesimal system into that in 
{c= a radian system and vice-versa. 
3. Usually angles are measured in radians or degrees. 
or mradians = 180° = 2 right angles For an angle having degree measure 8, we write 0°. 
When we do not mention the superscript °, the 
m* = 180° measure is considered to be in radians. 


and therefore 


Example [asl] 


Express 40°36’20” in radian measure. Therefore 
Solution: 40°36’20” = (40 eae 7 
) 10 180 
20” =— minutes 
-(40 + J + I 7 radians 
° 10 180/\180 
ee degree =| —— 
“60x60” (480 7200+108+1_ 
= —___—-_ 7 radians 
5 5 180 x 180 
36 6 
36’ =| — ] =| — 
(aa) -(i) [22 a) 
32400 
Example We) 
Express (52/6) in degrees. c : 
(=) - (2-180) = 150° 
Solution: 


The given radian measure in degrees is 


THEOREM 1.2} Let @ be the angle in radians subtended by an arc of length a at the centre of a circle of radius r. 
Then 


a . 
6 =— radians 
r 


ProoF}| We have from the definition of a radian, 


1 radian = The angle subtended by an arc of length r at the centre of circle 
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Therefore 


radian = The angle subtended by an arc of length 1 at the centre 
r 


* radian = The angle subtended by an arc of length a at the centre - 
} 


Let us consider a unit circle (a circle of unit radius) having centre at C. Let O be a point on the circle. Let CO be the 
initial side of an angle. Since the radius of the circle is one unit, the length of an arc of this circle will be the radian 
measure of the angle subtended by it at the centre C. Consider the line AOB, which is the tangent to the circle at O. 
We can consider AOB as the real line with O representing the real number zero, the points towards OB representing 
positive real numbers and those towards OA representing negative real numbers. Now, if the line OB is roped in 
anticlockwise direction along the circle, then every positive real number will correspond to a radian measure and 
conversely. Similarly, if the line OA is roped in clockwise direction along the circle, then each negative real number 
will correspond to a radian measure and conversely. Thus, the radian measures and real numbers are same. However, 
regarding angles, note that two different real numbers may represent the same angle; for example, z/2 and 57/2 repre- 
sent the same angle. In fact for any angle 9, in radians, 9+ 2nz represents the angle @ only for any integer n. 


~< t t t t 
A -3 -2 -1 oO 1 2 3 


FIGURE 1.6 Circle of unit radius. 


ay 


THEOREM 1.3} For any real number x, there exist unique integer n and a real number @ such that 


x=2nrt+@0 and 0<0<2z 


ProoF| Letn be the integral part of x/27; that is, n is the largest integer which is less than or equal to x/27. 
Then 


x 
ns—<net+l 
20 


Therefore 
n(2n)<Sx<n(2m)+ 20 
O<x-2nn<2n 
Now, put @=x — 2nz, Then 
x=2nrt+0@ and O0<SO0<2z 
To prove the uniqueness of 1 and 9, let n and m be integers and @ and @ be real numbers such that 


2nt+0=2mn+¢,0<S0<2n2 and O0<¢<2z 


a 6 | Chapter 1 | Trigonometric Ratios and Transformations 


Then 
|6-o|=2|m—-n|x>2n ifm#n 
and 
|0-o|<2z 
Therefore m=n and @-@. a 


Note: The integer n above can be considered as the number of completed revolutions of the circle in Figure 1.6 to reach x. 


Example 


Suppose that a clock shows half past 3. Find the angle 
between the hours hand and the minutes hand in degrees 
and radians. 


Solution: From the hypothesis, the hours hand is 
exactly in middle of 3 and 4 and minutes hand is at 6 
(Figure 1.7). The 12 divisions in the clock totally repre- 
sent 360° and hence each division represents 30°. 
Therefore, the angle between the hours hand and the 
minutes hand is 30° + 30° + 30°/2 = 75°, which is equal to 
75 X m/180 = 57/12 radians. 


FIGURE 1.7. Example 1.3. 


Example 


Determine the radius of the circle in which an arc of 
length 16 cm subtends an angle of 80° at the centre of 
the circle. 


Solution: If /is the length of the arc and @is the angle 


subtended at the centre of the circle of radius r, we know, 
from Theorem 1.2, that 


= radians 
r 


We are given here that 9= 80° and /=16 and we have 
to find r. First we have to convert the measure of @ into 
radians. We have 


p=snrason 2” 
180 9 
Therefore 
4n_1_ 16 
9 +r Fr 
9x16 36 


7 
36 X — approx. 
4n 1 ( 22 EP 


Example S| 


Let a triangle be given such that its angles are in arithmetic 
progression and that the ratio of the greatest to the smallest 
angles, in degrees, is 7:60. Find all the angles of the triangle. 


Solution: Let the angles be a—d, a and a+d, where 
d>0.Thesum of the angles in a triangle is 180°. Therefore 
3a = 180° 
a= 60° 


Since d>0, a-d<a<atd, from the hypothesis, 
we have 

atd_ 60+d_180_, 

a-d_ 60 60-d 60 


Therefore d=30° and so 30°, 60° and 90° are all the 
angles of the given triangle. 
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1.2 | Trigonometric Ratios 


In this section we will define the trigonometric ratios sine and cosine as real-valued functions in the interval [0, 27] 
first and later extend the domain of these to the entire real line. Using the definitions of these, we define the other 
trigonometric functions such as cosecant, secant, tangent and cotangent on appropriate domains. 


DEFINITION 1.4 Sine and Cosine Ratios Let 0 be a real number such that 0 < @< 27. Consider a rectangular 
coordinate system OXY. Draw a circle with centre at O and radius r>0 in the coordinate 
plane. Choose a point P on this circle such that OP makes an angle of @ radians with OX, 
measured in the anticlockwise sense (see Figure 1.8). 


With reference to the coordinate system OXY, let (x, y) be the coordinates of the point P. 
Then, we define the sine ratio of @ as 


sing =~ 
: 


and the cosine ratio of @ as 


Xx 
cos@ = — 
; 


First note that these ratios sin @ and cos @ are independent of the circle and its radius r. Consider Figure 1.9 in which 
two circle C, and C, of radius r, and r, are given and the points P(x,, y,) and Q(x,, y,) lie on these circles, respectively, 
such that O, P and Q are collinear. 


P(x, y) 


P(x, y) P(x, y) 


FIGURE 1.8 
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Y 


FIGURE 1.9 


Let M and N be feet of the perpendiculars drawn from P and Q, respectively, on OX. Then, PM=y,, QN =y.,. 
The triangles OPM and OQN are similar and hence 


PM _QN 
OP OQ 
Therefore 
Mi Yo 
r 4G 


Thus, sin 0 is independent of the circle and its radius. Similarly, cos @ is also independent of the circle and its radius. 


1. If P(x, y) is a point on the circle of radius r with 3. If P(x, y) is a point on the unit circle (circle of 
centre at the origin O such that OP makes an angle radius 1) with centre at the origin O and OP makes 
of @ radians with the ray OX in the anticlockwise an angle @ radians with the X-axis, then 


sense, then we have ; 
x=cos@ and y=sin0@ 


x=rcos@ and y=rsin@ 4 Foray 0262 on 


2. Fi O0< 0<2 h 
or any 7, we have sind=0@ y=0 (sincer>0) 


«2. 29 — 
sin’ 8+ cos 0=1 © P(x, y) lies on the X-axis 


and hence ©6=0 or gradians 


sin’? @ =1—cos’@ 
and 


Pray 4) eee 
and cos @=1-sin°@ een 


Openly yee wes ay pas ; 
where sin’ 9@= sin @- sin @ and cos’ @=cos @- cos 0. > P(x, y) lies on the Y-axis 


pee or Be 
2 D 


DEFINITION 1.5 Let x be a real number. Then there exist unique integer m and a real number @ such that 


x=2nnt+0 and 0<0@<2z 
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(see Theorem 1.3). Now, we define 
sinx = sind 
and cos x = cos 8 
In other words, we are defining 
sin(2nz + 6) =sin@ 
and cos(2nz + 0) =cos 0 


for any integer n and real number @ such that 0 < @< 27. 


1. Sine (sin) and cosine (cos) are real-valued func- and 
tions defined on the entire real line and both are of 
period 27, that is, cos(6 + 27) = cos@ 
sin(@ + 27) =sin@ for all real numbers. 


2. sin=0<x=nz for some integer n and cosx=0 © 
x =(2n + 1) 7/2 for some integer n. 


DEFINITION 1.6  Secant and Tangent For any real number x # (21 + 1)7/2, n € Z, we define 


sinx 
secant x = 


and tangentx= 
cos x COS x 


and denote secant x and tangent x simply by secx and tan x; that is, 


sin x 


and tanx= 
COS x COS x 


Sec x = 


for any real number x which is not of the form (2 + 1)z/2, where n is an integer. 


DEFINITION 1.7 Cosecant and Cotangent For any real number x # nz, n € Z, we define 


COS X 


1 
cosecantx=——— and _ cotangentx =— 
sin x sin x 


and denote cosecant x and cotangent x simply by cosecx and cotx; that is, 


COS X 


1 
cosecx=——— and cotx=— 
sin x sin x 


for any real number x which is not of the form nz, where nv is an integer. 


oe. QUICK LOOK 4 


Unlike the trigonometric functions sine and cosine, the 
trigonometric functions secant, tangent, cosecant and 
cotangent are not defined on the whole real line. The 
functions secx and tanx are not defined at x = (2n + 1) 
m2, neZ, since cosx =0 at these x. Similarly cosecx 


and cotx are not defined at x =nz,n € Z, since sinx = 0 
at these x. The domains of all the trigonometric funct- 
ions are collected in Table 1.1 for convenience and for 
quick reference. 
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Table 1.1 Domains of all the trigonometric functions 


Function Domain 

sin x R 

COS x R 

cosecx R- {nz |n €Z} 

secx 2-{an+ 2 Inez} 
i 1 

tanx 2-{2n+1)ZInez} 

cotx R — {na |neZ} 


We have discussed earlier about all the values of x for which the values of each of the trigonometric ratios sin x, cos x, 
tan x, cosecx and cotx are defined. In the following paragraphs, we discuss the values of x for which these are positive 
and those values of x for which they are negative. 


Let 0 be a real number such that 0< 0<27, 0# 7/2, 3. If m< @< 37/2, then P lies in the third quadrant of 


64 mand 0 # 37/2. Consider a rectangular coordinate the plane and hence x <0 and y <0, so that tan@>0 
system OXY, as in Definition 1.4, with O as origin. Let and cot @> 0 and all others are negative. In this case, 
r be a positive real number. Choose a point P in the @ is said to be in the third quadrant. 
coordinate plane such that OP=r and OP makes an 4, If 37/2 < @<2z, then P lies in the fourth quadrant 
angle of @ radians with OX measured in the anticlock- of the plane and hence x>0 and y<0, so that cos@ 
wise sense. Let (x, y) be the coordinates of the point P. and sec@ are positive and all the others are negative. 
We have the following important observations. Recall In this case, @ is said to be in the fourth quadrant. 
that both x and y are nonzero since 0 ¢ {0, 7/2, m, 37/2}. The angles 0, 7/2, 2, 3m/2 and 2m are called the 
1. If0 < 0< 77/2, then P lies in the first quadrant of the quadrant angles. 

plane and hence x > 0 and y > 0, so that 5. The signs (positive or negative) of the trigonometric 


ratios in the four quadrants can be remembered as 


, yy 5 _* 
sin@ = - >0; cos@= _ >0 shown below. 


tand=~>0: secd=_>0 T rsh WI IV 
DG x 


epee Grccaceda™ TRG All Silver Tea Cups 
y y 


I I, all itive. 
Therefore the values of all the trigonometric func- tequadiant Tall are positive 


tions are positive at 9 when 0 < @< 77/2. In this case 
we say that @ lies in the first quadrant. 


In quadrant II, only sine (and its reciprocal cose- 
cant) is positive. 


In quadrant III, only tangent (and its reciprocal 


2. If 2/2 < @< 7, then P lies in the second quadrant of oe 
cotangent) are positive. 


the plane and hence x <0 and y > 0, so that sin @>0 
and cosec@> 0 and all others are negative. In this In quadrant IV, only cosine (and its reciprocal 
case, we say that @ lies in the second quadrant. secant) is positive. 


Now, we shall prove certain basic identities satisfied by the trigonometric functions. For convenience, we write 
f’(x) for (f(x))’, where f is any function. 


THEOREM 1.4] 1. sin’x+cos’x=1 for allxeR 
2. 1+ tan’x =sec’x for all xe R- {(2n +1) n/2\n €Z} 
3. 1 +cot?x =cosec’x for all x e R- {na|n € Z} 
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Proor| Let xeR and x=2nz+ 6, where n is an integer and @ is a real number such that 0 < @<2z. 
Consider a rectangular coordinate system OXY with O as origin. Choose a point P(x, y) in the 
coordinate plane such that OP = 1 and OP makes an angle of 9 radians with OX measured in 
anticlockwise sense (Figure 1.10). 


‘ 
’ 
‘ 
’ 
’ 
’ 
“nO 
’ 
‘ 

|: 


oO 


FIGURE 1.10 Theorem 1.4. 
1. By Definition 1.4, 


: y 
6= — =. 
sin OP y 
and 
cos@ =—~—-=x 
OP 


Since x° + y =(OP)’ = 1, it follows that 
sin’@+cos @=1 
Now, 
sin’ 6 + cos’ @ = sin’(2n + 6) + cos’(2nz + 0) 


= sin’ @ + cos’@ 


=1 
2. Let x €R-{(2n +1) /2|n € Z}. Then cosx #0 and hence tanx and secx are defined 
- 2 
1+tan*x=1+ eit 
cos x 


cos’ x + sin’ x 
cos’ x 


=—— =sec’x 
cos’ x 


3. Let x eR -— {na\n € Z}. Then sinx # 0 and cosec.x and cotx are defined and 


2 
cos’ x 
1+cot?x=1+ 


sin? x 
_ sin’ x + cos’ x 
sin’ x 


1 2 
= —>— =cosec’ x 
sin’ x Oo 


Corottary 1.1} 1. For any x eR -—{(2n +1) w/2|n €Z}, 
(sec x — tan x)(sec x + tanx) =sec* x —tan’?x=1 


that is, secx — tanx and secx + tanx are reciprocal to each other. 
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2. For any x ER —- {na|n € Z}, 
(cosec.x — cot x)(cosec x + tanx) = cosec’ x — cot?x =1 


that is, cosecx — cotx and cosecx + cotx are reciprocal to each other. 


CoroLtary 1.2) 1. |sinx|<1 and |cosx|<1 for allxeR 
2. |cosecx| 21 for all x € R — {na|n € Z} and |secx| = 1 for all x e R— {(2n + 1) m/2|n €Z} 


ProoF! This is an immediate consequence from the identity sin?x + cos’x = 1. ia 
q y 


e Try it out Express all the trigonometric ratios of an angle in terms of parts (1) or (2) of Corollary 1.2. ) 


In the following examples, we have expressed all the trigonometric ratios of an angle in terms of sine and in terms 
of cotangent. 


Example Era 


Express each trigonometric ratios of an angle 6 in terms 


: cosec@ = 
of sin 0. 


sin@ 
_ sind sind 


Solution: Since sin’ @+ cos’ 6 = 1, we have tan@ 
cos@  /1—sin’@ 


cos@ =,/1—sin’@ 
1 1 ec teed 


sec 0 = = 
cosé 1-sin’@ 


sin@ sin@ 


All the above are valid for approximate values of 0. 


Express all trigonometric ratios of an angle in terms of cot 0. 
cos@ = /1—sin’6 = 1 ; 1 Fe _  coté 
+ co 


2 
Solution: From part (3) of Theorem 1.4, we have, for yi +cot'é 
all approximate 0, 


tan@ = — 
cosec @ = ,/1 + cot’?@ cote 


1 1 1 1+cot’@ 


sin@ = = secO= = 
cosec@ 1+ cod cos@ coté 
Example Real 

If cos@ = 22/3, find the numerical magnitude of all Te 1. 3 
trigonometric ratios of 0. ~ cos8 2/2 
Solution: Using cos@ = 2V2/3, we get tan@ = sin? 1 
cos@ 2/2 

2 
sin @ = ./1—cos*@ = ,/1— 2v2 ail cot@ = 1 9.5% 
3 3 tang 
cosec 0 = =2 =3 


sin@ 
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Inter-Relationships Among Trigonometric Ratios 


In Table 1.2, we display formulae expressing each of the trigonometric ratios in terms of any other ratio. 


Table 1.2 Relationship among trigonometric ratios 
Function sin@ cos@ cosec 0 sec tan@ coté 


sin 0 sin 0 1-sin’@ —_ = eee 1—sin’@ 
sin@ 1-sin’@ 1—sin’@ aap 


cos 0 4{1—cos’@ cos 0 ae ee at. 1-—cos’@ __cos8 


1-cos’6 cosé coed 1—cos’6 
1 


@ 
ee 1 Veose"@=1cosera 
ald cosec 0 \cosec?@—1 cosec?@ = 1 


2 1 sec 0 
sec @ sec @—1 ————— sec {sec 0-1 ———— 
sea secO sec’@-1 sec’@-1 


cosec’@—1 


tan@ 1 2 1 
tan@ ———— a 1+ tan’ @ 1+tan’0@ tan@ 
1+ tan’ 1+ tan’ tand tan 
cot @ eos 2 ON 1+cot’@ 1+ cot’@ : cot 9 


1+cot’@ 1+cot’é coun cot 
Example eed 


If tan 8+ sec @ = 3/2, evaluate the value of sec 0. A(x +1) =9(1- x’) 
Solution: First, express tan 9 and sec 0 in terms of sin 0. 13x° + 8x-5=0 
We have (13x —5)(x + 1)=0 
ee ee and oa x=-1 or 5 
1-sin’@ 1-sin’6 13 
Put sin =x. We are given that If x=-1, then cos@=0 (since cos*@+sin°@=1) and 
hence tan@ and sec@ are not defined. Therefore 
np eco 5 x = 5/13; that is, sin @ = 5/13. 
Therefore 
x 1 s) 
+ _ 


Now, let us evaluate the trigonometric ratios of certain angles and prepare a table useful for ready reckening. First 
recall the following in degrees and radians. 


Radians ds ds i : an Su ou 1 20 
6 4 3 2 3 4 6 


Degrees 30° 45° 60° 90° 120° 135° 150° 180° 360° 
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THEOREM 1.5] 1. 


5. 


Proor] 1. 


. sin45°=sin 


. sin60° =sin—= 


sin30° = sin 


1 


1 


. sin90°=sin—=1 
2 


sin 0° = sin0=0 


Consider a rectangular coordinate plane OXY with origin O. Let P(a, b) be a point such that 
OP makes an angle of 30° with OX in anticlockwise sense. Draw a perpendicular through 
P to OX to meet at M. Then PM =b and OM =a. Produce PM to Q such that PM = MQ. 
Now, by the properties of triangles, OPQ is an equilateral triangle and PQ = 2b and hence 
OP = 2b = OQ. Therefore 


sin 30° = ae 
2b 2 
This is graphically illustrated in Figure 1.11. 
Y 
ar 
2b | 
£302 
ee iM “ 
eA 
LQ 


FIGURE 1.11 Theorem 1.5 part (1). 


By similar techniques, we can prove (2) through (5) also. Go 


Using the values of sine given in Theorem 1.5 and Table 1.2, we can evaluate the values of other trigonometric ratios 


also at these angles. 


DEFINITION 1.8 


Complementary Angles Two angles are said to be complementary if their sum is a right 
angle. Therefore, for 0 < 0< a/2, @and 7/2 — @ are complementary. 


THEOREM 1.6} Let @and wbe complementary angles. Then 


1. sin@=cos wand cos @=siny 


2. tan@=cot wand cot @= tany 


3. 


sec @= cosec wand cosec = sec y 


Proor| Draw aright-angled triangle OAP with OAP =90° and AOP =6 (Figure 1.12). Since the sum of 
the angles of any triangle is 180° and since 6+ y= 90°, it follows that OPA = y. 


P 


90° 
oO 


A 
FIGURE 1.12 Theorem 1.6. 
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If O is treated as origin and the line OA as the X-axis, then the x-coordinate of P is OA and the 
y-coordinate of P is PA. By the definition of the ratio sin 6, we have 


sin@ = iiss and cos@= On 
OP OP 


Also, when the angle yis considered, PA becomes the base and OA becomes the perpendicular 
and hence 


siny = oe and cosy = es 
¥~ OP ¥~ OP 
And therefore (1) is proved. Similarly (2) and (3) can be proved. oO 
Coro.ttary 1.3] Forany0<06< 7/2, 
1. sind= cos{ 7 - 6] and cos@ = sin( = - 0] 
2 2 
2. tand= cot( 4 - 6] and cot@ = tan{ = - 0| 


3. secO= cosee( % - 0] and cosec@ = sec( 2 - 0] 


a Try it out Prove parts (1)—(3) of Corollary 1.3. ) 


Thus, we have that 

1. The sine of any angle is the cosine of its complement. 

2. The tangent of any angle is the cotangent of its complement. 
3. The secant of any angle is the cosecant of its complement. 


For these reasons, sine and cosine, tangent and cotangent, and secant and cosecant can be remembered as complementary. 

From these observations, we can construct Table 1.3 containing the trigonometric ratios of certain important 
angles. The reader is advised before proceeding any further to table that if he/she can memorize accurately the portion 
of the table included between thick lines, then one should be able to reproduce the rest easily. 


Table 1.3 Trigonometric ratios of certain angles 


Degree o 30° 45° — 60° 90° 180° 270° 360° 


Ratios ————> 
Radians 0 z ov = ae 1 we 2G 
6 4 3 2 Dy 
sin 0 i); 1 WB 1 0 | 0 
2 lS ) 
cos 1 v3 a u 0 -1 0 1 
2 | v2 2 
cosec Not defined 2 «(2 2 1 Not defined -1 Not defined 
V3 
sec 1 <3 af 2 Not defined -l Not defined 1 
V3 
tan 0 23 1 V3 Not defined 0 Not defined 0 
V3 
cot Not defined GB 1 0 Not defined 0 Not defined 


és) 
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Next, we consider variations and periodicity of the trigonometrical ratios. In fact, we have defined sinx and cos x for 
all real numbers x, secx and tanx for all xe R—-{(2n + 1)a/2, n € Z}, and cosecx and cotx for all x ER -{na|n € Z}. 
By the very definition of these functions, it follows that 


f(2m + x)= f(x) 


for all trigonometric functions f. Now, we have the following theorem. 


THEOREM 1.7) For all real numbers x, 


PROOF 


sin(—x)=—sin x and cos(—x)=cosx 


The theorem is evidently true when x = 0 or 7/2 or wor 37/2 or 27. Let x be any real number. Then 
we can write x = 2n7+ 0, where 0< 0< 27 and ne Z. 

In view of the above remark, we can assume that 0 < 6<2zand 0# 7/2, x, 3/2. Consider a 
rectangular coordinate system OXY with O as origin. Draw a unit circle in the coordinate plane 
with the origin as the centre. Choose a point P on the unit circle such that XOP measured in anti- 
clockwise sense is 9 radians. Figure 1.13 illustrates the cases for each of the four quadrants. Draw 
a perpendicular from P to OX to meet the circle at Q. 

In each of the four cases, the X-coordinates of P and Q are same and their Y-coordinates are 
same in absolute value but with different sign. Now, we have 


sin(—@) = sin(@ + 27) 


= Y-coordinate of O 


. : cK x 


FIGURE 1.13. Theorem 1.7. 
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=-—(Y-coordinate of P) 
=-sind 

and cos(—0) = cos(@ + 27) 
= X-coordinate of Q 
= X-coordinate of P 
=cosé 


Next, we have x=2na+ 0 and 2nm< x <2(n+1)za (recall that 1 is the integral part of x/2z). 
Put @=2(n + 1)a—x. Then 0 < @<2z. From the above argument, we have 


sin(-@)=—sin@ and cos(—@)=cos@ 


Therefore 
sin(—x) = sin[2(n + 1) — x] 
=sing 
=-sin(-) 
=-—sin[x + 2(—n -1)z] 
=—sinx 
and 


cos(—x) = cos[2(n + 1) — x] 
= cos 


= cos(-9) 
=cos[x + 2(—n — 1)z] 


= COS x oO 
Argument similar to the one given above can be used to prove the following also. 
THEOREM 1.8] The following hold for any real number x. 


1. sin(a— x) =sinx and cos(—- x) =-cosx 
2. sin(7+x) =—sinx and cos(+ x) = -cosx 


1 . _ (a 

3. cos{ 4 - x] =sin x and sin( = - x] =COS Xx 
2 2 
1 : (a 

4. cos{ 7 + x) =-—sinx and sin( = + x] =cosx 


2 Try it out Prove Theorem 1.8. 


DEFINITION 1.9 Supplementary Two angles @and @are said to be supplementary if 0+ @= 7. 


Examples 


(1) F and a are supplementary angles. (2) 45° and 135° are supplementary angles, as sin 0= sin @ 
3 3 and cos 8= —cos @. 
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The following are consequences of Theorems 1.7 and 1.8. They can be obtained by using the “Principle of 
Mathematics Induction”. 


Coro.tary 1.4} For any real number x and for any integer n, the following are true. 
1. sin(nz— x) = (-1)""'sinx and cos(nz - x) = (-1)" cosx 


2. sin(na+ x) =(-1)" sinx and cos(nz+ x) = (-1)”" cosx 


3. sin( (2n + nF + x] = (-1)" cosx and cos{ (21 + NF + x] =(-1)""" sinx 


4. sin( (2n + Nt - *) =(-1)" cos x and cos{ (2n + Nt - *] =(-1)" sin x 


a Try it out Prove parts (1)-(4) of Corollary 1.4. ) 


Table 1.4 contains values of other trigonometric functions also. Here n stands for an integer and x for any real 
number in the domain of corresponding functions. 


Table 1.4 Values of other trignometric functions 


x sinx cosx tanx cotx cosecx secx 
nn—@ (-1)"""sin 0 (-1)"cos @ -tan@ -cot 0 (-1)"*' cosec 6 (-1)"sec 0 
nt+0 (-1)"sin 0 (-1)"cos 8 tan 6 coté (-1)"cosec 0 (-1)"sec 0 

(2n+ nF -6 (-1)"cos 0 (-1)"sin 0 cot 6 tan@ (-1)"sec@ (-1)"cosec 0 
(2n+ 1) +0 (-1)"cos @ (-1)""'sin 0 cot @ tan 6 (-1)"sec@ (-1)"*' cosec 0 


DEFINITION 1.10 Coterminal Two angles @and gare said to be coterminal if the difference between them is 
an integral multiple of 27 or 360° according as the angles are measured in radians or degrees. 


Example 
The following are pairs of coterminal angles: (2) 40° and 400° 
a) and xs (3) 50° and -310 


If Oand @ are coterminal angles, then @= 2nz+ @ for some integer n and hence, for any trigometric function f 


f(0)= f(2na + 6)= F@) 


Example iy 


If sin@=-—5/13 and @ is in the third quadrant, evaluate such that OP makes of @ in the anticlockwise sense, with 
the value of OX. Since is given in the third quadrant, x <0 and y <0 
(Figure 1.14). Now, since sin 9=—5/13, we get that y =—5, 
OP = 13 and hence x =—12(=+./13°— y’). Therefore 


Solution: Consider a rectangular coordinate plane ye 5 
OXY with O as origin. Let P(x, y) be a point in the plane tan@ = x 12 2D 


5cot’@ + 12tan@ + 13cosec@ 
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Y 
cotg@=~= = 
cosec @ = =—_ = “3 
in@ 5 
X 
Hence 
5cot’@ + 12tan0 + 13cosec 0 
2 
- (2) i 125] + 3{) PHY) 
5 12 5 
_ 144 45 169 _ 0 FIGURE 1.14 Example 1.10. 
> 5 
Example [i | 
Find the value of =—sin60°-sin 60° + (—sin30°)sin 30° (by Table 1.4) 
sin 600° cos 330° + cos 120° sin 150° Reel ( 1 1) F 
2 2 22 
Solution: 


sin 600° cos 330°+ cos 120° sin 150° = sin(3z + 60°) 


x cos( + 00°] + cos{ 2 + 30° sin(n — 30°) 


Example ee] 


If sec 6+ tan @= 1/5 and 0 < @<2z, find the quadrant in Therefore 
which @ lies and the value of sin 6. Using this, find all the 


other trigonometric ratios of 8. cos@ = ! = a >0 

secO 13 
Solution: Since sec + tan 9 and sec @ — tan @are recip- a 

1 1 13-12 
rocal to each other, we have tand =~ —secO= ~-—=—_— 

5 5 5 5 

sec O—tan@=5 _ = 
sin@ = tan@-cos@ = See 
By adding this to the given equation, we get 5 13) 13 
3 Since sin @< 0 and cos @> 0, @ lies in the fourth quadrant. 


Genes les or ecee 
5 5 
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Let us recall that a function f defined on a subset E of the real number system R is called periodic if there exists a 
positive real number p such that f(x + p) = f(x) for all x e E whenever x + pis also in E. In this case, p is called a period 
of f. Note that there may be several periods of the same function. For example, if p is a period of f, then np is also a 
period of f for any positive integer n. 


DEFINITION 1.11 Let fbe a function defined on a subset E of R. If the set all periods of f has minimum, then 
that minimum period is called the period of f. 


A function may possess a period, but still it may not possess the minimum period. For example, consider a constant 
function f defined on any E CR. Then every positive real number is a period of f and each period is a positive real 
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number and, evidently, there is no minimum positive real number. That is, a function may be periodic without having 
the period (i.e., the minimum period). 

We know that each trigonometric function is periodic and 27 is a period of each of these. In the following, we 
prove that each trigonometric function has minimum period. 


THEOREM 1.9} The sine function is periodic and its minimum period is 27. 


ProoF| By Definition 1.5 of the sine function, sin(27+ @) =sin @ for all real numbers 6 and hence 27 is 
period of the sine function. We shall prove that any positive real number less than 27 is not a 
period of sine. Suppose, on the contrary, that 0 < p < 27and p is a period of the sine function. 
Put x, = 2a-—p. Then since p is a period 


sin(X, + p) = sin x, 
Therefore 
sin 27 = sin(2z — p) =sin(—p) =—sin p 
Therefore 
sin p=0 
and hence p = z (since 0 < p < 22). But zis not a period of the sine function, since 
sin( © +x) : # u =sin= 
4 V2 2 4 


This implies that there is no p such that 0 < p <2z and p is a period of the sine function. Thus, 
27 is the minimum period of the sine function. Oo 


Similar arguments as in Theorem 1.9 yield the following theorem. 


THEOREM 1.10} 1. The sine, cosine, cosecant and secant functions are all periodic with minimum period 27. 


2. The tangent and cotangent functions are periodic with minimum period z. 


Example Enis 


Determine the value of the following 
(1) tan 780° 

(2) sec840° =—cosec 30° = —2 
(3) cosec 420° 
(4) cot240° 


(2) sec 840° = sec(4z + 120°) =sec120° = seo( 7 + 30°] 


(3) cosec 420° = cosec(2z + 60°) = cosec 60° = a 


eae (4) cot240° = cot(n + 60°) = cot60° = 
(1) tan780° = tan(4z + 60°) = tan60° = V3 V3 


Next, we discuss the variance of different trigonometric functions; that is, how does the change in value of x affects 
each trigonometric ratio at x. 

Recall that the domain of each of the sine and cosine is the whole real number system R, while that of secant and 
tangent is R — {(2n + 1)z/2, n € Z} and that of cosecant and cotangent is R — {z, |n € Z}. In Table 1.5 we display these 
together with the ranges (or images) of these functions. 
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Table 1.5 Domains and ranges of trigonometric functions 


Domain Range 
Sine R [-1, 1] 
Cosine R [-1, 1] 
Tangent R- {en + vF Inez} R 
Cotangent R-{na|n eZ} R 
Secant R- {en + ys Inez} (—c0, -1] U [1L, +0) 
Cosecant R-{na|n eZ} (—ce, -1] U [1, 2) 


DEFINITION 1.12 Increasing and Decreasing Functions Let f be a real-valued function defined on a subset 
of R and E c Dom f. Then fis said to be increasing on E if 


x,yeE and x<y>f(x)< f(y) 
fis said to decreasing on E if 
x,yeE and x<y>f(x)2 f(y) 


The following can be easily proved. 


Variance and Graph of Sinx 

1. The function sin x is increasing on [0, 2/2]. As x increases from 0 to 7/2, sinx increases from 0 to 1. 

2. The function sinx is decreasing on [7/2, 37/2]. As x increases from z/2 and 37/2 sinx decreases from 1 to —1. 
3. The function sin is increasing on [37/2, 27]. As x increases from 37/2 to 27, sinx increases from —1 to 0. 


We can plot the graph of sinx in the coordinate plane by taking angles x in radian measure on X-axis and the values of 
y =sinx on Y-axis. The graph of sinx is given in Figure 1.15. The sine curve passes through the origin and the values 
of sinx vary between —1 and +1 which are, respectively, the minimum and maximum. This curve is in the shape of a 
wave whose wavelength is 27, which is nothing but the period of sin x. 


—1 1 31 51 
= oe 0 & eis eas 
1 5 5 1 5 20 5 3X 
0 -1 0 1 0 -1 0 1 0 
Y y=sinx 
A 


y’ 
FIGURE 1.15 Graph of sin x. 
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Variance and Graph of Cosx 
1. The function cos x is decreasing on [0, z]. As x increases from 0 to z, cosx decreases from | to -1. 
2. The function cos x is increasing on [7, 27]. As x increases from z to 27, cosx increases from —1 to 1. 


By choosing a suitable scale, plot the points (x, cosx) given in the table below and join these points with a smooth 
curve to get the graph of cos x. This cosine curve does not pass through the origin. The maximum and minimum values 
of cosx are 1 and —1, respectively. Each real number in [-1, 1] is a value of cosx. The curve also looks like a wave with 
wavelength 27, which is same as the period of cosx. The graph of cos x is given in Figure 1.16. 


ap ey 2 ge BS oy OE 
2 2 2 2 
-1 1 0 -1 1 
¥ y =Ccos x 


y’ 
FIGURE 1.16 Graph of cos x. 


Variance and Graph of Tanx 


1. 
2. 
3. 


4. 


5. 


The function tanx is of period z, the minimum period being z. 

The function tan x is not defined at x = [(2n + 1)/2]z, for any integer n. 

The function tanx is increasing in each of the intervals [0, 2/2) and (2/2, a]. As x increases from 0 to 7/2, tanx 
increases from 0 to +ce, and as x increases from 7/2 to a, tanx increases from —- to 0. 

The tanx curve passes through the origin and does not intersect the vertical lines at x = [(2n+1)/2]z, for any 
integer n rather it looks like touching these lines. 


The function tanx has no minimum and maximum values. 
Figure 1.17 illustrates the graph of tan x. 
Y y=tanx 
A 
xX ~< X 
m2 Oo m2 1 37/2 
Y 
y’ 


FIGURE 1.17 Graph of tan x. 


1.3 | Periodicity and Variance 


Variance and Graph of Cotx 


1. 
2. 
3. 


5. 


The function cot x is of period z, the minimum period being z. 
The function cot x is not defined at x = nz, for any integer n. 


The function cot x is decreasing on the interval (0, z) and on each of the intervals (nz, (n + 1)z),n € Z. As x increases 
from 0 to z, cotx decreases from +e to —ce. 


. The cotx curve does not pass through the origin and does not intersect the vertical lines x = na, for any integer n, 


but looks like touching these lines. 
The function cotx has no minimum and maximum values. 


Figure 1.18 illustrates the graph of cotx. 


y=cotx 


>< 


m2 0 m2 1 37/2 20 57/2 


<~ 


FIGURE 1.18 Graph of cot x. 


Variance and Graph of Sec x 


1. 
2. 
3. 


4. 
5. 


The function secx is periodic and 27 is its minimum period. 
The function secx is not defined at nz/2 for any integer n. 


The function sec x is increasing on each of the intervals 


[0.3], (Z.}, [2ne{2n-+ =) and [(2n+ 5} mn +1] 


for any integer n. Also, secx is decreasing on each of the intervals 
3 3 
(2n + 1)z,| 2n+ 3 m| and 2n+ ; m,(2n+2)n 
for any integer n. 


The secx curve does not intersect the X-axis and any line x = nz/2,n € Z but nearly touches these lines. 


The function secx has no minimum and maximum values and for no x, -1 < secx <1. 


Figure 1.19 illustrates the graph of secx. 
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Y y=secx 
A 
2 
1 
X t X 
* m2 0 m2 1 32/2 a 
a+ 
Y 
Y’ 


FIGURE 1.19 Graph of secx. 


Variance and Graph of Cosecx 

1. The function cosecx is periodic and 27 is its minimum period. 
2. The function cosecx is not defined at nz for any integer n. 

3. The function cosecx is decreasing on each of the intervals 


CoG r x} id (» + mn 4 2] 


and increasing on each of the intervals 
1 3 
age m(n+1)t} and | (n+1)z, = 1 
for any integer n. 


4. The cosecx curve does not intersect the X-axis and the lines x = nz for any integer n. But it nearly touches these 
lines x =n7. 
5. The function cosecx has neither mintmum nor maximum values and there is no x such that —1 < cosecx < 1. 


Figure 1.20 illustrates the graph of cosec x. 


¥ y =cosec x 
A 

Dea 

4+ 

xX ~€ > X 
10) m2 T 37/2 20 

+ 1 
+ 2 
Y 
y’ 


FIGURE 1.20 Graph of cosecx. 
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Next we consider graphs of functions of the form sin(ax + b), cos(ax + b), asin bx, etc. First of all note that if p is a 
period of a function f(x), then p/|a| is a period of f(ax + b) for any nonzero real number a and real number D; for, if 
p>Oand f(p +x) =f(x) for all x eR, then 


Po 
|a| 


and Hal E+] +6) = rep +0s+8)= flor 


for all x € R and hence p/|a| is a period of f(ax + b). 
Further, if p is a period of f(x), then p is also a period of af(x) for any nonzero real number a. 


Examples 


(1) sin(2x +3) is a periodic function of period 27/|2|=2, (3) 7tan(—3x) is periodic and z/|-3| = 7/3 is its period, 


since sinx is of period 27. since tan x is of period z. 
(2) 3cos(6x — 9) is a periodic function of period 27/|6|= (4) 6cot(4-5x) is of period z/|-5| = 7/5, since cotx is 
7/3, since cosx is of a period 27. of period z. 


Graph of 3 sin 2x 


The function sinx is a periodic function with period 27 and hence sin2x is also a periodic function with period 
2u/|2|= 1. Therefore, 3 sin 2x is of period z. Also, since -1 < sin2x <1, hence —-3 < 3sin2x <3 forallx eR. 

To draw the graph of y =3sin2x, consider the graph of y = sinx. On the X-axis change k as k/2 (e.g., 7/4 for 7/2, 
n/2 for m, etc.) and on the Y-axis change k as 3k (e.g., write 3 in place of 1, —3 in place of —1, 3/2 in place of 1/2, etc.). 
The graph of y = 3 sin 2x is as given in Figure 1.21. 


y=3 sin2x 


FIGURE 1.21 Graph of y = 3sin 2x. 


Graph of cos(x —1/4) 


To draw the graph of y = cos(x —7/4), draw the graph of y=cosx and on X-axis write k + 7/4 in place of k (e.g., write 
m2 in place of 2/4, 37/4 in place of 7/2. etc.). The graph of cos(x —7/4) is shown in Figure 1.22. 
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¥. 
A x=n/4 


y=cos (x _ 7/4) 


FIGURE 1.22 Graph of cos(x — 7/4). 


Another way to draw the graph of y = cos(x — 7/4) is as follows: Draw the graph of y = cosx and shift it to the right side 
through a distance of 7/4 units. The resultant graph is shown in Figure 1.23. 


TAl4 


FIGURE 1.23 Alternate graph of y = cos(x —7/4). 


Graphs of y= cos 2x and y= cosx 


Period of cosx is 27 and hence the period of cos 2x is 7. Also, —-1 < cosx < 1 and —-1 < cos2x < 1 for all x. The graphs of 
y =cosx and y = cos 2x are given in Figure 1.24. 


>< 


y=Cos 2x 


y=COS X 


FIGURE 1.24 Graphs of y=cosx and y = cos 2x. 
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Example ay 


Draw the graph of y = sin(x/2). 


Solution: The graph of the given function is as shown in Figure 1.25. 


Y 
A 
2 
y=sin x/2 
1° 
1 2n 37 An 
Xx o o o o—_e—_e o_o —__e > X 
20 T Oo 
10 
2@ 
y’ 


FIGURE 1.25 Solution of Example 1.14. 


Example [EB] 


Draw the graph of y = 4cos 2x. 


Solution: The graph of the given function is as shown in Figure 1.26. 


A y=4 cos 2x 


| 
180° 225° 


FIGURE 1.26 Solution of Example 1.15. 


Example eR] 


Draw the graph of y = 3sinx. 


Solution: The graph of the given function is as shown in Figure 1.27. 
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FIGURE 1.27 Solution of Example 1.16. 


Example a) 


Draw the graph of y = 2tanx. 


Solution: The graph of the given function is as shown in Figure 1.28. 


y=2 tanx 


m2 1 37/2 


I 
| 
| 
| 
| 
| 
| 
| 
t to X 
| 
| 
| 
| 
| 
| 
| 
| 


FIGURE 1.28 Solution of Example 1.17. 


Example | 1.18 | 


Draw the graph of y = sin[x — (7/4)]. 


Solution: The graph of the given function is as shown in Figure 1.29. 


>< 


y=sin [x (7/4)] 


57/4 


44 


FIGURE 1.29 Solution of Example 1.18. 
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Example ease 


Draw the graphs of y = sinx, y = sin2x. 


Solution: The graphs of the given functions are as shown in Figure 1.30. 


Y 
A 


FIGURE 1.30 Solution of Example 1.19. 


Example ES 


Draw the graphs of y = sinx, y = cosx. 


Solution: The graphs of the given functions are as shown in Figure 1.31. 


>< 


FIGURE 1.31 Solution of Example 1.20. 


Variance of all the Trigonometric Ratios in the Interval [0, 27] 


In Table 1.6, we have summarized the behavior of the curves representing the trigonometric ratios of angles in the 
four quadrants. This can be used as a ready reference. 


Table 1.6 Behavior of the curves representing the trigonometric ratios of 
angles in the four quadrants 


Second quadrant (z, n| First quadrant C 4 

sine decreases from 1 to 0 sine increases from 0 to 1 

cosine decreases from 0 to —-1 cosine decreases from 1 to 0 
cosecant increases from 1 to +o0 cosecant decreases from +-> to 1 
secant increases from — to —1 secant increases from 1 to +ce 
tangent increases from —ce to 0 tangent increases from 0 to +c 
cotangent decreases from 0 to —co cotangent decreases from + to 0 


(Continued) 
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Table 1.6 Continued 


Third quadrant (x, a Fourth quadrant (=. 2n) 

sine decreases from 0 to -1 sine increases from —1 to 0 

cosine increases from —1 to 0 cosine increases from 0 to 1 
cosecant increases from — to —1 cosecant decreases from —1 to —¢ 
secant decreases from —1 to —co secant decreases from +o to 1 
tangent increases from 0 to +c tangent increases from —c to 0 
cotangent decreases from + to 0 cotangent decreases from 0 to —ce 


1.4 | Trigonometric Ratios of Compound Angles 


The algebraic sum of two or more angles is called a compound angle. In this section we derive formulae for the 
trigonometric ratios of compound angles. 


THEOREM 1.11 


PROOF 


Let x and y be any real numbers. Then 
cos(x + y) =cosx-cos y—sinxsin y (1.1) 


Choose integers m and n and real numbers @ and @ such that 0< 0<27,0< @<2a,x=2mn+0 
and y =2nz+ @. We shall prove that 


cos(@ + @) = cos @-cos@ — sin @sin @ (1.2) 


Since cos0 = 1 and sin0 = 0, Eq. (1.1) becomes trivial if @= 0 or @=0. Suppose that 0>0 and @>0. 
We have to distinguish several cases. 


Case I: Suppose that 0+ @<2z 

Consider a rectangular coordinate system OXY with O as origin. Consider the unit circle in the 
coordinate plane with centre at the origin. Let P be the point with coordinates (1, 0). Choose 
points Q, R and S on the unit circle such that POQ, POR and POS, measured in the anticlockwise 
sense, are 0, 0+ @ and 27 - @, respectively. Then the coordinates of Q, R and S are (cos 9, sin 6), 
(cos(0+ @), sin(O+ @)) and (cos(2z— ), sin(27— @)), respectively. Since cos(27— ) = cos @ and 
sin(2— ) =—sin ¢, the coordinates of S are (cos ¢, —sin ¢). We will prove that PR = QS in each of 
the following three subcases under case I. 


1. Suppose that 6+ @< z: In the triangle POR are QOS 


OR=1=O8 
OP=1=0Q 
and POR = 0+ @=QOS 
therefore PR = QS (Figure 1.32). 
R 
Q 
6 
0 P10) 
iS) 


FIGURE 1.32 Case when 0+ $< Zz. 
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2. See Figure 1.33. Suppose that 6+ ¢@= 7. Then 


PR = Diameter = 2 = OS 


FIGURE 1.33 Case when 6+ @= 2. 


3. See Figure 1.34. Suppose that 6+ @> 7. Then 
2m-(0+6)<2 


xX 


(2K) 


P(1, 0) P(1, 0) om 


FIGURE 1.34 Case when 6+ @> az. 


In triangles POR and QOS, we have 
POR = 22- (0+ ¢) = QOS 
and OP =1=OQ and OR =1= OBS. Therefore 
PR=QS 


Thus, in each of the three subcases under case I, we have proved that PR = QS and hence 
(PR) =(OSY. 

Since P = (1,0), Q = (cos @, sin 6), R = (cos(@+ @), sin(@+ )) andS = (cos(2m— @), sin(27— @)) = 
(cos @, —sin @), it follows that 


(cos(@ + @)—1) + (sin(@ + ¢)— 1) = (cos@ — cos 6) + (-sin@ — sin@y 
Therefore 
cos (9 + @) + sin’ (6 + @) + 1—2cos(@ + @) = cos’ ¢ + cos’ @ — 2cos@cosé 


+sin’¢ + sin’ 6 + 2singsin@ 
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Since sin’ x + cos’x = 1 we get 
2-—2cos(0+ 6) =2-—2cos¢cosO+2singsind 
= cos(9 +d) = cosOcos@ — sin@sing 
Case II: Suppose that 0+ @=2z, then ¢=2z- @. In this case 
cos(@ + @) = cos2z = 1=cos@cos(2z — 8) —sinOsin(2z — @) 
=cos@cos@-—sin sing 


Case III: Suppose that 0+ @>2a. If 9< a and @<zq, then 0+ @<2z and the required iden- 
tity is proved as in case I and case II. Therefore, we can assume that 6>7 or @>7; that is, 
N<O<2r7oram<O< 270. 


1. Suppose that 7< 80<2mand0<@o<za. Put y= 60-72. Then 0< ws wand w+ @< 2a. Hence 
cos(6 + ) =cos(7+ yw + @) 
=-cos(y + @) 
=-—(cosycos@-—siny sin @) 
=cos(z + yw) cos@ —sin(z + y)sing 
= cos@cos@—sin Osing 


2. Suppose that 0 < @< 2zand z< $< a. The proof in this case is similar to the one in (1) above. 


3. Suppose that 7 < 0< 2mand r7< $< 22. Put a= O-mand B= 6-2. Then0<a<aand0< B<z. 
By case I, 


cos(0 + 6) =cos(a#+a+2+ B) 
=cos(27 + a+ B) 
=cos(a + B) 
=cosacos B—sinasin B 
=cos(z + a) cos(z + B) —sin(a#+«a)sin(z+ B) 
=cos@cos@ — sinOsing 
Thus, Eq. (1.2) is proved in all cases. Finally 
cos(x + y)=cos(2mm + 0 + 2nt + ) 
=cos(2(m+n)a+ 6+ ¢) 
=cos(0 + @) 
=cos@cos¢—sin Osing 
=cos(2mz + @)cos(2nz + 6)—sin(2mz + @)sin(2nz + o) 
= cosxcos y—sinxsin y 


This completes the proof of the theorem. o 
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THEOREM 1.12} For any real numbers x and y, 
sin(x + y) =sinx cosy + cosx siny 


ProoF| Letx,ye¢R. From Theorem 1.11, we have 
cos{ Z +xX+ = cos{ 4 + «Joos = sin( = + «sin 
2 f 2 - 2 af 
Therefore 


—sin(x+ y) =—-sin xcos y—cosxsin y 


sin(x+ y) =sinxcos y+cosxsin y Oo 


Coro.ttary 1.5} For any real numbers x and y, 
cos(x — y) =cosxcos y+sinxsin y 
and sin(x — y) = sinx cos y—cosx sin y 


ProoF|! This follows from Theorems 1.11 and 1.12 by substituting —y for y. O 


tanx+tany 
tan(x + y) = ———_—— 
1-tanx tan y 
PrRooF| Suppose that none of x, y and x + y is an odd multiple of 2/2, Then cosx, cosy and cos(x + y) are 
nonzero. Now, 
in(x + 

tan(x + y) = sin(x + y) 
cos(x + y) 


sin xcos y+ cosxsin y 


—— (by Theorem 1.11 and Quick Look 3) 
cos xcos y—sinxsiny 


_ (sin. x cos y/cos x cos y) + (cos x sin y/cos x cos y) 


~ (cos.xcos y/cos x cos y) — (sin x sin y/cos.x cos y) 


THEOREM 1.13} If none of x, yandx+yis an odd multiple of 7/2, then 
_ tanx+tany 


1-tanxtany a 


THEOREM 1.14} Suppose that none of x, y and x + y is an integral multiple of z. Then 
-1 
cot(x + y)= cotxcoty 
cotx+coty 


Proor]| Since x, yand x+y are all not of the form nz, n €Z, we have sinx # 0, siny 0 and sin(x + y) #0 
and therefore cotx, cot y and cot(x + y) are defined. Now, consider 


cotxcoty—1  (cosx/sin x)(cos y/sinx)—1 


cotx+coty  (cosx/sin x) + (cos y/sin y) 
_ COS XCOS y — Sin x sin y 


cos x sin y + cos ysin x 


+ 
= CGE) ») =cot(x + y) 
sin(x + y) oO 
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Note: 


1. The formula for tan(x + y) in terms tan x and tan y given in Theorem 1.13 is valid if and only if tan x and tan y are 
defined and tan x tan y # 1, which are equivalent to saying that none of x, y and x + y is an odd multiple of 77/2. 


2. The formula for cot(x + y) in terms of cot x and cot y given in Theorem 1.14 is valid if and only if cot x and cot y are 
defined and cot x + cot y # 1, which are equivalent to saying that none of x, y and x + y is an integral multiple of z. 


Coro.taAry 1.6} 1. If none of x, y and x — y is an odd multiple of 7/2, then 


tanx—tany 


tan(x = 
(-») 1+tanx tan y 


2. If none of x, y and x — y is an integral multiple of z, then 


1 
cot(x—y) = cot xcot y+ 
cot y—cot x 
ProoF! These follow from Theorems 1.13 and 1.14 by substituting —y for y. Oo 


THEOREM 1.15} The following hold good for any real numbers x and y. 
1. sin(x + y) sin(x— y) = sin’ x—sin’ y = cos’ y—cos’ x 
2. cos(x + y)cos(x— y) = cos’ x—sin’ y = cos’ y—sin’ x 
Proor| Letx and y be any real numbers. 
1. sin(x+ y)sin(x— y) = (sin xcos y + cos x sin y)-(sin x cos y—cos x sin y) 
= sin’ xcos’ y—cos’ x sin’ y 
= sin’ x(1—sin’ y)—(1—sin’ x) sin’ y 
= sin’ x—sin’ y 
= (1-cos’ x) —(1—cos’ y) 
= cos’ y—cos’ x 
2. cos(x+ y)cos(x — y) = (cos xcos y—sin x sin y)-(cos xcos y+ sin xsin y) 
= cos’ xcos’ y—sin’ xsin’ y 
= cos’ x(1—sin’ y)—(1—cos* x) sin’ y 
= cos’ x—sin’ y 
= (1-sin’ x) -(1-cos’ y) 


= cos’ y—sin’ x Es 


THEOREM 1.16} 1. If none of x, y,x+y and x-—y is an odd multiple of 7/2, 


tan’ x—tan® 
tan(x+ y)tan(x—- y)= ae ad 


1-tan’ x tan’ y 
2. If none of x, y,x + y and x — y is an integral multiple of z, then 


t° ycot?x+1 
cot(x + y)cot(x— y) = dae eds 


cot’ y—cot’ x 


ProoF| This is similar to the one given for Theorem 1.15. 4 
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THEOREM 1.17} For any real numbers x, y and z, 
sin(x+ y+ Zz) =sinxcos ycosz+cos xsin ycos z+ cos x cos ysinz—sin x sin ysin z 
and 
cos(x+ y+ z) =cos x cos ycos z—cos x sin ysin z— sin x cos ysin z—sin x sin ycos z 
ProoF| Consider 

sin(x + y+ Z) =sin xcos(y + z) + cos xsin(y + z) 
= sin x(cos ycos z — sin ysin z) + cos x(sin ycos z + cos ysin z) 
= sin xcOs ycos Z + COS x SiN ycos Z + COS X COS ysin Z — SiN xsin ysin Z 


The expansion for cos(x + y + z) can be similarly proved. es 


THEOREM 1.18} Let none of x, y, zandx+y+z be an odd multiple of z/2 and at least one of x+y, y+ zandz+x 
be not an odd multiple of 7/2. Then 


Ltanx—-atanx 


Ce li 1-Xtanxtany 
where 
Xtan x =tanx+tan y+tanz 
Xtanxtan y=tanxtan y+tan ytanz+tanztanx 
and mtanx = tan x tan ytanz 


ProoF| Suppose that none of x, y, z,x+yandx+y+z is an odd multiple of 2/2. Then 


tan(x+ y+z)=tan[(x+ y)+2|] 


_ tan(x + y)+tanz 


1-tan(x + y)tanz 


[(tan x + tan y)/(1— tan x tan y)]+ tanz 


1—[(tan x + tan y)/(1 — tan x tan y)]tan z 


_ tanx+tany + tanz—tanxtan ytanz 


1—tanxtan y — tan ytan z—tanztanx 
_ Xtanx—mtanx 


1-Xtanxtany Hi 


The following can be proved similarly. 


THEOREM 1.19} If none of x, y, zandx+y-+ zis an integral multiple of z and at least one of x+y, y+ zand z+x 
is not an integral multiple of 7, then 


Xcot x—-zmcotx 
Ronen ea = 1-—Xcot xcoty 
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Example ZT] 


Evaluate sin 15°, cos 15° and tan 15°. tan 15° = tan(60° — 45°) 
Solution: _ tan60° — tan 45° 
1+ tan60° tan 45° 


sin 15° = sin(60° — 45°) 
= sin 60° cos 45° — cos60° sin 45° _ 3-1 


“faa 
_v3 1°11 3-1 : 
242 242 3.2 ___(W3-1) 
(1+ ¥3)(v3 - 1) 
cos 15° = cos(60° — 45°) 


_ 4-23 


= cos 60° cos 45° + sin 60° sin 45° 


2 
ee re ee i -2-3 
Rae”. -2 Be 
Example ey 
Prove that cos 42° + cos 78° + cos 162° = 0 = cos 60° cos 18° + sin 60° sin 18° 
Solution: + cos 60° cos 18° — sin 60° sin 18° — cos 18° 
cos 42° + cos 78° + cos 162° = (3 cos18° — cos 18° =0 


= cos(60° — 18°) + cos(60° + 18°) + cos(180° — 18°) 


Example eat 


Peat cot{ 4 : 0] cot(4 7 0] 4 _ cot(z/4)cot@—1 cot(z/4)cot@ +1 
4 4 cot(z/4)+cot@ cot@—-cot(7/4) 


Solution: _ cot@-1 cotd+1 | 


~ cotd+1 coto-1 
cot{ 4 + 9 oot{ * - 0] 
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In the formulae for cos(x + y) and sin(x + y) if we substitute x for y, we get formulae for cos2x and sin2y. If x is an 
angle, then 2x, 3x, 4x, ... are called multiple angles of x and x/2, x/3, 2x/3, 2x/5, ... are called submultiple angles of x. In 
this section, we derive formulae for the trigonometric ratios of multiple and submultiple angles. 


THEOREM 1.20) For any real number x, 
sin2x = 2sin xcos x 


and cos2x = cos’ x—sin’ x = 2cos’x-1=1-2sin’ x 
ProoF| Let x be any real number. Then 


sin 2x = sin(x+ x) = sinxcosx+cosxsin x =2sinxcosx 
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and cos 2x = cos(x+ x) = cos x cos x — sin x sin x 
= cos’ x—sin’ x 
2, 2 2 
= cos’ x—(1—cos’ x) = 2cos°x-1 


= (1-sin’ x)—sin’? x =1-2sin’ x a 
By substituting x/2 for x in the above, we get the following. 


Coro tary 1.7} For any real number x, 


: x x 
sin x = 2sin—cos— 
2. 2 


X .5X x ox 
and cos.x = cos’ = — sin’ > = 2cos” 1=1-2sin’ 


THEOREM 1.21) 1. Ifx and 2x are not odd multiples of 7/2, then 


2tanx 
tan2x = 5 
1—-tan’x 
2. If 2x is not an integral multiple of z, then 
cot’x—1 
cot2x = 
2cot x 
or 2cot2x =cotx—tanx 
tan x + tan x 


ProoF| 1. tan(2x) =tan(x +x) = —— 
1—tan x-tan x 


_ 2tanx 
1-tan’ x 


-1 224 
2. cot(2x) =cot(x+x) = cotxcotx—1  cot'x 


cotx+cotx 2cotx 


Therefore 


cot?x-1 
2cot2x = =cotx—tanx 
cot x 


Corottary 1.8} 1. Ifx and x/2 are not odd multiples of 7/2, then 


2 tan(x/2) 


tan x = 
Ae tare (x/2) 


2. If x is not an integral multiple of z, then 


cot’ (x/2)-1 
cot x = ———_—__ 
2cot(x/2) 


x Xx 
or 2cot x = cot—-—tan— 
2 2 
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THEOREM 1.22) Let x be any real number. Then 


PROOF 


sin 3x = 3sinx—4sin’ x 
and cos 3x = 4cos*x—3cosx 


We have 
sin 3x = sin(2x + x) 
=sin2x-cosx+cos2x-sin x 
= 2sin xcos x cosx+(1—2sin’x)sin x 
= 2sinx(1—sin’ x)+(1—2sin’ x) sin x 
= 3sinx—4sin’ x 
cos 3x = cos(2x+ x) 


=cos2xcosx—sin2x sin x 


= (2cos’ x—1)cos x—(2sin xcosx)sin x 


= 2cos’x-—cosx —2sin’ x cos x 
= 2cos’x—cosx —2(1-cos’ x)cosx 


=4cos'x—3cosx 


THEOREM 1.23) 1. If3x is not an odd multiple of 2/2, then 


PROOF 


3tan x —tan* x 
tan 3x = —____— 
1-3tan’ x 


2. If 3x is not an integral multiple of z, then 


3cot x—cot’ x 
cot 3x = ——-_—_._ 
1—3cot’ x 
1. By hypothesis none of x and 3x is an odd multiple of z/2. Then 
tan 3x = tan(x+2.x) 


_ tanx+tan 2x 
1—tan x tan2x 


_ tanx+[2tan x/(1-tan’ x)] 
~ 1-tan x[2 tan x/(1- tan’ x)] 


1—tan’ x)tanx+2tanx 
= 
(1-tan’ x) —2 tan’ x 


_ 3tanx—tan* x 
1-3tan’ x 


Note that the above formula for tan 3x is valid even if 2x is an odd multiple of 7/2. Similarly, formula (2) for cot 3x can also 
be proved. Note that (2) remains valid even if 2x is an integral multiple of z. If 3x is not integral multiple of z, then so is x. 


THEOREM 1.24) 1. For any real number x, 


sinx =, 
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and cos = + |e 


2. Ifx is not an odd multiple of 7/2, then 


The signs + for sinx, cosx and tan x in the above formulae can be determined depending on the 
quadrants in which the angle x lies. 


ProoF} From Theorem 1.20, 
1—cos2x =2sin’? x 


and therefore 


Similarly, the other equalities can also be proved. Oo 


By substituting x/2 for x in the above theorem, we get the following corollary. 


Corotiary 1.9) 1. For all real numbers x, 


it a 1—cosx 

2 
x 1+cosx 

and cos—=+ 
2 2 
2. If x/2 is not an odd multiple of 7/2, then 

ay - 1-—cosx 
2 1+cosx 


The signs + in the above can be determined depending on the quadrant in which the angle x/2 lies. 


THEOREM 1.25} 1. Ifxis not an odd multiple of 7/2, then 


2tanx 

sin2x = ; 
1+tan* x 
1-tan? x 

and cos2x = 5 
1+tan* x 


2. If neither x nor 2x is an odd multiple of 7/2, then 


2tanx 
tan 2x = —_— 
1-tan’ x 


ProoFr} 1. We have 
sin2x = 2sin x cosx 


_ 2(sin x /cos x) 
~ eos? x 


2 2tanx - 2tanx 


sec x 1+tan’x 
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and cos2x = cos’ x—sin’ x 


_ 1-tan’x 
1+tan? x 


2. From (1) it follows that 


sin 2x 2tanx 
tan2x = = 


cos2x  1-tan’x = 
On substituting = for x in the above, we get the following corollary. 


Coro.tary 1.10} 1. Ifx/2 is not an odd multiple of 7/2, then 


2 tan(x/2) re 1—tan’(x/2) 


sin x = ———_._—_— —, 
1+ tan‘ (x/2) 1+ tan‘ (x/2) 
2. If neither x nor x/2 is an odd multiple of 2/2, then 


2tan(x/2) 
tan x = 
1-tan’(x/2) 


Example 2a) 


Determine the values of all the trigonometric ratios at ° +2190 
cos 18° = ,/1—sin*18 
18°, 36°, 54° and 72°. 


2 
Solution: Put x =18°. Then 2x + 3x = 90°. Therefore =/1= a] 
sin 2x = sin(90° — 3x) = cos 3x 
16- 1-2 
2sin x cos x = 4cos*’ x—3cosx -| J en YS) 
cos x(2sin x—4cos’x+3)=0 
\ } _ 10425 
Since x = 18°, cosx # 0. Therefore ~ 4 
2sinx—4cos’x+3=0 Pe ae 
sinl8° 5-1 
2sinx—4(1—-sin’ x)+3=0 ; j 


sec18° = 


oa . -1= a 
4sin° x +2sinx—-1=0 cos18 10+ 2/5 


Solving this quadratic equation in sin x, we get sin 18° _ al 


tan 18° = = 
_ 244416 tV5-1 Rosie” 104245 
sinx = = 
. | catig°= cos18° _ 10+2V5 
Since sin 18° > 0, we get that sin 18° = 1 
sin1g°= 91 c0s36° = 2.cos?18°-1= | =] 1 
4 
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7 zee - = : sin 54° = sin(90° — 36°) = cos 36° = — 


1042/5 


2 
sin 36° = ¥1—cos’36° = ,|1 (& ) sin 72° = cos 18° = Fi 


: 10-25 
: Ji6-(6+2V5) _ J10-2V5 cos 54° = sin 36° = v5 etc. 


4 
4 4 


By using these, we get 


J5=1 


cos 72° = cos(90° — 18°) = sin 18° = 


4 
Example e2si| 
Determine the value of Therefore 
sin’ = + sin’ Sl +sin* an +sin* tL sin? = + sin’ au +sin* au +sin* ta 
8 8 8 8 8 
Solution: We have = sin‘ (=) +cos* () +cos* () +sin* () 
8 8 8 8 
Pe sin( Z = = cos =2(sin'x+cos'x), where x=~ 
8 2 8 8 8 


= 2(sin’ x + cos’ x) —4 sin’ x cos x 


= 2-—(2sinxcosx) 
a ae ( = aloe = 2-(sin2x) 
sin =sin| 7—— J=sing 


1 2: 
= 2-( sin) 
4 


Let us recall that the sine and cosine functions are periodic with minimum period 27. Also, we have —1 < sinx <1 for 
all x € R and 


in = and oe 
2 2 


Therefore, 1 and —1 are the extreme values of sinx, 1 being the maximum value and —1 being the minimum value. 
Similarly, 1 and —1 are the extreme values of cosx; note that cos0 =1 and cos z=~-1. 

The trigonometric functions other than cosine and sine are not bounded and hence they do not have extreme 
values. In this context, we have the following. 


THEOREM 1.26} Leta, band c be any real numbers and 


f(x) =acosx+bsinx+c 


for all x € R. Then f(x) has extreme values andc+ Va’ +b° andc-—Va’ +b° are its maximum and 
minimum values, respectively. 
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Proorl| Puta=rcos@and b=rsin@, so that Va’ +b’ =r. Now, consider 


f(x) =acosx+bsinx+c 


ee a. b 
=r(cos@cosx+sin@sin x)+c [where r=Va +b ,cos@=—, sin@= >) 
r r 


=rcos(x-@)+c 
Since —1 < cos(x — 8) < 1, we have 


—r<rcos(x-@)<r 


Therefore 
—r+c<rcos(x-8)+c<rt+c 
That is, 
c-Va +h < f(x)<ct+Va +b 
Also, 
f(@)=ct+Va +b and f(x+0)=c-Va +b 
Thus c+ Va’ +b’ andc—Va’ +b’ are the extreme values of acosx+bsinx+c, xER. is 
Example ezay 

Find the extreme values of This is of the form a cosx+ bsinx +c, where a= 13/2, 


b =-3V3/2 and c=8. We have 


Seosx+3c0s{ 1+] 8 xeER 


2 2 
a+b = (2) (34) =7 
Solution: Let 2 2 


f(x) = Scos.x+ Scos{ 1+ ar From Theorem 1.26, 8+ 7 (=15) and 8-7 (= 1) are the 
maximum and minimum values of f(x), respectively. 


un, _ 0 
= 5¢0sx+3[ cos xeos —sin sin +8 


=seoss3{oosx-4sins “248 


13 3V3 
= —cos x -—— sinx +8 
2 2 


Example ee) 


Find the period of sin 5x/3. 


Solution: Since the period p of sinx is 27, the period 
of sin 5x/3 is 
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Example aay 


Find the period of the function sin*x + cos*x. fal (= cod ‘| 
a (a sr 
Solution: We have 
3 1 
sin’ x + cos* x =(sin’ x + cos’ x)’ —2sin’ xcos’ x ae 4x 
-|- (sin 2xy Therefore the required period is 
1 2n 
—(period of cos x) = — = — 
4 =o 
Example ea] 
For any real number x, express cos5x in terms of cosx. =(8cos° x —10cos’ x + 3cos x) 
Solution: We have —2cosx(1—cos’ x)(3-4(1—cos’ x)) 
cos 5x = cos (3x +2x) = (8cos’x—10cos’ x +3cos x) 
= cos 3x cos2x—sin3xsin2x —2cos x(5cos’ x—4cos* x —1) 
= (4cos* x —3cosx)(2 cos’ x ~1) = 16cos° x—20cos’ x + 5cos x 


—(3sin x—4sin’x)(2sin x cos x) 
= (8 cos’ x -10cos* x + 3cos x) 


—2cos xsin’ x(3—4sin’ x) 


Recall that, in Corollary 1.9, we have expressed sinx/2 and cosx/2 in terms of cosx. In the following we express these 
in terms of sin x. 


THEOREM 1.27} For any real number x, 


2sin > =+,/1+sin x +/1-sinx 


and 2eos>=+,/i+sinx = /I-sinx 
ProoF}| From Theorem 1.20, we have 
2sin~cos~ = sinx (1.3) 
2 2 
Also, we have 
sin? ~+cos*~=1 (1.4) 
2 2 
Adding Eqs. (1.3) and (1.4), we get 


~ 2X ~ Xx xX 2x : 
sin° —+ 2sin—cos—+cos° —=1+sinx 
2 2 2 2 


2 

2X x : 

sin—+cos— | =1+sinx 
2 2 
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rae x : 
or ge ee 


Again subtracting Eq. (1.3) from Eq. (1.4), we get 


fk . Xx x 2x ‘ 
sin 2sin—cos—+cos —=1-sinx 
2 2 2 2 
Therefore 


. x x) . 
sin——cos— | =1-sinx 
( 2 5) 


or sin - cos ; = +/1-sinx 
Adding Eqs. (1.5) and (1.6), we get 

2sin 5 =+/1+sinx + /1-sinx 
Subtracting Eq. (1.6) from Eq. (1.5), we get 


2eos =+,/1+sinx F./1-sinx 


(1.5) 


(1.6) 


In the formulae for sinx/2 and cosx/2 in terms of sinx given in the above theorem, there are two ambiguous signs. 


In the following two examples, we have demonstrated how to determine the ambiguity in any particular case. 


Example [MES] 


Find the values of 


Solution: By taking x =30°, we get from the proof of 


Theorem 1.27 that 


sin 15° + cos 15° = +,/1+ sin 30° 


sin 15° and cos 15°. Since sin15° and cos15° are both positive and since 
cos 15° > sin 15°, we get that sin 15° + cos15° is positive 


sin 15°—cos15° =— 


and sin 15°—cos15° = +,/1—sin 30° 


1 Therefore 


2 sintse = ¥3=1 


aya 


sin 15°+ cos 15° = +—= 


and cos15°= 


and sin 15° — cos 15° is negative. Therefore, we have 


Reel 
2/2 


Example eT] 


Find the value of 


sin(19z/6) and deduce the values of | Therefore 


sin(19z/12) and cos(19z/12). 


Solution: Note that 


1 


bonne 1 
Ot on+(n+2) =-sin 30 sar 
6 6 


sin( 2) = sin(z + 30°) 
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Also, Therefore 
197 197 
197 © 197 ° a) sin—— +cos—— is negative 
—" =570° and —~=285 (a) sit 1 oe 
As in Example 1.30, we get (b) sin cos is also negative 
ne” ieee ea Hence 
12 12 6 
1 1 sin Eiseg ao 
=i Jl->=4 sz 2 12 2 
and 197 197 _ VB 
and sin D cos = 7) 
19019" _ 5 fy 19% 2 
sin cca OS a. =+,/4—sin 6 Therefore 
me) in 19H __1+V3 
V2 12°22 
Since 197/12 >3z7/2, 197/12 is in the fourth quadrant 
and hence its cosine is positive and its sine is negative. aad cos 12% = V3-1 
Therefore, sin 197/12 < 0 and cos 197/12 > 0. Also, 12° 8 
_ 19% |. 197% 197 
sin =|sin > cos—— 
12 2 12 


Note: In general, the ambiguity of the signs + in the formulae for sinx/2 and cosx/2 in the terms sinx can be cleared 
as follows. 


We have 
x x 1 x 1 x 
sin—+cos— = ¥2] —=sin—+——cos— 
2 2 Als 2 2 *| 
.. ¥ 1 XxX .8 
= /2]| sin—cos—+cos—sin 
Bl 2 4 2 =| 
7 Zsin( 242 
4 2 
sin( £4) >0 
4 2 


if (7/4) + (x/2) lies between 2nz and 2nz+ x. That is if 
Qnn-L<X~< one + 2% 
4 2 4 
Therefore 


(a) sin = + cos is positive if * ties between 2na—~ and 2nn += 
2 2 2 4 4 


(b) It is negative otherwise. 
Similarly we can prove that 


Xx x (x 1 
~ cos =4/2 peepee 
sin 5 cos 5 sin| 3 4 
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and therefore 


(a) sinx/2 —cosx/2 is positive if x/2—71/4 lies between 2nz and 2nz+ 7 (ie., if x/2 lies between 2n7+ 7/4 and 
2nn+ 51/4). 


(b) It is negative otherwise. 


These results are displayed in Figure 1.35 in which OXY is the rectangular coordinate system and OP, OQ, OR and 
OS bisect the angles in the first, second, third and fourth quadrants, respectively. 


Y 


A 


sin x/2+cos x/2>0 


sin x/2cos x/2>0 


sinx/2+cos x/2<0 sin x/2+cos x/2>0 
> xX 
sin x/2—cos x/2>0 sin x/2—cos x/2<0 
sin x/2+cos x/2<0 
sin x/2 cos x/2<0 
R iS) 
FIGURE 1.35 
Example [Mee | 
i == inx —./l—si i . x x ; 
If 2sin(x/2) =—./1+ sinx 1-sinx, determine the Gi = tens Sa Line 
interval in which x/2 lies. 2 2 
Fi . Xx x Tosi 
Solution: From Theorem 1.27 and from our hypothesis, ae 2 2 ara 


we should have 
From Figure 1.35 it follows that x/2 lies between 
2nn — 3n/4 and 2nz— 7/4 (between OR and OS). 


THEOREM 1.28) If neither x nor x/2 is an odd multiple of 7/2, then 


x + /1+tan’x —1 


tan—= 
2 tan x 


ProoF| From part (2) of Corollary 1.10, we have 
_ 2tan(x/2) 
~ 1-tan?(x/2) 


Pada 8 _ 2tan(x/2) 
2 tanx 


tan x 
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_ 1+ tan’x 


o{ x 1 x 1 1 
tan +2 -tan + st =lt+ z= 
2 tan x 2 tan’ x tan’ x 


2 
x 1 1+ tan?x 
tan—+ = 5 
2 tanx tan’x 


tan’x 


1 +,/1 + tan’x 


x 
tan = 
2 tanx tan x 
tan +,/1+tan’x -1 
an—= 
2 tan x o 


The ambiguity of + in the above formula can only be determined when we know about the magnitude of x. Consider 


the following example. 


Example es] 


It is given that sec 15° = 2 — J3 (see Example 1.31). Find 
tan 7(1/2)° and cot 7(1/2)°. 


Solution: Taking x = 15° in Theorem 1.28, we have 


© +,/14+(2- V3) -1 
ang—_= ( v3) 


2 2-3 
_+¥8-4V3-1_ +(V6 - V2) 
2-3 2-3 
Since tan7(1/2)° is positive, we must have 
1° +48-4V3 -1 
20 2-43 
_ (V6 - V2)-1 
2-3 


(J6 — 4/2 —1)(2+ V3) 
V6 —/3 +2 -2 
V3 —¥2)(W2 -1) 


tan7 
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Since tan 15° = tan(z+ 15°) = tan(195°), we get from the 
above 


1 195° _ (V6 - V2) -1 
ae oe 


ta 


But we know that 


Therefore 


19° -(/6 - ¥2)-1 


ta = 


a Daas 
= (v6 + /2 -1)(2 + V3) 
—(V2 + ¥3)(V2 +1) 


cot 72 tan( 2474 
2 2 2. 


=~ tan = (J + VIE +1) 


In this section, we derive certain formulae through which we can transform the sum or difference of two trigonometric 
ratios into products and vice versa. First we take up transformation of sum into product of trigonometric ratios. 


THEOREM 1.29) The following hold good for any real numbers x and y. 


1. sin(x + y) + sin(x — y) =2sinx cosy 
2. sin(x + y) —sin(x — y) =2cosx siny 
3. cos(x + y) + cos(x — y) =2cosx cos y 
4. cos(x + y) — cos(x — y) =—2sinx siny 
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ProoF| This is a simple consequence of the following identities: 
1. sin(x + y) =sinx cosy + cosx siny 
2. sin(x — y) =sinx cos y — cosx sin y 
3. cos(x + y) =cosx cosy — sinx siny 


4. cos(x — y) =cosx cosy + sinx siny Oo 


Try it out Prove Theorem 1.29. 
By taking 


a+b a-b 
= and y= 
2 2 


xX 


in the above, we get the following theorem (note that x + y=aandx-y=b). 


THEOREM 1.30] 1. sin a+ sin b= 2sin( “* Jcos{ $=") 


2. sina—sin b= 2e0s{ 4 > ”) sin(“ 5 ”) 


3. cOS a+ COS p=2e0s{ “*) cos( =") 


4. cosa—cosb= 2sin{ ”) sin “=*) 
2 2 
a-—b 


5. cos b~ cos a=2sin{ “= ) sin{ 
2 2 


oF Try it out Prove Theorem 1.30. ») 


ON QUICK LOOK 6 
Regarding formulae given in Theorem 1.29 for 


3. 2cos x cos y=cos(x + y) + cos(x — y) 
transforming a sum into a product, the following may 


be noted and used as tips to remember the formulae. = cos(sum) + cos(difference) 
1. 2sin x cosy =sin(x + y)+sin(x — y) 4, —2sin x sin y= cos(x + y) — cos(x — y) 
= sin(sum) + sin(difference) = cos(sum) — cos(difference) 
2. 2cosx sin y = sin(x + y) — sin(x — y) Therefore 
= sin(sum) — sin(difference) 2sinx sin y = cos(difference) — cos(sum) 


Example | 
Find the value of 4(cos 66° + sin84°). 


= a(200s{ > ie Jeos( a c ) 
Solution: 
= 8cos 36° cos 30° 
1 
4(cos 66° + sin 84°) = i{cos 66° + sin( = - *) 
; (ERS 
= 4(cos 66° + cos6°) 


(See Example 1.24 for cos36°.) 


1.6 | Sum and Product Transformations AQ 
Example easy 


Prove that for any real numbers x, y and z, and 
cos(y + Z—x)—cos(z+x- y)+cos(x + y- z) cos(x + y—Z)—cos(x+y+2z) 
—cos(x + y+ z)=4sinx cosy sinz -2sin( @#Y*D* CF y~2) 
2 
Solution: We have 
_ ((x+yt+z)-(x+ y-Z) 
cos(y+z—x)-—cos(z+x-y) ek 2 
= 2sin( 22-9 OF2- 9) = 2sin(x + y)sinz 
Therefore 
sinf C4 Wt) cos(y+ Z—x)—cos(z+x- y)+cos(x+ y+Z) 
2 


Siawaal ) =2sinz sin(x — y)+ 2sin(x + y)sinz 
=2sinzsin(x— y 

=2sinz[sin(x + y)+sin(x- y)] 

= 2sin z(2sin x sin y) 


= 4sin x cos y sin Zz 


Example es] 


Prove that cos 20° - cos 40°: cos 60° - cos 80° = 1/16. 1 -1 
= oos20°( > + cos 10°] 
Solution: Consider 


=l ° 1 ° ‘o 
cos 20°-cos 40°-cos 60°-cos 80° = Ps ae ge cos 20 ) 


ae (2. cos80°-cos 40°)-cos 20°( 5) since cos60° = | since cos 120° = a 
2, 2 2 2 
1 -1 1 

= Fi 20°(cos(80° + 40°) + cos (80° — 40°)) = C08 20° + gos 60° + cos 20°) 

= Eee 20°(cos 120° + cos 40°) _1 cos60° = i 
4 8 82 16 


Hence proved. 


Example ez) 


If A, B, C are angles of a triangle, prove that =—2cosCsin(A — B) +2sinC cosC 
sin 2A —sin 2B + sin 2C =4cos Asin Bcos C =2cosC[sinC — sin(A — B)] 
=2cosC[sin{z —(A + B)}—sin(A — B 
Solution: Note that cos C[sin{z — (A + B)} — sin( ) 
=2 2cos A sin B 
A+ B+C=180° =x cosC(2cos A sin B) 
=4cos A sin B cosC 


Now 
(sin 2A — sin 2B) +sin 2C 
=2cos(A + B) sin(A — B) + 2sinC cos C 
=2cos(z—C)sin(A — B) + 2sinCcosC 


Chapter 1 | Trigonometric Ratios and Transformations 
Example aay 


IfA+B+C=Z, prove that C  A-B C A+B 
Sos ces 5 ees cee 5 


sin A+sin B+ sinC = 4cos cos : cos 


Cc A-B A+B 
= 208 cos 5 + COs 


Solution: We have 


= 20s 20084 cos 5 
Sasa b) sen iga aa 2 s 
2 A BC 
C C =e OS 5 Oe 
2a ee 


Hence proved. 


Example sy) 


If A+B+C=Zz, then prove that (ii) Consider 
(i) tan A +tanB+tanC=tanA tanB tanC 


A+B on C 
A ees 
(ii) Gi Ga on an” uta dal =1 2 2 
2 2 2 2 2 — 
(iii) When tan A, tan B, tan C are not equal to zero, then renee 
A+B 
cot AcotB+cot BcotC + cotC cotA=1 tan{ > }= cot S 
a tan(A/2)+tan(B/2) _ 1 


1—tan(A/2) tan(B/2)  tan(C/2) 


A BoC A B Cc 
cot —cot—cot— =cot— + cot— + cot 
2 2 2 2 2 2 


B C 
tan —tan— =1 
2 2 2 


Solution: 
(i) If tan(A + B) = tan(z— C) =-tanC, then (iii) follows from (i) and (ii). 
tan A + tanB 
———— = -tanC 
1-tan Atan B 


tan A + tanB+tanC = tan A tan B tanC 


Values of trigonometrical ratios of some important eal 
angles. 6. cos 22 oe Hier an by 
= i 

1. sin 15° = cos75° = 2371 T tan 22—= 2-1 

22 

1 
8. sin18° =cos72° = —(V5 -1 

M5003 15 = sino = v3 +1 sin 18° = cos7 (V5 -1) 

22 
3. tan 15° = cot 75° =2 — V3 9. cos18° = sin 72° = —,/10 + 2V5 


4, cot15° = tan 75° =2 + V3 


Om 205 
5. sin 22 = x\2- A) 


(J5 +1) 


10. sin36° = cos54° = 


11. cos36° = sin 54° = 


Bl Ale Ale A 


Worked-Out Problems 


| WORKED-OUT PROBLEMS 


Single Correct Choice Type Questions 


1. If (sin@+cosec 6)’ + (cos 6+ sec 6) = tan’ 6+ cot’ 6+ k, 
then k equals 


(A) 9 (B) 7 (C) 5 (D) 8 


Solution: 
LHS = sin’ 6+ 2 + cosec’ 9+ cos’ @+2 + sec’ 0 
=5+(1+cot’ 6)+ (1+ tan’ 6) 
= tan’? @+cot’@+7 


Answer: (B) 


2. If sin@+sin°@=1, then cos’ @+3cos'’ 0+ 3cos* 0+ 
cos’ @ is equal to 


(A) 0 (B) 2 (C) 1 


Solution: Given that sin@+sin°@=1. This implies 
sin 0= cos’ 6. 


(D) 4 


cos” 6 + 3cos' 6 + 3cos® 6 + cos’ @ 
= cos’ 6 [cos’ 6 + 3cos* @ + 3cos’ 6 + 1] 
= cos’ (1+ cos’ 6)’ 
= sin’(1+sin@)’ 
= (sin 6 + sin’ 6) 
=1 
Answer: (C) 


3. If cosec @— sin @=m’* and sec @— cos @=n', then mn? 
(m’ +n’) is equal to 


(A) 4 (B) 2V2 (C) 32 (D) 1 


Solution: 


= —sind=m° and 
sin@ 


1 
—-cosd=n* 
cos@ 

Therefore 
20 not “94.3 
cos @=msin@ and sin’ @=n° cos@ 
Now 
cos’ @ =m sin’ @ = mn’ cos@ 
Therefore 


cos @=m'n*> and sin’ @=m'n® 


Now 
1=cos’ 6+ sin’ 6 
=m'n + mnt 
=m (nv +n’) 
Answer: (D) 


4. Ifasec@=1-—b tanOanda’ sec’ 9=5+ 5’ tan’ 9, then 
ab’ + 4a’ = kb’ where value of k is 


(A) 3 (B) 4 (C) 5 (D) 9 
Solution: (1-5 tan@)’=a sec’ 9=5+D° tan’d 
Therefore 


1-2btan@ +b’ tan? @=5+b' tan’ @ 
ime 
b 


Now 


a (1+ tan’ 0) =a’ sec’ 9=5+b tan’ 6 


@(1+5)=5+0(4) 
a? (bP +4) = 9b? 
k=9 
Answer: (D) 
5. If tan’ @=1—<a’, then the value of sec 8+ tan’ @ cosec 0 is 
(A) (2-a) (B) 2-@)" 
(C) (2 +4 ay” (D) (2 4. ay 
Solution: 
sec @ + tan’ @cosec@ = sec O(1 + tan’ Acot A) 
= sec 6(1+ tan’ 6) 
= (1+ tan’ 6)” 
= (2 _ a ye 
Answer: (B) 


6. For positive integer n, let f(m) = sin" @+ cos’ 0, Then 


£3) 19) _ 
f()—f) 
HO wmB® on of 


f(3) fC) f(3) 
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Solution: We have 


f(3) — f(5) = (sin’ 6 + cos’ 8) — (sin? 6 + cos’ @) 
= sin’ @cos’ 6 + cos’ Osin’ 6 
= sin’ Ocos’ 6(sin @ + cos) 
= (sin? 6 cos” 0) f (1) 
Similarly 
f(5)— f(7) = (sin’ @ cos’ 6) f(3) 


Therefore 


fG3)- FG) _ FO) 
fO)-FM FE) 


Answer: (A) 


7. Let f(x) =sinx(sinx + sin3x). Then f(x) 
(A) 20 only when x <0 
(B) <0 for all real x 
(C) 20 for all real x 
(D) <0 only when x <0 


Solution: 
f(x) =sin’ x + sin x sin 3x 


_ 1—-cos2x cos 2x — cos4x 
~~ 3 2 


1 
= —(1-cos4 
5 (1 = cos4s) 
= sin’ 2x > 0 for all real x 
Answer: (C) 
8. Let 
1 oom A 
f,(x) = —(sin" x + cos” x) 
n 
forn=1, 2,3, .... Then f,(x) — f,(x) is equal to 
1 1 
A) = D) — 
aa Oa 


(B) 10 (C) 12 


Solution: 
Dead 4 | eee 6 
Fux) — foe) = 7 (Sin x + COS x)—_ (sin x + cos’ x) 
= 5 [3sin‘ x + 300s" x —2sin’ x — 2cos! x] 
1 - 4 4 - 4 2 
=—[3sin" x + 3cos’ x — 2sin" x(1— cos" x) 


12 


—2cos*x(1—sin’ x)] 


ian é 
= —[sin* x + cos* x + 2sin’ xcos’ x] 


12 
1 12D, 2 2 
=—(sin® x + cos" x) 
12 
oe 
12 
Answer: (D) 
9. (1 - cos 22°)(1 — cos23°) equals 
(A) 1 (B) 2 (C) 4 (D) -2 
Solution: It is known that 
ea(Awnye cot Acot B-1 
cotA+cotB 


Take A = 22°, B = 23°. Therefore 


cot 22° + cot 23° = cot 22° cot 23° — 1 
(1 — cot 22°)(1 — cot 23°) =2 


Answer: (B) 
>a > 3 
10. | 4cos° — —3 |] 4cos* ——3 |= 
20 20 
1 1 
A — B) tan— 
( jis a (B) an 
(C) cot (D) cosec 
Solution: It is known that 


cos3x = 4cos' x — 3cosx 


Therefore 


cos3x 


4cos’x-3= 
cos x 


for all x # (2k + 1)(z/2) where k is an integer. Hence 


[4oos - _ 3 | 4oos 3a 3] _ cos(377/20) . cos(97r/20) 


20 cos(z/20) cos(3z/20) 
_ cos(97/20) 
cos(z/20) 
_ cos[(2/2) — (27/20)] 
cos(7/20) 
1 
= tan— 
20 
Answer: (B) 


11. If 
sin'a@ cos'a 1 
a b a+b 
then 
sin'a@ cosa 1 


" = 
a b (a+b) 


where the value of k is 


(A) 3 (B) 2 (C) -3 (D) -2 
Solution: From the hypothesis 
sin'a@ cos'a@ 
(asl ]=1=(in +008 ay 
a b 
Therefore 


4 - 4 b - 4 a 4 
cos’ @+sin' @+-—sin @+—cos' a 
a b 
=sin’ a + 2sin’ acos’ @ + cos’ a 


db, a : 
sin’ a +—cos' a —2sin’ acos’ wa =0 
a 


b 
; 2 
 [Esin a - |= cos” | =0 
a b 


Let 
Bae a= “cos' a =A (say) 
a b 
Then 
4 4 
1 _ sin & | cos @_A A_, (a+b) 
a+b a b boa ab 
This gives 
a= ab . 
(a+b) 
Hence 
sin'a cosa .5| a b 
o ob -\ab ab 
a ab ¢ + | 
(a+b) Lab 
= 1 
(a+ by 
Answer: (A) 


Worked-Out Problems 


1 “4 : 
12. tanartan{ 2 “ «| tan{ 2 - «| is equal to 


(A) cot3a 
(C) tan3a 


Solution: 


(B) cot2a 
(D) tan2a 


1 1 
tana tan| —+a |tan| —-a@ 
t E 


=tana| 


V3 + tana l V3 -tana | 


1-V3tana 1+ V3 tana 
[3- tan’ a| 
= tana-——_,— 
1-—3tan’ a 


_ 3tana — tan’ a 


1-3tan’ a 


=tan3a 


Answer: (C) 


13. If (1 + tan 1°) (1 + tan 2°) --- (1 + tan45°) = 2” 
then 7 is equal to 


(A) 22 


Solution: 


Therefore 


(B) 23 


(C)-21 (D) 24 


(1 + tank°)[1 + tan(45° — k°)] 


=(1+ tank + 


1—tank° 
1+tank° 


2” =[(1+ tan1°)(1 + tan 44°)][(1 + tan 2°) 
(1 + tan 43°)]---[(1 + tan 22°)(1 + tan 23°)] x 2 


=(2x2x:+-x 22 times) x 2=2” 


Hence 


23 
n=2 


Answer: (B) 


14. 2(sin° @+ cos’ @) — 3(sin* 6+ cos*@) is equal to 


(A) 0 


Solution: 


(B) 1 


(C) -1 (D) 2 


2(sin’ 6 + cos’ @) — 3(sin* 6 + cos’ 6) 


= 2[sin’ 6 + cos’ 6][sin* 6 — sin’ 6 cos’ 6 + cos* 6] 


— 3[(sin? 6 + cos’ 8 —2sin’ Ocos’ 6] 
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= 2[(sin’ @ + cos’ 0)’ — 3sin’ @ cos” 6] 
— 3[1 - 2sin’ 6 cos’ 6] 
= 2(1-3sin’ @cos’ @) — 3(1 — 2sin’ 6 cos’ 6) 
=2-3=-1 
Answer: (C) 


15. The value of the expression 


31 


sin20° cos20° 


is 
2 sin 20° 
(A) = 
cos40 
(C) 2 
Solution: 


3 1 


sin 20° 


2 sin 20° 
(8) 

sin 40 
(D) 4 


= V3 cos 20° — sin 20° 
sin 20° cos 40° 


cos 20° 
_ 2[(V3/2)cos20° — 1/2 sin 20°] 
sin 20° cos 20° 
_ 2[sin 60° cos 20° — cos 60° sin 20°] 
sin 20° cos 20° 
_ 2sin(60° — 20°) 
sin 20° cos 20° 
_ _ 2sin 40° 
~ sin 20°cos 20° 
_ 2(2sin 20° cos 20°) 
sin 20° cos 20° 
=4 


Answer: (D) 


16. The value of 


1 1 1 1 
A) = By = Cc) — D) —— 
( ) 8) G () a9 ( ) 356 
Solution: Since 
13% mx llxn_ 3a 9n = Sa 7m 0 


1 , = ; = a 
14 14 14 14 14 14 14 2 


the given expression can be written as 


29M. 2. ON 8 5-OTE 
sin sin sin 
14 14 14 


Let 
s=sin? — sin’ an sin’ an 
14 14 14 
_ a . 3a . Sn 
and t = sin — sin — sin — 
14 14 14 
Now 


aa) 
=cos| 7 = 
14 


14° °14——~—«14 
—-{2sin(27/14)cos(27/14)] 4n 8x 
- - - COS —- COS 
2sin (27/14) 14 14 
-1 _ 40 =] 8x 
=— sin — cos — |cos 
2sin (27/14) 14 14 14 
-1 ( . =) 8x 
=> sin cos 
2° sin(27/14) 14 14 
_ —sin(167/14) _—sin(8z/7) 1 
8sin(27/14)  8sin(z/7) 8 
Hence 
5 (2) 1 
a 
8 64 
Answer: (B) 


17. If sec(@+ a) +sec(@- a =2sec9 and @ is not an 
even multiple of z, then (1 + cos @) is equal to 


(A) sec’ @ (B) cosec’ @ 
(C) sin’ @ (D) cos’@ 
Solution: Given that sec(@+ a) + sec(@- a) =2sec 0 


a er 
cos(@+a) cos(@-a@) cos 


Therefore 


cos(9—a)+cos(@+a) 2 
cos(9 + a)cos(@—a) cosé 


(2cos@ cosa) cos@ = 2cos(6@ + @)cos(@ — @) 
cos’ @cosa =cos’ @ — sin’ a 
sin’ @ = cos’ 6(1 — cosa) 
1—cos’ @=cos’ O(1 — cosa) 


1+cosa@=cos’@ (“cosa #1) 


Answer: (D) 
18 iene aadan ee = where 0 <a@ B<= then 
id 7 Ji0° > 2° 
a+ 2B is equal to 
t t 3% Hs 
A) — B) = Cc) — D) = 
At BF OF oF 
Solution: 
tan(a +28) = tana + tan2B 


1- tana tan2B 
_ (1/7) + tan2B 
1-(1/7)tan2B 


_ (1/7) + [2 tan B/1 — tan? B] 
1— (1/7)[2 tan B/1 - tan’ 8] 


[-sinp= = pe) 


_ (1/7) + (3/4) 

~ 1-(3/4)-(1/7) 

AGN 5 
28 - 3 


0<a, B <5 and tan2B>0>0<a+2B< 2. Therefore 


1 
a+2B=— 
P 4 
Answer: (A) 
19. If A-B=a7/4 and x=(1+tanA)(1—-tanB), then 
(1+x)* is 
(A) 27 (B) 9 (C) 18 (D) 81 
Solution: 


tan(A — B)= tan? =1 


Worked-Out Problems 


Therefore 
tan A -—tanB=1+tan AtanB 
tan A — tan B- tan AtanB=1 
1+ tan A —tan B- tan Atan B=2 
(1+ tan A)(1- tan B)=2 
Now 
x=2>(1+x)' =3’ =9 
Answer: (B) 


20. The value of tan 20° tan 80° cot 50° is equal to 


(A) 3 (B) W3 OF ) = 


Solution: 
tan 20° tan 80° cot 50° 


= (tan 20° tan 40° tan 80°) cot 40° cot 50° 


= ano) tan( = - a tan{ = + 0)| x1 


(where 0 = 20°) 


= tan 36 = tan60° = /3 
Answer: (A) 


21. If wand fare acute angles and such that 


m 
tana = i and tan B= 


2m+1 


then a@ + B equals 


1 1 1 32 
(A) 6 (B) 2 (C) 4 (D) - 


Solution: 


tana +tanB 
1-tanatan B 


_ [m/m+1]+[1/2m + 1] 
1-[m/(m+)Qm+1)] 


tan(a + B)= 


_ 2m +2m+1 
(m+1)(2m+1)-—m 


_ 2m’? +2m+1 
2m’? +3m+1—m 


_ 2m’ +2m+1 
2m’? +2m+1 


=1 
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since 0<a,B<a/2>50<a+ f<a and tan(a+ B)=1 
we have 


1 
at Bp=— 
B 4 
Answer: (B) 


22. If 0< @< mand 81%" °+ 81° = 30, then the number 
of values of is 


(A) 4 (B) 3 (C) 2 (D) 8 
Solution: Put t=81*"® so that 
gjss 8 = 81 
Therefore 
t+ = = 30 
t 
=> —30t+81=0 
=> (t — 3)(t- 27) =0 
Hence 
81" ® — 3 or 3? > sin? @= : or s 
4 4 
0<6<a>0=2 or or — or aid 
6 3 6 3 
Answer: (A) 


23. Let0< 0< 7/4 and 
t, =(tan ee 


L=(corey”, 2=(coy” 


t, = (tano)? 


then 
(A) 4 >4>4>4 
(C) h>t>4>6, 


(B) ,>6.>4,>6 
(D) 4>4>t4>4 
Solution: Since 0 < @< 7/4, we can take 

tan@=1-x and cot@=1+y 


where x and y are positive and x < 1. Observe that 
0<tané@ <1 and cot@>1. Now 


h=(=x)", 4=(=x)” 
t=(1+y), 4=(1t+y)” 
Clearly 


t,>t>t>t(e1l-x<l+y) 
Answer: (B) 


A. sec80-1 = 
sec 46-1 
(A) cot26 tan8@ 
(C) tan86@tan20 


sec80—1 _{ 1—cos8@ \/ cos40 
sec49—1 \|1-cos4é }\ cos8@ 


2sin* 40 \( cos 40 
‘ [ee aed 
sin 46(2 sin 40 cos 40) 
~ (2sin* 20) cos 80 
_ 2sin 20 cos 20(sin 80) 


2sin? 26 cos 80 
= cot 20 tan8@ 


(B) cot8@tan20 
(D) cot8@cot26 


Solution: 


Answer: (A) 


25. The value cos 12° + cos 84° + cos 132° + cos 156° is 
1 -1 1 -1 

A) = B) — Cc) — D) — 
A> B®> OF OF 
Solution: Given expression is 


(cos 12° + cos 132°) + (cos84° + cos 156°) 
= (2co0s72°cos 60°) + (2 cos 120° cos 36°) 


= BDF 4[ j\Gb+9 
4 


2 2 4 
_ V5 -1-(V5 +1) 
- 4 
wees 
a) 
Answer: (B) 
26. The value of 4(sin 24° + cos6°) is 
(A) V3 + v2 (B) V15 - V3 
(C) = (D) Vi5 +43 
Solution: 


A(sin 24° + cos 6°) = 4(sin 24° + sin 84°) 
= 4(2sin 54°cos30°) 
V5+1 : v3 
4 2 
= J15 + V3 


=8 


Answer: (D) 


Worked-Out Problems 


27. If sin@, cos@ and tan@ are in GP, then 30. If 
cos’ 6 + cos° 6+ 3cos’ is equal to 


ene (8) 0 a ae fx) =sin?(2 +3) sin 2 5) 
Solution: By hypothesis 


sin? @ then the period of fis 


cos’ 6 = (sin @) tan@ = ee (A) x (B) a (C) ; (D) 2x 


Therefore 


: aS ‘ Solution: 
cos’ @=sin° 9@=1-cos @ 


caS Ounce Oat sin(A + B)sin(A — B)=sin’ A—sin’ B 
(cos @ + cos’ 0) =1 This implies 


cos’ 0+ 3cos® 6 + 3cos’ 8 + cos’ 8 =1 


f(x)= sin{ = sins = sing 


cos’ @ + 3cos° 6(cos’ 6 + cos’ 6) + cos’ 6 =1 


cos’ @ + 3cos’@ + cos’ @=1 Therefore period of f(x) is 27. 
(. cos’ @ + cos’ 6 = 1) Answer: (D) 
Sac 31. If a=tan15°, b=cosec75° and c = 4sin 18°, then 
28. The least period of the function f(x) =|sin x|+|cosx | (A) c>b>a (B) a>c>b 
is (C) b>a>c (D) b>c>a 
2 4 2 1 4 
hidiene a=tan15°=2- V3= = 
Solution: 24/39 8443 
1 . 1 1 4 
t(x+3)=fin( +2) + os{ +2) b=cosec75° = /6 — 2 = _—___ 
2 2 2 Jo +2 
=|cosx|+|—sin x| _ 
hes c= 4sinige - 405 ae ie ee 
=|sin x|+|cos x| 4 V5 +1 
= f(x) Now 
Answer: (A) 
8+ 4/3 >J64+/2>V54+1 
29. If0 < @< 7/2 and 
Therefore 
. _ mt . 2 
sin 6 = sin -— + sin— 
12 4 4 . 4 és 4 
then 6 equals V5+1 V6+ V2 8+4v3 
1 1 5a 1 Hence 
A) = B) = Cc) — D) — 
AF Bt OF wf _ 
Solution: Anne th 
age : 43441 i752 sin 32. If in HP. th 
2 fo 22 2 . If cos(x — y), cosx, cos(x — y) are in HP, then 
Now 0 < 6< z/2 and sin @= sin75°. This implies secxveos)| = 
2 
pci 
12 


(A) 


1 
—_ B) V2 o)4 D) V3 
Answer: (C) V2 eo ot 
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Solution: By hypothesis 34. If 
are 2cos(x — y)cos(x + y) cosx | sinx _ 1a 208 sin y 
cos(x — y) + cos(x + y) cos@ sin@ cos@ sin@ 
_ 2(cos’ x — sin’ y) Then 
~— 2cosxcos y cosxcosy | sinxsin y _ 
This implies cos’ 0 sin’ @ 
cos’ xcos y= cos’ x — sin’ y (A) 2 (B) 0 (C) 1 (D) -1 


sin? y = cos? x(1—cos y) Solution: From the hypothesis 


sin(x + 0) =sin(y + 8) 
4sin? ~ cos’ ¥ = cos? x{ 2sin? ~ 
2 2 2 Therefore 
2cos? ~ = cos? x 2eos{ 7228 )sin( =) —0 
2 2 
cos’ sec? x = ee Now 
2 2 
_ {x-y 
Therefore x-—y#2nn > sin #0 
cos~ sec x] = = Hence 
2 V2 
Answer: (A) x+ yt 20 _ (n+ 
2 2 
33. If cosx =cosy, sinx =-sin y, then 
x+y=(2n+1)x-20 (1.7) 
sin(2010)x + sin(2010)y = . 
Again 


(A) 1 (B) 2010 + (C)-2010 (D)0 


cosx | sinx cosy | siny af 
Solution: cos@ sin@/\cos@  sin@ 


sinx + sin y=0—2sin( “2 )oos{ #2} 0 Therefore 


COSX COSY sin x sin y 
cos’ @ sin’ 6 


cos. — 608 y=0=92sin{ “4 sin{ ==") =o 


‘ sin xcos y + cosxsin y 1 


Both cos( e a ) and sin( * , ») cannot be simultane- sin @cos@ 
ously zero. So this implies cosxcosy | sinxsiny | sin(x+y) _ 1 
cos’ @ sin’ 0 sin @cos@ 
_ (x+y ae : 
sin 5 =0 cosxcosy | sinxsin y sin20 
cos’ @ sin’ 0 sin @cos@ 


=>x+y=2nn ; . 
COS x COS sin x sin 
+ Y+2=1 


where nis an integer. Now cos’ 0 sin’ @ 


sin(2010)x + sin(2010)y = sin(2010)x + sin2010(2na— x) 1 the third step we have used Eq. (1.7). 
= sin(2010)x — sin(2010)x 
=0 35. The function f(x) =sin(x/3) + cos(x/2) has period 


Answer: (D) equal to 
(A) x (B) 2x (C) 6x (D) 12x 


Answer: (D) 


Worked-Out Problems 


Solution: Period of sin(x/3) is 6 and period of cos(x/2) Solution: Let P=cos@cos26cos4@cos2”" @. 
is 47. Theref iod of fix) is 127. 
pee Nee Pena ete (2” sin@)P = (2sin@cos@)(2cos 20) 
Answer: (D) 
(2.cos 40) --- (2cos2”"6) 


36. If A+B+C=r7, then the minimum value of ; 
=[(sin 20)(2cos26)](2cos 46) 


ion? tan? 2 + to? © aes 
a a (2cos8@) ---(2cos2”” 6) 
is =[(sin 40)(2 cos 46)] 
(A) 1 (B) 3 (C) 9 (D) 27 2.cos8@ --- (2 cos2”"6) 
Solution: a 
Aa BC po A = cor( 2% <) = (sin2”'@)(2cos2” 6) 
2 2 2 2 2 2 
=sin2”0 
_ 1-tan(B/2)tan(C/2) 
tan(B/2) + tan(C/2) Hence 
Therefore P- sin2"0 
eg 2” sind 
aan an =1 Answer: (B) 
Now, 38. cos36° cos72° cos(108°) cos(144°) is equal to 
1 1 1 1 
: . A) = B) — C) = D) — 
[tan 4 - tan 5 + (tan — tan S) ~ 16 ®) 32 (©) 8 oe 64 
2, 2 2 2 
; Solution: The given product is 
Cc A 
a [tan a *| 20 cos 36° sin 18°(—sin 18°)(—cos 36°) = sin” 18° cos” 36° 
V5 -1 ‘ V5 +1 : 
= 2 tan’ Aen! eee <] stan tan” =O = 
2 2 2 a 2 4 4 
= 2 
yin etan tae 1>0 _ 6-1) 
2 2 4 
ayia? atea eden? 81 — 
2 2 2 16 


and the equality holds when Answer: (A) 


39. IfA+B+C=n7,then 


A B Cc 
ae = a = aS 
sin(B + C — A)+sin(C + A— B)+sin(A+ B-C)= 
so that when A = B = C= 7/3, the minimum value of the 


given expression is 1 (A) 4cosA cos B cosC (B) 4cosA sin B sinC 


Answer: (A) (C) 4sinB cosC cosA (D) 4sinA sin B sinC 


Solution: The given sum is 


37. cos @cos 26 cos 46 cos 86 --- cos2"" @is equal to ; ; . 
sin(a — 2.A) + sin(z — 2B) + sin(z — 2C) 


2” sin@ B sin 2”0 
(A) sin2”0 (B) 2” sin @ =sin2A+sin2B+sin2C 
2” sin2”0@ sin @ = 4sin A sin B sinC 
Saree ae (D) 


sin@ 2” sin 2”6 Answer: (D) 
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40. tana+ 2tan2a@+ 4tan4a+ 8cot8a= 


(A) tan2a (B) cot2a 
(C) cota (D) tan4a 
Solution: 


cos’ @ — sin’ a@ 


cota —tana = =2cot2a 


sin cos a 
Therefore 
cot 2a — tan2a@ =2cot4a 
cot4a — tan4a = 2cot8a 
cota — 2cot2a@ = tana 
2cot2a —4cot4a = 2tan 2a 
4cot4a — 8cot 8a = 4tan 4a 
On adding, we have 
cota — 8cot8a = tana + 2tan2a + 4tan4a 
Hence 


cota =tana+2tan2a + 4tan 4a + 8cot8a 


Answer: (C) 


41. If x is any real number, then the value of 
tan[(7/4) sin’ x] lies between 


(A) -1 and 1 (B) O and c 
(C) Oand 1 (D) -s¢ and co 
Solution: 


; nT. 1 
O<sin’ x1 > 057 sin’ x<7 


This implies tan[(z/4)sin’ x] lies between 0 and 1. 
Answer: (C) 


42. If 


COS X 


= 
cosy b 


then atanx + btany equals 


(A) (a+ pytan| =>) 


(B) (a+b) (tan + tan? 


(C) (a+ ry(cor + cot 2) 


(D) (a+b) cot( *52) 


Solution: Given that 
cosx a 
cosy b 
Let 
b 
_— =k (suppose) 
cosx cosy 
Therefore 
b 
ath (8) 
cos x + COS y 
Now 
asinx bsiny 
atanx + btan y= —— + —— 
cosx cosy 
= k[sinx + sin y] 
=f »| mes) 
cos x + cos y 
[from Eq. (1.8)] 
=(at+ pyran * 7 ») 
2 
Answer: (A) 


43. If 90° < @< 180° and tan 8 = —2/3, then 


tan(90° + @) + cos(180°- 6) _ 
sin(270° — 8) —cot(—@) 


pees 2410 
(A) (B) 
yeni) 2+ 13 
2+ 39 
C D) 2+ 39 
Os (D) 
Solution: 90°<@<180° implies 
2 -3 
sin@ =—— and cos@=—— 
V13 V13 
Therefore 


tan(90° + @) + cos(180°—@) _ —cot@—cosé 
sin(270° —@)—cot(-@)  —cos@+coté@ 

_ ~(-3/2) - (-3/V13) 

—(-3/V13)- (3/2) 


_ B/2) + B/N13) 
~ (3/V13) — (3/2) 
2+ V13 
Be 1A 


Answer: (A) 


44. For all angles A [# (2n + 1) a], 


sin2A cos A _ 
(1+ cos2.A)(1+ cos A) 
A A 
A) sin— B) cos— 
(A) sin (B) cos $ 
(C) tan (D) sinA 
Solution: 
sin2Acos A _ 2sin Acos’ A 
(1+ cos2A)(1+cos.A) (2cos’ A)[2cos?(A/2)] 
_ sin(A/2)cos(A/2) 
cos’ (A/2) 
A 
= tan— 
2 
Answer: (C) 


45. Ifxcosa@+ ysina@=xcosB+ ysin B=2a and (2sin a/2) x 
sin B/2 = 1, then 


(A) y’=4a(x~a) 
(C) = 4aly -a) 


Solution: 


(B) y?=4a(a- x) 
(D) ° =4a(a-y) 
Consider the equation 
(2a— xcos@) = y sin’ 0 
which can be written as 
(x’ + y’)cos* @- (4ax)cos@+4a°-y=0 (1.9) 


From the hypothesis, cosa and cos f are roots of 
Eq. (1.9). Therefore 


4 4 2 42 
cosa + cos B = ~~ and cosacos B= . id 
x+y x+y 
Also 
gi gn at dae ae nt 
2 2 2 
Therefore 
1=4sin® Ssin? = (1 -cosar)(1- e088) 
=1-(cosa+cosfP) + cosacos B 
4 2) wy. 
= — + x 
x+y x+y 
Hence 


lax + 4a’ —- y =0 
y =4a(a- x) 
Answer: (B) 


Worked-Out Problems 161 


46. If 
tan(A-—B)_ sin’ C 
+—— =1 
tan A sin’ A 
then tan A tan B is equal to 
(A) tan* C (B) 2tan?C 
(C) cot? C (D) 2cot?C 
Solution: From the hypothesis 
sin’C | tan(A-B) tan B(1+tan’ A) 
sin’ A tanA _ tan A(1+ tan A tan B) 
Therefore 
— tanB_ sin’ A 1 
sin’ C= 5 
tanA cos A 1+tanAtanB 
_ tanBtanA 
1+ tan Atan B 
This gives 


sin’? C + sin’? Ctan Atan B=tan Btan A 
sin’ C =(1—sin’ C)tan Atan B 
tan’ C =tan AtanB 
Answer: (A) 
47. If 


cosx—cosa@ _ sin’ acos B 


cosx—cosB sin’ Bcosa 


then 


(A) cot’ x (B) cot” > 


(C) tan’ x (D) tan’ > 


Solution: From the hypothesis 
(cosx — cosa@)sin’ Bcosa =(cosx — cos B)sin* acos B 
cos x[sin* Bcosa@ — sin’ acos B] 

= sin’ Bcos’ a@— cos’ Bsin’ a 
cos x[(1 — cos’ B) cosa — (1 — cos’ a) cos B] 

=(1—cos’ B)cos* a — cos” B(1 — cos” a) 
cos x[(cosa — cos 8) + cosacos B(cos a — cos B)] 


=cos’ a — cos’ B 
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cos x(1+ cosacos f) = cosa + cos B Hence 
see cos B fone @ 1-cos@_ 1-[(cosa@+cos B)/(1+cosacos B)] 
1+cosacos B 2 1+cos@ 14+[(cosa+cos)/(1+cosacos B)] 
Therefore _ (1-cosa@)(1 — cos B) 
oie teed (1+ cos@)(1+ cos B) 
tan°—= . B 
2 1+cosx = tan? — tan? > 
_ 1-[(cosa@ + cos B)/(1+ cosacos f)] eee 
1+[(cosa@+cosf)/(1+ cosacos B)] 
1+ cosacos B —(cosa+ cos B) 49. If a, B lie between 0 and 7/4 and cos(a@+ B) = 4/5, 
aces cosarcos B + cosa + cos B sin(a@ — B) = 5/13, then value of tan2qis 
_ (1-cos)(1— cos B) (A) = (B) * (C) a (p) B 
(1+ cosa)(1+ cos B) 3 3 11 
_ [2sin?(or/2)|[2sin?(B/2)] Solution: 
[2 cos’ (a/2)][2 cos’ (B/2)] tan 2a = tan(a + B+ a- 8B) 
ape Oo 8 B _ tan(a + B)+tan(a— B) 
2 2 1-tan(a + B)tan(a — B) 
Answer: (D) _ (3/4) + (5/12) 
1- (3/4) x (5/12 
48. If ee ) 
. : _ 56 
‘and = a 33 
+ 
ata Answer: (C) 
then 
50. If 7+ B= 7/2 and B+ y= a, then tan ~ equals 
inne tan B = (A) 2(tan B+ tan y) (B) tanB+tany 
a (C) tanB+2tany (D) 2tanB+tany 
(A) cot’ 6 (B) cot’ : Solution: 
1 
(C) tan? (D) tan’ 6 a+B= 2 
Solution: We have > tanar=tan{ 2 6) 
9 72 
eau eae ce = tanatanB=1 
(cosa + cos B) 
Again, 
_ (cosa + cos B)” + sin’ asin’ B 
7 (cosa + cos 8B) pry =a 
_ cos’ a@ + cos’ B + 2cosacos B + (1 - cos’ a)(1 — cos” B) we a 
(cosa + cos B)” spine tana — tan B _ tana —tanB 
; 1+ tana tan B 1+1 
(1+ cosacos f) 
~ (cosa + cos 8B)” => 2tany + tanf = tana 
Answer: (C) 


Therefore 


cosa + cos B 51. Let n be a positive integer such that 


1+ cosacos B i Ot eee Jn 
2n 2n 2 


cos@ = 


Worked-Out Problems 


Then 1 soe 2% 4 cost — cos 2 — cog OF 
(A) 6<n<8 (B) 4<n<8 ge ge ge re 
(C) 4<n<8 (D) 4<n<8 2 
1 20 4a 20 4n 
Solution: m=1,2 cannot satisfy the given equation. Sap @ OS 7 es 2m — ag ee 2m — 7 
ee nm ~n _ 0 1 a n 17 on 
sin mi + cos ao =| sin = +cos om 4 ed ae ane eee 
2 7 7 7 
_ 0 on 
>1+sin—=— =0 
n 4 
4 Answer: (A) 
=sint =" 20 4n 67 
ut 4 54. Se Teor EROS = 
Therefore 
1 -1 
= A) 0 B) 1 C) = D) — 
petty AO B11 OF MF 
O<n-4<4 Solution: Let 
4<n<8 20 4n 6 
‘ 5 = COS 7 + cos 7 + cos 
nswer: 
52. Let 0<x< 7/4. Then (sec2x — tan2x) equals Therefore 
1 1 2 4 
(A) tan{ x - *) (B) tan{ 4 - *] [2sin “)s =2sin cos + 2sin~ cos— 
4 4 7 7 7 7 7 
us 1 x 62 
C) tan} x+— D) tan’?| x+— i ee 
(C) ( = (D) ( = ee 
Solution: eM. = on, | 
=| sin — — sin— | + | sin — — sin — 
1-sin2x (cosx-sinx/) i L l : 
sec2x —tan2x = = 5 = 
cos 2x cos’ x — sin’ x ME 4 = 
+] sin — — sin — 
Now 0 <x < 2/4 => cosx — sinx > 0. Therefore 7 7 
aes _. 1h. 
sec 2x — tan2x = —°* aaa =tan{ 4 x] cee laa | 
cos x +sin x 4 
Answer: (B) =0-sin— 
53. The value of ~ 
This gives 
_ 20 . 4a . An. 8H. 8H. 22 
sin — sin — + sin — sin — + sin —sin 1 
7 7 7 7 7 7 s=— 
is Answer: (D) 


1 -1 
(A) 0 (B) 2 (C) =. ae 55. The value of 


Solution: The given expression can be written as 


| 2n =) ( An — 
—| | cos— — cos— |+] cos— - cos—— 
2 7 7 7 vi is 
5 V7 


6x 5 7 7 
+ (cos SE - cos 27)] (A) = (B) 5 (C) 7 (D) 5) 


. 2e  . 4a. 8x 
sin — + sin — + sin 
7 7 
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Solution: Let 


.2r . 4n.. 8x 
5 = sin — + sin — + sin — 
7 7 7 


Therefore 


s =sin’ on + sin’ of + sin’ Bn +2 a ae 
7 7 7 7 vA 


= sin’ = + sin? S + sin? a +0 (see Q.53) 


_ 1—cos(47/7) " 1-cos(82/7) 2 1 — cos(167/7) 


2 2 2 
3 1 4 8x ‘S] 
= cos — + cos — + cos 
a 2 a 7 7 
=. 4 An 81 
= cos — + cos — + cos 
2°32 7 7 7 
= 3 (- 5] (see Problem 54) 
2 2\ 2 
ae 
4 
Therefore 
a7 
fo 
2 


Answer: (C) 


56. If 
f(x) =sin’ x + sin’ E + 4 


+ cos.xc0s{ 1 + *) and «(3] = 
3 4 


then 

@on(2|- 
A> @®1 ©2 Oz 
Solution: 


25 5 1 1 
sin’ x + sin ae + COS x COS a 


=e 2sin’x+1- cos{ 21 + =) + eos{ 2x + 4 sees 
2 3 3 3 


a 2sin* x — cos{ 21 + =). cos{ 2+ =) of 3 
2 3 ay) 2 


= 5 |2sin?x + cos2x + > 
2 2 


Therefore f(x) = 5/4 for all x. Hence 


wl) 


Answer: (B) 
57. Period of the function f(x) = sin 3x + |cos 6x| is 
T 20 1 
A) = B) — C) = D) a 
(A) 3 (B) ; (C) F (D) 
Solution: Period of sin3x = 22/3 
: 1 
Period of |cos6x|= ra 
Therefore 
(2) _ (2) _2n 
3 6 3 
Hence period of f(x) = 27/3. 
Answer: (B) 
58. Period of f(x) = 3sin(zx/3) + 4cos(7x/4) is 
(A)6 (B)12 (C)16 (Dd) 24 
Solution: 
Period of sin = cle = 
3 a/3 
. ™ 20 
Period of cos— = —=8 
4 7/4 


Now 4(6) = 3(8) = 24. Therefore period of f(x) =24 


Answer: (D) 
59. Period of f(x) = sin(zx/S!) + cos(zx/6!) is 
(A) 5! (B) 2(5!) (C) 2(6!) (D) 6! 
Solution: 
Period of sine = ais = 2(5!) 
Period of cos = _ 2(6!) 
6! (2/6!) 


Now 6(2:5!) = 2(6!). Therefore, period of f(x) = 2(6!) 


Answer: (C) 


60. If period of f(x)= yi sin (x/2") + y tan(x/2’) 
is kz, then k equals 
(A) 1 (B) 2 (C) 2" 

Solution: Periods of sinx, sin(x/2), sin(x/2)’, ..., sin(x/"""') 

are 27, 2°n, 2°n,..., 2" and those of tan(x/2), tan(x/2’), 

tan(x/2’), ..., tan(x/2”) are 27, 2’m, 2°z, ..., 2”. Therefore 

Period of f(x) is 2"7 and hence k = 2". 


Answer: (C) 


61. Ifthe function f(x) = cos x + cos(bx) is periodic where 


b #0, then b must be 
(A) an even integer (B) odd integer 


(C) irrational number (D) rational number 


Solution: Period of cosx =2z 
2 
Period of cosbx = 
| b| 
Since f is periodic, there exist positive integers m and n 
such that 
20 
m(2n) = nf 2) 
|| 
Therefore 
n 
[al=— 
m 


which implies 5 is rational. 
Answer: (D) 


62. Let f(x) =x°—1 and g(x) =sinx + cosx. Then fog is 
invertible if x belongs to the interval 


mee] oe 
© |=) ©) [#0] 
Solution: 


(fog)(x) = f(g(x)) =(sinx + cos x) —1=sin2x 


sin 2x is invertible, if—z/2 < 2x < m/2 thatis,-m/4<x< 7/4. 


Answer: (C) 
63. cos20° + cos 40° + cos 60° — 4cos 10°cos 20°cos 30° is 
equal to 
(A) 0 (B) 1 
5 +1 
() <1 (D) 


4 


Worked-Out Problems 


Solution: The given expression is equivalent to 


V3 


cos20°+ cos 40°+ : — 2[cos30°+ cos 10°] > 


= 2.c0s30° cos10°+ : - : —~3cos10° 


= 2S Joostor- 1— ¥3cos10° 


=-1 
Answer: (C) 


cos8x — cos 7x - 
1+2cosSx 


64. 


(A) cos3x + cos 2x 
(C) sin3x — sin2x 


(B) cos3x — cos 2x 
(D) sin3x + sin2x 
Solution: 


cos8x —cos7x _ sin5x(cos8x — cos7x) 
1+2cos5x 


sin5x + sin 10x 
_ —sin 5x[2 sin(15x/2)sin(x/2)] 
2sin(15x/2) cos(5x/2) 
_ —2sin(5x/2)cos(5x/2)sin(x/2) 
cos(5x/2) 


=—(cos2x — cos 3x) 


cos 3x — cos 2x 


Answer: (B) 


65. cos’x + cos’*(@+ x) — 2cos 9 cos x cos(@+ x) is equal to 
(A) cos’x (B) sin’x (C) cos'@ (D) sin’@ 


Solution: The given expression is equivalent to 


cos’ x + cos(6 + x)[cos(@ + x) — 2cos@cos x] 
= cos’ x — cos(@ + x) cos(@ — x) 
= cos’ x — (cos’ x — sin’) 
=sin’6 
Answer: (D) 


66. If A, B and C are positive such that A+ B+ C=z, 
then the minimum value of 


(454) (75*) (<4) 
cos cos] —~— | cos 

2 2 
+ + 


2 
(434) (725) (<4) 
cos cos| ———— COs 
2 2 2 


(A) 3 


is 


(B)32 (C6 (dD) ~ 
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Solution: 


sin A+sin B 
~ sin(A + B) 
_ sin A + sin B 
7 sinC 


sinA snB 


sinC sinC 


Similarly 


snB  sinC 


snA sinA 


sinC sinA 


and 


sinB  sinB 


Therefore 
(454) (755) (4) 
cos cos cos 
2 2 2 
+ + 


(4+) (755) pa 
cos cos cos 
2 2 2 


_{ sin A. sin B sin B , sin C 
sin Cc sinC sin A’ sin A 
if sinC , sin A 
sin ral sin B 
_/ sin A. sin C fs sin B , sin C 
sin ‘aaa sin A sin Cc" sin B 
rn sin A, sin B 
sin rd sin A 
2>24+2+2 AM 2 GM) 
=6 


Note that equality occurs when A = B= C= 77/3. 
Answer: (C) 


67. tan20° + 4sin20° = 


(A) 3 (B) 2 (C) v2 (D) V3 


Solution: 
sin 20° + 2 sin 40° 
cos 20° 
(sin 20°+ sin 40°) + sin 40° 
~ cos 20° 
_ cos 10°+ cos 50° 
cos 20° 
2 cos 30° cos 20° 
~ cos 20° 


tan 20°+ 4sin20°= 


= V3 
Answer: (D) 


68. In APQR, |R=a/2. If tan(P/2) and tan(Q/2) are 
roots of the quadratic equation ax’ + bx +c =0 then 


(A) b+c=a (B) c+a=b 
(C) a+b=c (D) b=c 
Solution: 


R= 59 [P+|Q=n/2 


Therefore 
Eg ot 
2 2 4 
ee ie tan (P/2) + tan(Q/2) 
4 1-tan(P/2)tan(Q/2) 
_ (bla) _ -b 
1-(cla) a-c 
a-c=-b or at+b=c 
Answer: (C) 
69. 3+ cot 76° cot 16 = 
cot 76°+ cot 16° 
(A) tan46° (B) cot76° 
(C) tan16° (D) cot 44° 
Solution: 
3+ cot 76°cot16° _ 3sin76°sin16°+ cos 76° cos 16° 
cot 76°+ cot 16° sin 16° cos 76° + cos 16° sin 76° 


_ 2sin 76° sin 16° + cos60° 
7 sin 92° 

_ cos60°— cos 92° + cos 60° 
7 sin 92° 

_ 1—cos92° 
sin 92° 


= tan 46° 


Answer: (A) 


70. In AABC, if cot 9@=cotA + cot B + cot C, then 


sin(A — @)sin(B — 6)sin(C - 8) _ 


sin°@ 
(A) 1 (B) =1 (C) -v2 (D) V2 
Solution: We have cot @— cot A =cot B + cot C. Therefore 
sin(A-—6) sin(B+C) — sinA 
sinAsin@é sinBsinC  sinBsinC 
sin(A-@) sim’ A 
sin@ sin BsinC 
Similarly 
sin(B-0@) — sin’-B_~sin(C-@) ___sin’C 
sin@  sinCsinA’ sin@  sinAsinB 
sin(A — 6)sin(B — @)sin(C — 6) _ 1 
sin’ @ 
Answer: (A) 


71. Which one of the following numbers is rational? 
(A) sin 15° (B) cos15° 
(C) sin15°cos 15° (C) sin15°cos 75° 
Solution: 
sin 15°= sin(45°— 30°) 


= sin 45° cos 30° — cos 45° sin 30° 


V3 1 


 2)2 2/2 


= is irrational 


2/2 
sai 
cos 15°= cos(45°— 30°) = 
( ) 23 


sin 15°cos15°= a — ; is rational 


is irrational 


2: 
sin 15° cos 75°= sin? 15° = (Se) 


2/2 
_4-2V3 2-3 
8 4 


is irrational 


Answer: (C) 


72. sec’ 0=4xy/(x + y)’ is true if and only if 
(A) x+y=0 (B) x=y,x#0 
(C) x=y (D) x #0, y #0 


Worked-Out Problems 


Solution: 


dey _(xtyl-(e-y _y (#52) <1 
(e+yy (x+y) 7 


But sec’ @>1 for all 6. Therefore 


2 
1=1-(22] eSx=y,x40 
y 


xX+ 


Answer: (B) 


73. If tan A = (1 —cos B)/sin B, then tan3A is equal to 


(A) tan( =) (B) tan2B 

(C) tanB (D) -tan2B 
Solution: 

tan A= : ost = ane 
sin B 
Therefore 
2 2tan(B/2 

tan2A = tana ane /2) tan B 


l—tan?A 1—tan’(B/2)_ 

tanA+tan2A _ tan(B/2)+tanB | ei 3B 

1-tanAtan2A 1-tan(B/2)tanB ~ 2 
Answer: (A) 


tan3A = 


74. Consider the following two statements. 


S,: All cyclic quadrilaterals ABCD satisfy 


A B C D 
tan — tan — tan — tan — = 1 
2 2 2 2 


S,: All trapeziums ABCD satisfy 


A B C D 
tan — tan — tan — tan — = 1 
2 2 2 2 


Then 

(A) both S, and S, are true 

(B) S, is true but S, is not true 
(C) S, is not true and S, is true 


(D) neither S, nor S, is true 


Solution: Ina cyclic quadrilateral ABCD, it is known 
that 
A+C=180°=B+D 
Therefore 
A Cc B D 
tan—=cot— and tan—=cot— 


2 2 2 2 
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A B C D 
tan — tan — tan— tan — = 1 
2 2 2 2 


This implies S, is true. Let ABCD be a trapezium in 
which AB and DC are parallel sides (see Figure 1.36). 
Therefore 


|DCA =|CAB (1.10) 
Now in AADC, 

|CAD + D+|DCA = 180° 
Therefore 


(A-|CAB)+ D+|DCA =180° 


A+Dz=180° [From Eq. (1.10)] 


Similarly B + C = 180°. Therefore 


A D B Cc 
tan—=cot—, tan—=cot 
2 2 2 2 
A B C D 
tan — tan — tan —tan— = 1 
2 2 2 2 


Hence S, is also true. This implies both S, and S, are true. 


D Cc 


A B 


FIGURE 1.36 Single correct choice type question 74. 
Answer: (A) 


75. Let A,, A,, ..., A, be the interior angles of an n-sided 
convex polygon. Then the value of 


cos(A,+ A, +--:+ A,) 
cos(A,,,+ A,,. +++ A,) 


where 


k 

cos{ 54] +0 fork =1,2,3,...,.n-1 
i=l 

(A) is independent of both A andn 

(B) is independent of k but depends on n 

(C) is independent of n but depends on k 

(D) depends on both k and 


Solution: It is known that the sum of the interior 
angles of an n-sided convex polygon is (2n—4) right 
angles. Therefore 


cos(A,,,+ Apis +++: + A,) = cos[(n — 2)a 
—(A,+ A, +--+ A,)] 
=+cos(A,+ A, +---+ A,) 


Now 
cos(A, + A, +--+ A,) ee 
COS(Ayat Aga ti tA) 
according as n is even or odd. 
Answer: (B) 


76. If cosx=tany, cosy=tanz, cosz=tanx, then sinx= 
siny =sinz =2sin 6 where 0 is 


(A) 15° (B) 18 — (G) 225 (D) 75° 
Solution: 
cos’x = tan’y =sec’y —1=cot’z-1 
Therefore 
2. t 2: 
1+ cos’ x = cot’ z stead = - 
sin'z 1-—tan°x 
sin’ x sin’ x 


cos’ x—sin’x 1-—2sin’x 


(1+ cos’ x)(1 — 2sin’ x) = sin* x 

(2 — sin’ x)(1 — 2sin’ x) = sin’ x 
2sin* x — 6sin’ x +2 =0 
sin’ x — 3sin’x +1=0 


345 
2 


sin’ x = 


Since (3 + ¥5/2) > 1, it follows that 


Saas yest) 
2 5 


sin? x = 


Hence 


ee oe 


) =2sin18° 
4 


Answer: (B) 


Multiple Correct Choice Type Questions 
1. Ifcos A =-7/25 and A lies between 450° and 540° then 


_ A -4 A -3 
A = B — = 
(A) sin 55 (B) cos ae 
_A_-3 A -4 
C —=— D —=— 
(C) sin 55 (D) cos 7s 
Solution: By hypothesis 450° < A < 540°. This implies 


225° < A/2 < 270°. So 


; 4 a peg? 4 
sin = = = 
2 2 2 5 


Now A/2 lies in the third quadrant. This means 


_ A -4 
sin — = — 
2 5 


4 1+cosA  /1-(7/25) 3 
cos = = = 
2 2 2 5 


Again A/2 lies in the third quadrant implies 


Again 


A -3 
cos— = — 
2 5 


Answers: (A), (B) 


2. Which of the following are true? 


(A) sin224, _v2-v2 


2 


° 2+ V2 
(B) c0822- os 


2 


° 


(C) tan 225 = 2-1 


fe) 


(D) cot 22> = /2+1 


Solution: 
S pgede che ao -1 
af 2 
Therefore 
soteee tl eet /2 +2 _v2+2 
a 2\ 0 a. 2 4 


2 


o 2 +2 ° 
£08225 = v2 : £05225 ~0 
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nae =+,/1— cos’ 1 
2 2 
re pot 


-+ 
4 2 


Answers: (A), (B), (C), (D) 


3. Let cosx+cosy=a, cos2x + cos2y=b and cos3x+ 
cos3y =c. Which of the following is (are) true? 


(A) cos’ x + cos*y=145 


(B) 720 —b-2)=cosxcos y 


(C) 2a°+c=3a(1+b) 
(D) abc =0 for all real x and y 


Solution: 
cos’x + cos’y + 2cosx cosy=a@" (1.11) 
b =cos2x + cos2y = 2(cos’x + cosy) — 2 
Therefore 
b+2 
cos’ x + cos’ y=" = 145 (1.12) 


Hence (A) is true. From Eqs. (1.11) and (1.12) 
1 2 
cOsS XCOS y = 424 —b-2) 
Hence (B) is true. Now 
c = cos 3x + cos3y = 4(cos’ x + cos’ y) — 3(cosx + cos y) 


= 4[(cos x + cos y)(cos’ x + cos’ y — cos. xcos y) | 


— 3(cos x + cos y) 


= 4) (222 (2a b 2) 3a 


= 2a(b + 2) —2a°+ ab + 2a-3a 
=—2a’ + 3ab + 3a 
Therefore 
2a°+c=3a(b+1) 


Hence (C) is true. abc = 0 for all x, y is not true. Hence 
(D) is not true. 


Answers: (A), (B), (C) 
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4. Which of the following are true? 
(A) cos26@ cos 6 - sin 46 sin = cos3@cos20 
(B) cos20° + cos 100° + cos 140° = 0 
(C) sin56+ sin20-— sin @=sin20(2.cos36+ 1) 


(D) ae = tan 20 + sec20 
cos@ —sin@ 
Solution: 


(A) cos2@cosé@ — sin 46 sin@ 


5 (cos 30 + cos0) — (cos 30 — cos560) 


: (cos 5@ + cos @) 


= cos 36 cos 20 
Therefore (A) is true. 
(B) cos20°+ cos 100° + cos 140° 
=cos20°+ 2cos120° cos 20° 
=cos20°-— cos20° 
=0 
Hence (B) is true. 
(C) sin56@ + sin 26 — sin @ = (sin 56 — sin@) + sin 20 
= 2cos3@sin 26 + sin 20 
= sin 20(2 cos 36 + 1) 
So (C) is true. 


sin20+1  (cos@+sin@)° 


(D) tan20 + sec20 = 
cos20 


cos’ @ — sin’@ 
_ cos@ + sind 
~ cos@— sind 
This implies that (D) is true. 
Answers: (A), (B), (C), (D) 


5. Which of the following are true? 


(A) : : =cot2A 
tan3A-—tanA cot3A-cotA 
(gy = og 
cosa +sina 
cot@ tang 
(C) = 
cot@—cot3@ tan@-—tan30@ 


(D) 4(cos° 6+ sin° @) = 1 +3cos*20 


Solution: 


1 


(A) LHS =— 5 
(sin3.A/cos3A) — (sin A/cos A) 


1 
(cos3.A/sin3A) — (cos A/sin A) 


7 cos3Acos A 
sin3AcosA-—cos3AsinA 


sin3Asin A 
sin Acos3A —cosAsin3A 


_ cos3Acos A + sin3Asin A 
~ sin3Acos A —cos3Asin A 


_ cos(3A— A) cos2A 
sin(3A—A) sin2A 


=cot2A 
Therefore (A) is true. 


cos 3a — sin3a 
(B) ———_—__— 
cosa + sina 
_ (4cos*'a — 3cosa@) — (3sin@ — 4sin’@) 
cosa + sing 


_ 4(cos’ a + sin’ a) — 3(cosa + sina) 


cosa + sing 


_ A[(cosa@ + sina)(1— sin acosa)]— 3(cosa@ + sina) 
cosa + sina 


=4-4sinacosa —3 
=1-2sin2a 
Therefore (B) is true. 


cot@ tang 


cot@—cot3@ tand@—-tan30 
cos@ sin@ 
sin @ : cos@ 
cos@ cos30@ sin@ sin 30 
sin@ sin 30 cos@ cos30@ 


= cos @sin 30 
sin 30.cos@ — cos36@sin@ 


(C) 


sin 8 cos30@ 
sin 8 cos 30 — cos @sin 30 


sin 8 cos 30 
sin 20 


_ cos@sin36 
sin 20 


_ sin3@cos@ — cos36sin@ 
sin 20 

_ sin20 _ 1 

~ sin20 


Therefore (C) is true. 


(D) 4(cos’6 + sin° 6) 


= aft - = sin’ 26] 

= 4 —-3sin’20 

= 1+ 3(1-sin’ 26) 

= 1+ 3cos’ 20 
Hence (D) is true. 


Answers: (A), (B), (C), (D) 


6. Which of the following are true? 
(A) cos’ a cos3a+ sin’ a sin3a= cos*2a 
(B) 4sin’ a cos3a+4cos’ a sin3a=3sin4da 
(C) 2sin75°sin 15° = 1/2 
(D) sin(B + C-— A) +sin(C+A-—B)+sin(A+B-C) 
—sin(A + B- C) =4sin Asin BsinC 


Solution: 
(A) LHS = cos’ a@(4cos’ a — 3cos a) 
+ sin’ a(3sina — 4sin’ a) 
= 4(cos’ a — sin’ a) — 3(cos* a — sin’) 
= 4(cos’ a@ — sin’ a)[cos* a + sin’ cos’ a + sin* a] 
— 3(cos* a — sin’ @) 
= cos 2a[4cos*a + 4sin’acos’a + 4sin* a — 3] 
= cos 2a[4 cos’ a(1— sin’ a) + 4sin’ acos’ a 
+ 4sin’ a(1 — cos’ a) — 3] 
= cos 2a[4 — 4sin’ acos’ a — 3] 
= cos 2a[1 — sin’ 2a] 
= cos’ 2a 


So (A) is true. 


Worked-Out Problems 


(B) LHS =(3sina — sin3a)cos3a 
+ (3cosa@ + cos3a) sin3a 
= 3[sina~cos3a@ + sin3acos a] 
=3sin4da 
Hence (B) is true. 
(C) 2sin75°sin 15°= cos(75°— 15°) — cos(75°+ 15°) 
= cos 60°— cos 90° 


(C) is also true. 

(D) LHS =2sinC cos(B — A) +2cos(A + B)sin(—-C) 
=2sinC[cos(B — A) —cos(A + B)] 
=2sinC(2sin Asin B) 
=4sin Asin BsinC 


Therefore (D) is true. 
Answers: (A), (B), (C), (D) 


7. Which of the following are true? 
(A) cos(30°—.A) + cos(30°+ A)=V3cos.A 
(B) sin(60° + A) — sin(60° — A) =sinA 
(C) eos7e 7 eOsae pee @ 

sin 26 + sin 30 2 


(D) sin?56-—sin’30=sin8@ sin 20 


Solution: 
(A) cos(30°— A) + cos(30°+ A) 
= 2c0s30°cos A 


= a2 Joos = V3cosA 
Therefore (A) is true. 
(B) sin(60°+ A) —sin(60°— A) 
=2co0s60°sin A = 2( Fina =sinA 
Therefore (B) is true. 


cos26—cos3@ _ 2sin(56/2)sin(@/2) a 6 


(C) = : an 
sin20+sin3@  2sin(5@/2)cos(0/2) 2 


Therefore (C) is true. 
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(D) sin’ A—sin* B=sin(A + B)sin(A — B) 
sin’ 56 — sin’ 36 = sin(50 + 30)sin(56 — 30) 
=sin86sin20 


Therefore (D) is true. 
Answers: (A), (B), (C), (D) 


8. Which of the following are true? 
(A) 4(cos’10°+ sin’ 20°) = 3(cos10°+ sin 20°) 


(B) : ! =cot4é 
tan3@+tan@ cot3@0+cot@ 
(C) 1—cos20+sin20 | eats 


1+cos20+sin20 — 
cot@—1_ 1-—sin20 
cotd+1  cos26 


(D) 


Solution: 
(A) 4(cos*10°+ sin* 20°) = (cos30°+ 3cos 10°) 
+ (3sin 20° — sin 60°) 


= (= + 3cos 10° 


+ [> sin 20° — 3 


= 3(cos 10°+ sin 20°) 
Therefore (A) is true. 


cos @cos30 
sin 36 cos@ + cos 3@sin@ 


(B) LHS = 


sin 30 sin@ 
sin 8 cos 30 + cos@ sin 30 


_ cos3@cos6 — sin 3@sin@ 
sin(30 + 6) 
_ cos40 
sin 40 
= cot4é 


Hence (B) is true. 


1-cos2@+sin2@_ 2sin’@+2sin@cos@ 
1+cos2@+sin2@ 2cos*@+2sin@cosd 


(C) 


_ sin@(sin@ + cos@) 
cos @(cos@ + sin 8) 


=tandg 


Hence (C) is not true. 


cot@—1  cos@—sin@ 
cotd+1 cos@+sin@ 


(D) 


_ (cos@ —sin@) 
cos’ @ — sin’@ 
_ 1—2sin@cosé 
cos20 


1-sin20 
~~ cos 20 
Therefore (D) is true. 
Answers: (A), (B), (D) 


9. Which of the following are true? 


(A) Ifcos@-sin@= V2 sin@, then cos6+ sin@= V2 cos @ 
(B) Period of the function f(x) = 2sin + 3cos— 
is 24 
(C) Period of tan(x + 2x + 3x) is 2 
(D) tan855° + tan 45° =-1 
Solution: 
(A) cos@—sin@ =~2sin@ 
cos@ = (V2 +1)sin@ 
(/2 - 1)cos@ = sin@ 
V2. cos@ =cos@ + sind 
Therefore (A) is true. 


(B) Period of sin( =| = Qn)= =8 


Period of cos( =] = (2n)2. =6 
3 1 


3(8) =4(6) = 24 = 24 is a period of f(x) 
This implies (B) is also true. 


(C) Period of tan6x = 2 


So (C) is not true. 
(D) tan855°+ tan 45° = tan(720° + 135°) + 1 
=tan135°+ 1 
=-1+1 
=0 
So (D) is not true. 
Answers: (A), (B) 


10. A, B and C are angles of triangle such that 
cosAcosB + sinAsinBsinC = 1 


then AABC is 

(A) isosceles triangle 

(B) right-angled triangle 

(C) isosceles and right angled 
(D) equilateral triangle 


Solution: 
cos Acos B + sin Asin BsinC = 1 
cos AcosB + sin Asin B 
—sin Asin B+ sin Asin BsinC =1 
cos(A — B)+ sin Asin B(sinC —1)=1 
sin Asin B(sinC — 1) =1-cos(A - B) 
Now LHS <0 and RHS 20. Therefore LHS = RHS =0. 


Hence 
sinC-1=0 and 1-cos(A-B)=0 


sinC=1 and cos(A-B)=1 
C=90° and A=B 
Answers: (A), (B), (C) 


11. Which of the following are true? 


(A) Minimum value of 27 tan’ @+ 3 cot’ is 18 
(B) cos1°+cos2°+ cos3°+---+cos179°=0 


(C) sin’ 5°+ sin? 10°+ sin’ 15°+ --- + sin’ 85°= ~ 


(D) Period of sin = + *) sin Z *) is 27 
8 2 8 2 


Answers: (A), (B), (C), (D) 


Solution: 
(A) Ifa, b are positive, then 


100 > ab 


and equality holds if and only if a= b. Therefore 


27 tan’ 6 + 3cot? 6 > 2,/(27 tan’ 6)(3cot? 6) 
=2x9=18 


Hence the minimum value of 27tan*@+3cot’@ 
is 18 and it will occur when 27tan*@=3cot’ 6. So 
(A) is true. 

(B) It is known that cos(180° — 9) =-—cos 6. Therefore 
the given expression is 


Worked-Out Problems 


(cos1°— cos1°)+(cos2°— cos 2°) +--- 
+(cos89°— cos89°) + cos 90°= 0 


Hence (B) is true. 
(C) sin’85° = sin’(90° — 5°) = cos’5°, sin’80° = cos” 10°, etc. 
The given expression is 


ee Ce eel 
Dp. 2 


Therefore (C) is true. 


(D) sin 243] sin({Z = 
8 2 8 2 


Therefore period = 27. Hence (D) is also true. 
Answers: (A), (B), (C), (D) 
12. Which of the following are true? 
(A) If sin A + sin B = J3(cos B— cos A), then sin3A 


+ sin3B is equal to 0 


(B) The value of cos’ + cos” aE ge” eae 
16 16 16 


is — 
2 


(C) If A+ B+C=180° and cosA =cos Beos C, then 
tan A —tanB-tanC=0 


(D) For all values of 6, 3-—cos@+cos((z/3) + 6) 
lies in the interval [2, 4] 


Solution: 


(A) Given sin A + sin B = J3(cos B- cos A). Now two 
cases arise 
Case 1: cosB—cosA =0 
Therefore 


sin A +sin B=0 
sin A =-sinB 
sin3A =3sin A—4sin’ A 
=-—3sinB+4sin’B 
=-sin3B 
sin3A + sin3B=0 
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Case 2: cosB —cosA #0 
Therefore 
sin A+sinB 
——_ 3 
cos B— cos A v3 
2sin[(A + B)/2]cos[(A — B)/2] _ B 
2sin[(A + B)/2]sin[(A — B)/2] — 


tan rian | =tan~ 
7} 8 6 
A-B r 
—— =n += 
2 6 


A=B+2nn+— 
3 
sin3.A =sin(3B + 6nz + 2) 
=sin(z + 3B) 
=-sin3B 
sin3A + sin3B=0 


Therefore (A) is true. 


30 > 50 70 
(B) cos* * +cos? = + cos? % + cos? 
16 16 16 16 
_ 1+ cos(z/8) n 1+ cos(3z/8) 
2 2 
- 1+ cos(57/8) n 1+ cos(77/8) 
2 2 
| 1 3x 5x iz] 
=2+—| cos—+ cos + COs + COs 
2 8 8 8 8 
3x 4 
=2+-—| cos—+cos cos cos 
8 8 
=2+0=2 


Hence (B) is not true. 


(C) Given A + B+ C=180° and cos A = cos Bcos C. 
Now, 


A+B+C=180°=> tan A + tan B+ tanC 
= tan Atan BtanC 
Also 
cos A = cos BcosC > —cos(B + C) = cos BcosC 
= -—cos BcosC + sin BsinC = cos BcosC 
=> sin BsinC =2cos BcosC 
=> tan BtanC =2 
Therefore 


tan A + tan B+ tanC =tan Atan BtanC =2tanA 


tan A — tan B-tanC =0 


Hence (C) is true. 
1 
(D) 3-—cos@+ cos( 4 + 0] 
=3-cosé+ ee - 43 in 
2 2 
1 : 
=3- 5 leosd + 3sin6] 


The maximum and minimum values of cos@ + V3 sin@ 
are +,/1+3=+2. Therefore, the given expression 
lies in [2, 4]. So, (D) is true. 

Answers: (A), (C), (D) 


13. Which of the following are true? 


(A) If cosa+cos8=0=sina+sinB, then cos2a+ 
cos2 is equal to 2cos(a@+ B) 


(B) sin’18° and cos*36° are roots of the quadratic 
equation 16x° —12x+1=0 


(C) If sin@=Asin(@+ 2a), then tan(@+ a) equals 


[FF Jeane 

1-A 

(D) If ee =" then tanA = mile 
l-cosA an m+n 


Solution: 


(A) (cos a+ cos B)’ + (sina + sin B)’ =0 > 1+ cos 


(or B) =0 
Therefore 
cos(a — B)=-1 


cos2a@ + cos2 = 2cos(a + B)cos(a — B) 


Hence (A) is not true. 


(B) sin18°=~— : and cos36°= Se : 


Therefore sin*18° and cos’36° are roots of 


a coheew) miele 


16 "16 
16x°-12x+1=0 


Hence (B) is true. 


1 sin(@+2a 
(©) 2- See 
sin@ 


Therefore 


A+1 | 
1—Z.- 


sin(@ + 2@) + sind 
sin(@ + 2a) — sin@ 


_ 2sin(@ + a)cosa 
2cos(@ + a)sina 


= tan(@ + a)cota 


tan(@+ a)= ta tana 


Hence (C) is true. 


2 
(D) m _ — (A/2) eae A 
n sin’ (A/2) 2 


Therefore 


2tan(A/2) _ 2mn 
1-tan?(A/2) nm’ -1° 


A 
tan— = - and tan A= 
m 


So (D) is not true. 
Answers: (B), (C) 


14. If A+ B+ C= 180° where A, B, Care positive angles 
and 
cos Acos B + cos BcosC + cosC cos A 


=1-2cos Acos BcosC 


then 
(A) A=B (B) B=C 
(C) C=A (D) A=B=C 
Solution: 
Xcos BcosC 


=1-2cos Acos BcosC 
=1-cos A[cos(B + C) + cos(B- C)] 
= 1+cos’ A + cos(B + C)cos(B-C) 

(: A+ B+C = 180°) 
= 1+cos’ A+ cos’ B-sin?C 
=cos’ A+ cos’ B+cos’C 


Therefore 


cos’ A + cos’ B + cos’C — cos BcosC — cosC cos A 


—cosAcosB=0 


Worked-Out Problems 


sl(cos A — cos B) + (cos B- cosC)’ 


+(cosC — cos A)]=0 
cos A=cos B=cosC 
A=B=C (A+ B+C =180°) 


Answers: (A), (B), (C), (D) 


15. For a positive integer n, let 


f,(@)= [tans S ](1+sec0)(1 + sec28) 


(1+ sec 46) ---(1+ sec2"0) 
Then 
1 
(a £(2)=1 @) (5 )=1 
1 1 
C — |= D —|= 
© «(Z ©) #()=1 
Solution: 
tan 21 + sec @) = SCE) | Been? |. tané 
2 cos(@/2)\ cosé 
Therefore 
f,(@) = tan O(1 + sec 26)(1 + sec 40) --- (1 + sec 2”6) 
= tan20(1 + sec 40)(1 + sec8@) --- (1+ sec 2”6) 


Finally 
f,(0) = tan2”'@(1 + sec 26) = tan(2”6) 


Therefore 


So (C) is true. 


(g)- 


Hence (D) is true. 


tan{ 2° id =). ee | 
128 4 


Answers: (A), (B), (C), (D) 
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16. Which of the following are true 


(A) If 90° < @< 180° and tan@ = =, then 


tan(90°+ 8) + cos(180°+ 8) 2+ 13 
sin(270°— @)—cot(-0@) 2-13 


(B) For any angle 0, 


sin 26 cos@ eae 
(1+ cos26)(1+ cos@) 2 


, then cos @— sin Ois always positive 


(D) If 


Solution: In the second quadrant sin@>0, cos@<0, 
tan @<0Oand cot@<0. 


tan(90°+ 0) + cos(180°+ 6) 


A 
a sin(270°— 0) — cot(—6) 
_ —cot@—cosd 
~ —cos@ + coté 


_ cot@+cos@ — (—3/2)+ (-3/13) 
cos@—cot@ —(3//13) + (3/2) 


_2+13 
2-V13 


Therefore (A) is true. 


(B) sin 20 cos@ 7 2sin@cos’6 
(1+ cos20)(1+cos@) (2cos’@)(2cos”(0/2) 
_ 2sin(@/2)cos (0/2) 
~~ 2cos*(@/2) 


é 
= tan— 
2 


Therefore (B) is true. 


(C) << 0<0= cos >0 and sin@ <0 
= cos@—sin@ >0 


0<0< = cosé > sind 


=> cos@—sin@>0 


0=0>cos@é-sin@d=1 


Therefore 


FT 29 <= coso—sind >0 
4 4 


Hence (C) is true. 


a 


(D) = =k (say) 
cosx cosy 
so that 
_ a+b 
~ cosx + cos y 
Now 


atanx + btan y =(kcosx)tan x + (kcos y)tan y 


= k(sin x + sin y) 


_ (a+ b)(sinx + sin y) 
cos x + cos y 


=(e4 pyran( ==») 


Therefore (D) is true. 


Answers: (A), (B), (C), (D) 
17. Which of the following are true? 


A) If x is any real number, then tan F sin? x lies 
( y rl 


between 0 and 1 


(B) Thevalueofcos* < +cos* = +cos* = +cos’ a 


is 2/3 


(C) If @ and B are two different solutions lying 
between -7/2 and 7/2 of the equation 2tan@+ 
secO=2, then the value of tana+ tan Bis 4/3 


(D) The value of 2sin{ $ Jeos( + 4sin@ sin’ @ 
equals sin 6. 
Solution: 


(A) 0<sin’x <1 forall x >0< tan{ sin’ x] A 


Left equality holds when x is a multiple of 7 and 
right equality holds when x is an odd multiple of 7/2. 


Therefore (A) is true. 
(B) The given expression is equivalent to 


2 2. 
Spot aoe a 1+cos~ ieee ieee = 
8 8 2 4)°2 4 


-3(+ 5) 4-4) 


2) 2 


Hence (B) is not true. 
(C) tana, tan Bare roots of the equation 
sec’ 9 =(2-2tanoy 
3tan’ @- 8tand+3=0 


Therefore 
8 
tana + tan B= 3 


Hence (C) is not true. 


(D) 2sin{ 5 Joos| =) + 4sin @sin® (5) 


=(sin26 — sin@) + 2sin O(1 — cos) 
=(sin26 — sin@) + (2sin@ — sin 20) 
= sind 
Hence (D) is true. 
Answers: (A), (D) 


18. Which of the following are true? 


(A) Ifa, b are positive numbers, then the values of rand 
6(0< @< x) for which asinx + bcosx = rsin(x + 6) 


are r=,f/a’+b’ and tan0=bila 
(B) cos(a~— B) =-1, if and only if sina~+sinB=0= 
cos a+ cos B 


(C) IfA + B+C=180°, then the value of 1 -(sin’ A + 
sin’ B + sin’ C) is 2sin Asin Bsin C 
(D) If tana and tan are roots of the equation 
x°—bx+c=0, then the value of sin*(@+ B) is 
b’'(b’ +c’) 
Solution: 


(A) asinx + bcosx 


=a+b° ie ere 


=a’ +b’ [cos@sinx + sinOcos x] 
=a’ +b’ sin(x + @) 


where 
a b 
cos @ = ————. and_- sin@ = ————— 
a+b Ja +b? 
Therefore 


r=,a+b and tan@=b/a 


(A) is true. 


Worked-Out Problems 


(B) cos(a— B) =-1 > a- B=(2k+1)a (where k is an 


integer) 


sing + sin B = 2sin{ 2 P loos{ # = 
= 


a+ pB 


=2sin Jeos(2k +1) =0 


cosa + cos =2c0s{ °*F )eos{ % =a 


= 2eo3{ “FF Joos(ake + )F=0 


The converse is clear. Hence (B) is true. 
(C) 1-(sin’? A + sin’ B + sin’C) 


ieee 1—cos2B ae 
=1 + + 
2 2 2 


= = + [e024 + cos2B + cos2C] 


= = + sH- 4cos Acos BcosC] 


=-—1-—2cos Acos BcosC 
Hence (C) is not true. 
(D) tana+tanf=b, tana tan B=c 


Now 


tana+tanB b 
1-tanatanB 1-c 


tan(a+ B)= 
1—tan’(a + B) 
1+ tan’(a@ + B) 
[BA -0)?] 
+[b°/(1—-cy] 


_(=-cy-b 
~ A-cP +P 


cos2(a + B)= 


Therefore 


1-cos2(a@ + B) 
2 


il 1 (l-cy-b 
“Sl” (ee er 
— b 

“C=9 eh 


sin’(@ + B) = 


So (D) is not true. 


Answers: (A), (B) 
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Matrix-Match Type Questions 
1. Match the items of Column I with those of Column II. 


Column I Column IT 


sin 20 cos@ ), é 
) ; + ale + =) peat? NP) cols 


sin 20 1-—cos@ 0 
B 1 a 
“) (oss | cos a 
cot@—-—1 1-—sin20 
(C) =  —— 
cote +1 cos 20 
1+ ie 
(D) sec 6+ tan @= (s) ——< 
1-tan— 
2 
Solution: 
(A) 
sin 20 cos@ 2sin@ cos’ 1 
1+cos26 J\1+cos@) | 2cos’@ 2cos’(@/2) 
_ 2sin(@/2)cos(6/2) 
2cos’ (6/2) 


é 
=tan— 
2 


sin 20 1—cos@ 
B) 1—cos26 cos@ 


Answer: (A) > (q) 
(2sin 6 cos@)2 sin’ (0/2) 
(2sin’ 6)(cos@) 
_ 2sin’ (6/2) 
sind 
__2sin’ (6/2) 
~ 2sin(@/2)cos(@/2) 


-~() 


Answer: (B) > (q) 


1-sin20 _ (cos@-sin@)” 


C 
(©) cos 20 


cos’ @ — sin’ @ 
cos @ — sin@ 
cos@ + sin@ 


_ cote-1 
cote +1 


Answer: (C) > (r) 


cig iegia 
1+sin@ © 2 2 


(D) sec@+ tan@= = 
cose cos” a sin’ u 
2 2 


Answer: (D) = (s) 


2. Match the items of Column I with those of Column II. 


Column I Column IT 
(A) The value of cos*@ + cos’(60°+ 6)+  (p) 3 
cos’(60° — 6) is 2 
(B) cos20° cos 40° cos 80° (q) = 
- 2 29, ° 23D, ° V3 
(C) sin’ 6+ sin"(120°+ 6) + sin°(120°- 6) (r) — 
equals 8 
(D) sin20° sin 40° sin 80° is equal to (s) : 


Solution: 
(A) Given expression is equivalent to 


513 + cos26 + cos(120°+ 26) + cos(120°— 26)] 
1 
= 3|3 +cos20 : cos 20 V3 in 20 y cos 20 
2 2 2 2 
+ Bsn 26| 


3 
2 
Answer: (A) — (p) 


(B) cos20°cos 40°cos 80° 
= cos 8cos(60°— 8) cos (60°+ 8) 


cos 30 
al 
_ cos60°_ 1 
a ae 
where @= 20°. 


Answer: (B) —> (q) 


(C) Given expression is 


; - ; [cos26 + cos(240° + 20) + cos(240° — 26)] 


2 2 


Answer: (C) > (p) 


(D) Given that sin20°sin 40°sin 80° = sin @sin(60° — 0) 
sin(60° + 6) 


_ sin30 
| 

_ sin60°_ V3 
“4 8 


where 9= 20°. 
Answer: (D) > (r) 


3. Match the items of Column I with those of Column II. 


Column I Column IT 
(A) tan9° - tan27° - tan63°+tan81°is (p)0 
equal to 
(B) IftanA + tanB + tanC =6 and (q) V3 
tanAtanB=2 where A+ B+ 
C = 180°, then tan C value is 
(C) The value of cot 70° + 4cos 70° is (r) 4 
(D) If tan°@=2tan?a~+1,then the value (s) 3 


of cos20 + sin’a is 


Solution: 

(A) tan 9°— tan27°— tan 63°+ tan81° 
=(tan9°+ tan81°) — (tan27°+ tan 63°) 
= (tan 9°+ cot 9°) — (tan 27°+ cot 27°) 


_( sin9° r cos9° sin 27° ‘ cos 27° 
~\cos9° sin9° cos27° sin27° 
1 1 


sin 27°cos27° 


sin 9°cos 9° 
2 2 
- sinl8° sin 54° 
_ 2[sin54°— sin 18°] 
sin 18°sin 54° 
_ 4cos 36°sin 18° 
sin 18°sin 54° 


=4 (. cos36°=sin54°) 


Answer: (A) > (r) 


Worked-Out Problems 


(B) A+B+C=180° 
=> tanA+tanB+tanC =tan Atan BtanC 
=> 6=2tanC 
=> tanC=3 
Answer: (B) > (s) 
cos 70° + 4cos 70°sin 70° 
sin 70° 
cos 70°+ 2sin 140° 
~ sin 70° 
_ cos70°+ 2sin 40° 
sin 70° 
sin 20°+ sin 40° + sin 40° 
~ sin 70° 
_ 2cos10°sin 30° + sin 40° 
sin 70° 
cos 10°+ cos 50° 
~ sin 70° 
2.cos 30°cos 20° 
~ sin 70° 
V3 cos 20° aig 


cos 20° 


(C) cot70°+ 4cos70°= 


Answer: (C) > (q) 
1-tan’@ 


1 tan20 i sin’ a 
+ tan 


(D) cos20 + sin’ a = 
_ 1-(2tan’?a +1) 


+ sin’ a 
1+(2tan?a +1) 


—tan’a 


=Trimg fit 
+ tan’ a@ 


=-sin’a + sin?a =0 
Answer: (D) > (p) 


4. Match the items of Column I with those of Column II. 


Column I Column IT 


(A) If tané = _ then the value of (p) 2 
5sin@ — 3cos@ zs 
5sin@ + 2cos0 


(B) The minimum value of cos’@+sec’@is (q) 2” 


(C) The minimum value of 3sin’6 + (2 
2cos’O is 
(D) If sinx + cosecx = 2, then for any (s) 1/6 


positive integer n, sin"x + cosec’x is 
equal to 
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Solution: 


(A) SsinO—-3cos@ _Stan@-3  5(4/5)-3_ 1 
5sind+2cos@ Stan@+2 5(4/5)+2 6 


Answer: (A) > (s) 


(B) cos’@ + sec’ 6 > 2,/cos’@-sec’@ =2 


Therefore minimum value of cos’@ + sec’6 is 2. 
Answer: (B) > (p) 
(C) 3sin? @+ 2cos*@ = 2(sin’ 6 + cos’@) + sin’@ 


=2+sin’9>2 
Answer: (C) > (p) 
(D) sinx + cosecx =2 = (sinx - 1) =0 
=>sinx=1 
Therefore 
sin"x + cosec"x =1+1=2 


Answer: (D) > (p) 


5. Match the items of Column I with those of Column II. 


Column I Column IT 
-1 
(A) Ifcos(A — B) =3/5 and tanAtanB=2, (p) = 
the value of cos A cos B is 
(B) If @=7/4n (nis a positive integer), (q) 1 


then the value of tan @tan20tan30 
--- tan2(n — 1)@tan(2n — 1)@is 


(C) If cosa@=2cos B, then the value of (r) 


tan( SP anf SF) 
2 2 
(D) If A+B+C=180°,sinAcosB=1/4 (s) 3 


and 3tan A =tanB, then cot*A is 
equal to 


Solution: 


(A) cos AcosB+sin Asin B= : (1.13) 


tan Atan B=2 => sin Asin B= 2cos AcosB 


Therefore from Eq. (1.13) we have 


3cos Acos B= 


M]lR M/W 


cos Acos B= 
Answer: (A) => (r) 


(B) @=— > 2n9 =" 
An 2 


Therefore 


tan(2n-1)0= tan( - 0] =cotd 
tan2(n— 1)0 = tan( 3 = 20) = cot26 


tan(2n — 3)0 = tan( 2 20) = cot30 


tan nd = tant =1 


The given expression is equal to 
(tan @cot 8)(tan 26 cot 26)(tan 30 cot 36) --- 
(tan(n — 1)@cot(n — 1)6)tan nO 
=(1)(1)(1):-(1)1 G tannd = tan? = i 


=1 
Answer: (B) > (q) 


sin 2 P \sin( 2*? 
(C) tan( 2=P ran{ 2+ 8) - ( 2 2 
7 2 cos{ 2 F Joos **F | 
2 2 
_ sin’ (at/2) — sin’ (B/2) 
~ cos’ (at/2) — sin? (B/2) 
_ (1—cosa@) — (1 — cos B) 
(1+ cosa) — (1-cos B) 
_ —cosa + cos B 
~ cosa +cosB- 
_—2cosB+cosB  -1 
~ 2cosB+cosB 3 
Answer: (C) > (p) 
(D) 3tan A =tan B= 3sin Acos B=sin BcosA 


= = cos Asin B 


Therefore 
sin(A + B)=sin Acos B+ cos Asin B 
_1,3 
4 4 
=1 
This implies 
A+ B=90° 


C= 90° 


3tan A = tan B = tan(90°— A) =cot A 
cot’ A =3 


Answer: (D) > (s) 


6. Match the items of Column I with those of Column II. 


Column I Column IT 
(A) If0< a@<n/16 and (1 + tana) (p) 5 
(1 + tan4q@) =2 then ais equal to 
1 
(B) If0<x< 2/2 and 1+sinx + sin’x + (D a5 
sin’x + --- + 0 is equal to 4 + 2V3, 
then x equals (r) ~~ 
(C) The value of 3+ cot 80°cot 20° . 
cot 80°+ cot 20° (s) 20 
equal to tan @, then @can be 3 
(D) If 2sec26= tan a+ cot a, then one (t) Be 
of the values of ~@+ 0 is equal to : 
Solution: 
(A) We have 


1+ tana + tan4a + tanatan4a = 2 
Therefore 


tan(a + 4a) =1 


a= 
20 
Answer: (A) — (q) 
(B) = 44 2/3 
1-—sinx 
sinx=1- : 
44+2V3 
24253 


Comprehension-Type Questions 


1. Passage: sin(A + B) = sinAcosB + cosAsinB and 
cos(A + B)=cosAcosB ¥sinAsinB. Based on this 
information, answer the following questions. 


(i) sinA + 2sin3A +sin5A is equal to 
(A) 4sin3A cos*A (B) 4cos3 Asin’*A 
(C) 4sin3A sin’A (D) 4cos3Acos*A 


Worked-Out Problems 184 


_N3 (2+ V3) 
2 (2+ 3) 
_x3 
Zz 
This implies 
1 20 
x=—= or — 
3 3 
Answer: (B) — (p) 
3 + cot 80°cot 20° 
©) cot 80° + cot 20° 


_ 38in80°sin 20° + cos80°cos 20° 
~ sin20°cos 80° + cos 20°sin 80° 


_ 2sin80°sin 20° + cos 80°cos 20° + sin 80°sin 20° 
. sin100° 


_ (cos60°— cos 100°) + cos 60° 
sin 100° 


_ 1-cos 100° 
~ sin 100° 


= tan 50° 


Therefore 


Answer: (C) > (r) 
a, 1 a # 
cos2@ sinacosa sin2a 


Therefore 


cos 20 = sin2a 


Hence one of the values of 20 = . —2a 


So one of the values of @+ @is 7 


Answer: (D) => (t) 


sn A+sin2A+sin4A+sin5A _ 


ii 

a) cos A + cos2A + cos4A + cos5A 
(A) cot3A (B) tan3A 
(C) 2cot3A (D) 2tan3A 


cos7A + cos3A—cosSA-—cosA _ 
sin7A—sin3A—sin5A+sinA 


(iii) 
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(A) cot2A (B) tan2A 
(C) 2cot2A (D) 2tan2A 
Solution: From the given information, we have 


2sin Acos B=sin(A + B)+sin(A — B) 
2cos Asin B=sin(A + B)—sin(A — B) 
2cos Acos B=cos(A + B) + cos(A — B) 
2sin Asin B=cos(A — B)—cos(A + B) 
(@i) sinA+2sin3A+sin5A=(sinA+sinSA)+2sin3A 
=2sin3Acos2A + 2sin3A 
=2sin3A(cos2A + 1) 


=4sin3Acos’A 
Answer: (A) 
(ii) Numerator = (sin A + sin5A) + (sin2A + sin4A) 


=2sin3Acos2A+2sin3AcosA 
=2sin3A(cos2A + cos A) 
Denominator= (cos A + cos5A) + (cos2.A + cos4A) 
=2cos3Acos2A + 2cos3Acos A 
=2cos3A(cos2A + cos A) 
Therefore the given quotient is 


sin3A _ 


=tan3A 
cos3A 


Answer: (B) 
(iii) Numerator = (cos7A — cos A) + (cos3A — cos5A) 


=-2sin4Asin3A + 2sin4Asin A 

=—2sin4A(sin3 A — sin A) 

=-2sin4A(2cos2Asin A) 

=—4sin4Acos2AsinA 

Denominator = (sin7A + sin A) — (sin3A + sin5A) 

=2sin4Acos3A —2sin4AcosA 
=2sin4A(cos3A — cos A) 
=2sin4A(—2sin2 Asin A) 
=—4sin4Asin2Asin A 


Therefore the given quotient is cot2A. 
Answer: (A) 


2. Passage: It is given that A, B and C are angles such 
that A + B+ C=n. Answer the following questions. 


(i) 1—2sin BsinC cos A + cos’ A equals 
(A) cos’ B+cos’C (B) cos’ B—cos’C 
(C) sin? B+ sin°C (D) sin’ B-sin’C 


(ii) (cot B + cotC)(cotC + cot A)(cot A + cot B) 
equals 


(A) sinA sinB sinC 

(B) secA sec B secC 

(C) cosecA cosec B cosec C 
(D) cosA cos B cosC 
1+cosA-—cosB+cosC _ 


(iii) 


1+cosA+cos B—cosC 


(A) ea (B) er 
2 2 2 2 


(C) nc (D) ia cots 
2 2 2 2 


Solution: 
(i) 1—2sin BsinC cos A+ cos’ A 
=1+cos’ A —[cos(B-C)-—cos(B+C)]cos A 
=1+cos’ A -cos(B-C)cosA + cos(B + C)cos A 
=1+cos’ A + cos(B—C)cos(B + C)-—cos’ A 
= 1+ cos* B- sin’ C = cos’ B + cos’C 


Answer: (A) 
(ii) (cot B + cotC)(cotC + cot A)(cot A + cot B) 


_ sin(B+C) sin(C + A) sin(A + B) 
~ sinBsinC sinCsinA sin AsinB 


1 
~ sin Asin BsinC 


=cosec Acosec BcosecC 


Answer: (C) 
(iii) Numerator 


=1 aig” ao 
2 2 


Cc C .{A-B 
= 2 cos—| cos sin 
2 2 ( 2 | 


si A+B. 1) 
= 2cos—| sin sin 
2 2 2; 


+ ie = 1 
2 


= 2cos iS [ 2e0s a sin 4 
2 2 2 
A.B C 

= 4cos—sin—cos— 

2 2 2 


cos—sin 


Similarly, the denominator = soos : : 


Therefore the given quotient is 
BC 
tan—cot— 
a» 2 


Answer: (B) 


Assertion-Reasoning Type Questions 


In the following set of questions, a Statement I is given 
and a corresponding Statement IJ is given just below it. 
Mark the correct answer as: 


(A) Both Statements I and IJ are true and Statement II 
is a correct explanation for Statement I. 


(B) Both Statements I and II are true but Statement II is 
not a correct explanation for Statement I. 


(C) Statement I is true and Statement I is false. 
(D) Statement I is false and Statement II is true. 


1. Statement I: If 0 < @ < a/2 and cos20=2(cos @— 
sin @), then tan 0 is equal to 1. 


Statement II: If 0 < a, B < a/2 and sin(a+ f) = 1, then 
a+ B= 7/2. 
Solution: Statement II is clear. Now 
cos 20 = J2(cos@ — sin@) = cos’ @ — sin’ @ 
= /2(cos@ — sin@) 


This is true when cos = sin @ (i.e., 9 = 2/4) in which case 
tan @= 1. Suppose cos 6 # sin 8. Therefore 


cos6 + sin@ = V2 


Lane 
4 2 
_t 
4 
tand=1 


Answer: (A) 


2. Statement I: If sina + sin B=J/3(cosa— cos), then 
sin3a+ sin3B=0. 


Statement II: sin0=0 © @=nz and tan@=tang © 
@=nr+ $, where nis an integer. 


Solution: 
sina + sin B = J3(cosa — cos B) 
If cosa =cos f, then sina =-sin B. Therefore 
3sina — 4sin’ a =—3sin B + 4sin’ B 
sin 3a =-sin3B 
sin3a+sin3B =0 


Suppose cos ~@# cos f. Then 


asin Pos =P) Re el ea 
2 2 2: 2: 


Worked-Out Problems 


This implies that either 


sin” B_o 
2 
or cos( 2) - ce etal 
2 2 
Therefore 
a+PB=2nn or tan( $F) - = = tan( =] 
2 3 6 
a+ B=2nn or tad 
2 6 


a+B=2nn or a= B+ 2nn— = 


Now a+ B= 2nz implies 
sin3a@=sin(6nz-38) or sin3a@=sin(6nz+3f- 72) 
In any case sin3a@=-sin3f so that sin3a + sin3B=0. 
Answer: (A) 
3. Statement I: sin(z/18) is a root of 8x°-6x+1=0. 
Statement II: For any real a, sin3a = 3sina — 4sin’ a. 


Solution: Statement I] is a standard formula. Put w= 7/18. 


Therefore 


3a = . and hence sin3a@ = 


3sina — 4sin’a = 


NI Nie 


8sin’a — 6sina +1=0 
That is sina = sin(/18) is a root of 8x°-6x+1=0. 
Answer: (A) 


4. Statement I: 


1 1 1 
cos0°cos1° 


+ 
cosl°cos2° cos2°cos3° 
1 _ cosi° 


+ 
cos 88°cos 89° 


sin’ 1° 
sin(A — B) 
cos Acos B 


Statement II: =tanA-—tanB. 


Solution: 


sin(A—B) _ sin AcosB-cos Asin B 
cos Acos B 


cos Acos B 
=tan A-tanB 


Statement II is true. 
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Now 
sin 1° sin 1° sin 1° 
cosO0°cos1° cosl°cos2° cos2°cos3° 
sin 1° 

cos 88°cos 89° 
_ sin(1°—0°) | sin(2°- 1°) is sin(3°- 2°) 
cosO0°cos1° cosl°cos2° cos2°cos3° 

sin(89°— 88°) 

cos 88°cos 89° 


= (tan 1°— tan 0°) + (tan 2°— tan 1°) + (tan 3°— tan 2°) 
+-+++ (tan 89°— tan 88°) 
= tan89°— tan0°=cot1° 


Therefore 


y 1 _ cot1°  cos1° 
cos(k—1)cosk  sinl°  sin’1° 
Statement I is true. 
Answer: (A) 


5. Statement I: Let be a positive integer and let 


S,=sin@ + sin 26 + sin 30+ ---+ sinn@ 


and 
C,, = cos 8+ cos26 + cos36 + --- + cosn@ 
Then 
_nd\ . (n+l 
(sin J sin{ 5 ye] 
S, = J 
sin (6/2) 
_ no n+1 
(sin | co 5 }e] 
and C= - 
sin(0/2) 


Statement II: If z = cos @ + isin 9, then z* = cosk@ + 
isin k@, where k is an integer. 


Solution: Statement II is true (by De’Moivre’s Theorem). 
Now, by Statement IJ, we have 
Cig agi Pieerag 22) 
z-1 
[cosn@ + isinnd — 1] 
cos@ + isin@ —1 
[-2 sin’*(n6/2) + 2isin(n6/2)cos(n6/2)] 
—2sin’(@/2) + 2isin(@/2)cos(@/2) 


_ 2[2isin(n@/2)][cos(n@/2) + isin(n@/2)] 
2isin(@/2)(cos(@/2) + isin(@/2)) 


_ sin(n@/2)(cos @ + isin @)[cos(n@/2) + isin(n6/2)] 
7 sin (8/2)[cos(@/2) + isin(@/2)] 


= = c=? cos 4 +1 a + isin( 2 +1- A 
sin (6/2) 2 2 2 2 
7 sin(u6/2) cos( + *\o " isin( + “\p 
sin (0/2) 2 
Equating real and imaginary parts both sides, we have 
oe au (n6/2) cos" + “o 
sin (6/2) 2 


and se sin(n6/2) sin( o *\o 
"sin (0/2) 2 


Answer: (A) 


6. Statement I: (4cos*9°— 3)(4cos’27°— 3) = tan9°. 


Statement II: If x # (2n + 1) (2/2) where nis an integer, 


then 
4cos’x —3= SE 
COs X 
Solution: We know that 
cos 3x = 4cos* x — 3cos x 
Therefore 


cos 3x 
=4cos’ x -3 


x#Qn+1)o = 


Hence Statement II is true. Now 


cos27° cos81° 


(4cos* 9°— 3)(4.cos’ 27° — 3) = 
cos9° cos27° 


cos81° sin 9° 
— = = tan9° 


cos9° —cos9° 
Answer: (A) 


7. Statement I: ¥ sin’x+4cos’x — “ cos'x+4sin’x = cos2x 


Statement II: cos’x + sin’?x =1 


Solution: Statement II is obvious. 


,/sin’ x + 4cos’ x —./cos'x + 4sin* x 


= {sin’ x + 4(1 — sin’ x) — cos* x + 4(1 —cos’ x) 


= 4/(2-sin’ xy — (2 —cos* x) 
= (2 —sin’ x) — (2 — cos’ x) 
= cos’ x — sin’ x = cos2x 
Statement I is true. 
Answer: (A) 


8. Statement I: (1 — cot23°)(1 — cot22°) =2 
Statement II: If a and b are non-zero real numbers, 
then asinx + beosx = ,Ja’+b’ sin(x + a) where a 
satisfies the relations 


a x 
cos @ = ———— __ and_s sina= 


b 


Solution: 


a . b 
asinx + bcosx =,a’+b’ 5 =sinx + Sa 
Ja +b a +b 


Integer Answer Type Questions 


1. In AABC, sin(B + C- A)+sin(C+ A —- B)+sin(A + 
B-C)=ksinAsin BsinC where k equals 


Solution: A+B+C=nz> B+C-A=Z—-2A, ete. 
Therefore 
LHS = sin(a — 2A) + sin(z — 2B) + sin(z — 2C) 
=sin2A+sin2B+sin2C 
=4sin Asin BsinC 
Answer: 4 


2. IfA+B+C=Z, then 


.gA .5C 4B A B. 
sin sin’ — + sin” — = p — gcos—cos—sin 
2 2 2 2 
where p+ q is 
Solution: 
ee een ee 
2 2 2 
_1-cosA . 1-—cosB 1-cosC 
.— 3 2 2 


1 1 
=—-——(cos A + cos B - cosC) 
2 2 


1 1 A B.C 
= 4cos—cos—sin 1 
2 2 2 


Worked-Out Problems 


=a +b’ [cosasinx + sinacos x] 
=a’ +b’ sin(x + a) 


Statement II is true. Now 
(1 — cot 23°)(1 — cot22°) 
__ (sin23°— cos 23°)(sin 22°— cos 22°) 


sin 23°sin 22° 
_ V2sin(23°— 45°) x J2sin(22°- 45°) 
7 sin 23°sin 22° 
7 (—V2 sin 22°)(-V2 sin 23°) 9 
7 sin 23°sin 22° 7 
Statement I is also true. 
Answer: (A) 
=1 cps aes ia 
2 2 2 
Therefore p =1,q=2. 
Answer: 3 
1 1 
3. If = cot k@ then the value 
tan30+tan@ cot3@+coté@ 
of kis___. 
Solution: 
1 1 
tan30+tan@ cot30+coté@ 
_ 1 tan 0 tan 30 
~ tan3@+tan@ tan30+tan@ 
= 1- tan 30 tan@ _ 1 eT 
tan3@+tan@ tan4é@ 
Answer: 4 


4. (2cosA+1)(2cos A — 1) —2cos2A is equal to 


Solution: (2cosA +1) (2cosA —1)-—2cos2A =4cos*A — 
1 -—2(2cos*A -1)=1 


Answer: 1 


5. Let0<a, B< 2/2. If tana@=1/7 and sin B= 1/10, then 
value of tan(a + 28) is 
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Solution: _ 5 [(1/2)cos 10°— (V3/2)sin 10°] 
. 1 T 3 sin 10° cos 10° 
sin B =—— and 0<B<—=>cosf =— 
V10 2 V10 _ 2sin (30°— 10°) 
Therefore sin 10°cos 10° 
mene u _ 4sin 20 
3 sin 20° 
pie al _ 21/3) _ 3 =4 
1-tan’B 1-(1/9) 4 Answer: 4 
Hence 
8. tan@+2tan26+ 4tan4@-—- cot @=—kcot 88, where the 
antes anys 2B _ (1/7) + (3/4) _25_, value of kis 
1-tanatan2B 1-(3/28) 25 . 
Solution: 
Answer: 1 
= 2 = 2 
. : 5 ete tane = 2 = CHO) = 20126 
6. The value of 2| cos F cost = + cost = + cos! Z| - a 
8 8 8 8 
: Therefore 
is 
coté — tan@ = 2cot20 
Solution: 
cot @ —2cot26 = tané 
Ce ne ee 2cot20 — 4cot 40 = 2tan20 
8 3° 8 8 cot 20 — 4cot 46 = 2tan 
The given expression is equal to hot? AS ROhOy =F lan ag 
Adding we get cot @- 8cot80@= tan 6+ 2tan20+ 4tan 40 
40 430 
4 cs ra + cos =) Therefore 
; : tan@ + 2tan26 + 4tan 46 — cot@ =—8cot80é 
_ d( 1+ cose) | i (* + cost) | Aas’ 
2 2 . . 
; , ake walaw oe Gaus 3A - a 5A)(sin9.A + sin 3A) 
1 1 (sin7 A + sin A)(cos5A — cos7A) 
=| 1+cos—]| +] 1-—cos— ie 
1Y LY Solution: Numerator=(2sin4A sin A)(2sin6 A cos3A) 
= e Ee =| + [1 = =| Denominator = (2sin4A cos3A)(2sin6A sin A) 
erefore quotient = 1. 
V2 V2 Therefore quotient = 1 


1 Answer: 1 
= 2{1 + >| 


10. If sin 0, + sin @, + sin 6, = 3, then cos’ 6, + cos’ 6, + cos’ 0, 
=% = 


Answer: 3 Solution: It is known that maximum value of sin 0 is 1. 


Therefore 
7. If cosec10°— V3 sec 10°=k, then k equals __. 
sin 8, + sin, + sin@, = 3 
Solution: 
=> sind, =sin@, = sind, = 1 
k cos10°— J3 sin 10° 


~ Gn 10°cos 10° cos 6, = cos 8, = cos 0, = 0 


Answer: 0 


| SUMMARY 


1.1 Domain and ranges of trigonometric functions 1.2 Increasing/decreasing nature of trigonometric func- 


(Table 1). tions in different quadrants. Upward 7 denotes 
increasing nature and downward J denotes 
Table 1 decreasing nature (Table 2). 
Function Domain Range 
sinx R [-1, 1] 
cosx R [-1, 1] 
T 
tanx R-{(2n+)5.nez} R 
cosecx R-{nz,n eZ} R-(-1,1) 
secx R- Qn+1)%.nez} R-(-1, 1) 
cotx R-{nz,ne€Z} R 
Table 2 
Function Quadrant I Quadrant IT Quadrant TIT Quadrant IV 
sinx T from 0 to 1 J from 1 to 0 J from 0 to -1 T from -1 to 0 
cosx J from 1 to 0 J from 0 to -1 T from -1 to 0 T from 0 to 1 
tanx T from 0 to +0 T from —o to 0 T from 0 to +0 T from —o to 0 
cosecx J from +e to 1 T from 1 to +0 T from —c to -1 J from —1 to —co 
secx T from 1 to T from —c0 to -1 J from —1 to —0o J from +e° to 1 
cotx J from +0 to 0 J from 0 to —ce J from +e to 0 J from 0 to —ce 


1.3 Ratios of some of the standard angles (Table 3). 


Table 3 
a A A A 20 3n 5a 
Radians 0 e Zz 3 2 3 4 6 A 
Angle ee 
Degree 0° 30° 45° 60° 90° 120° 135° 150° 180° 
Functions 
1 1 ME ne 1 1 
i 0 = 7 1 — = = 0 
sin 0 2 V2 ) ) V2 2 
a 1 1 -1 -1 mr ct 
i “= = —- = ~~ Pe 
oe peo 8» 2 f 3 : 
1 -1 
tan @ 0 B 1 V3 Notdefined —V3 -1 B 0 
2 2 
cosec@ Not defined 2 2 = 1 = 2 2 Not defined 
V2 . A V2 
2 ; 2 
sec 0 1 B al 2 Not defined —2 =) B -1 
1 -1 
cot@ Notdefined V3 1 — 0 = -1 -V3 Not defined 
V3 V3 
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1.4 Period: Let f be a real valued function defined on 
a subset F of the real number set R. If there exists 
positive real number p such that for x and «+p 
belonging to EF, f(x+p) = f(x), then f is said to be 
a periodic function and p is called a period of f. 
Among the periods the least one (if it exists) is called 
the least period of f. If p is a period of f, and n is any 
positive integer then np is also a period. 


1.5 Least periods of trigonometric functions: 


(1) sinx:27 (2) cosx:27 (3) tanx:7 


(4) cosecx:27 (5) secx: 27 (6) cotx: 7 


1.6 Trigonometrical ratios of sum and difference of two 


and three angles: 
(1) sin(x + y) sinx cos y + cosxsin y, 
= sinx cos y — cosx siny 


= sin(x — y) 
(2) cos(x + y)=cosxcos y — sinxsin y,cos(x — y) = cosx 
cosy + sinxsiny 


tan x —tany 


(3) tan(x+y)= (provided tanxtany #1) 


1+ tanx tany 
tanx+tany 


(2) cos(2x) = cos’x — sin’x = 2cos’x — 1 =1 —2sin*x, 


ee ek 1—tan’x 
cosx = cos’ ——sin’ —, cos2x = ——_—_,— 
2 2 1+ tan’ x 
: 1-—cos2 1+cos2 
(3) sin’x = aa SNS ee and cos?x = aan 
2tanx 2tanx/2 
4) tan(2x) =————_,, x = ————.— an 
4) C2) 1—tan’x 1—tan’x/2 
> 1l-cos2x 
tan’ x = —————_. 
1+cos2x 


(5) sin(3x) =3sinx — 4sin*x 
(6) cos(3x) =4cos*x — 3cosx 
3tan x — tan*x 


7) tan3x = 
ma . 1-3tan’?x 


1.10 Useful identities: 


(1) sinxsin(60° — x) sin(60° + x) = : sin(3x) 


(2) cosxcos(60° — x) cos(60° + x) ; cos(3x) 


tan(x — y)= (provided tanxtan y#- 1) (3) tan. xtan(60° — x) tan(60° + x) = tan(3x). 
1-—tan x tan y 
: : ‘ 1° ° 
1.7 (1) sin(x + y +z) =sinxcosycosz+cosxsinycosz+ 1.11 Trigonometrical ratios of 7— , 15°, 18°, 22— , 36°, 
cosx cos y sin z — sinx sin ysin z. 54°, 72°, 75° (Table 4): 2 2 
(2) cos(x + y + Z) =cosxcos ycos z — cosxsinysin z — —* 
sinx cos ysin Z — sinx sin ycos z. 1.12 Transformations: 
(3) tan(x+y+z)= tanx+ tany+ tanz—tanxtanytanz (1) sin(x + y) + sin(x — y) =2sinxcos y 
1-3>tanx tany 
jen CTD C=p 
1.8 Useful formulae: sin C + sin D = “SIn\ > J©os| > 
s ‘ eed 2 
; ee ihe 7 a : 7 asi " (2) sin(x + y) - sin(x — y)=2cosxsiny 
cos(x + y)cos(x — y) = cos*x — sin* 
: : " sogiuat peered © Deu C22 
1.9 Trigonometrical ratios of multiple and submul- — eer 2 ae, 2 
tiple angles: 
7 . (3) cos(x + y) + cos(x — y) =2cosxcosy 
(1) sin(2x) =2sinxcosx, sinx = 2sin~cos~ and C+D Cap 
> tax 2 2 cos C + cos D = 2e0s{ Jcos{ 
aaa 2 
sin2x = ra ial 2 
1+ tan’ x 
Table 4 
: | r° 
Function Le US? 18° 225 36° 54° Tfp42 Tay” 
A (8-26-22 S81 AS=1. gba qf0-35 «Sel ideas w341 
4 2/2 4 2 4 4 4 2/2 
— (8+2V6+2V2 V3+1 fios2/s J2+v2 V5t+1 fio-2¥5 V5-1 3-1 
4 2/2 4 2 4 4 4 2V2 
tan@ (V3 —V2\(/2-1) 2-3 - qo=1 = = = 24/3 


(4) cos(x + y) — cos(x — y) =-2sinxsiny 


7) : (< 7 7) 
sin 
2 
1.13 Some of the useful formulae: 
It is given that A+ B+ C=180°(or a). Then 


(1) sin2A + sin2B+sin2C =4 sinA sinB sinC 
cos2A + cos2B + cos2C =-1-4 cos Acos B cosC 


(2) snA+sinB+sinC= 400s Coss cos 


cos C — cos D= 2sin{ S = 


cosA +cosB+cosC=1+ Ane ane aa 
2 2: 2 
(3) tanA + tan B +tanC=tanA tan B tanC and 


C A 
+ tan—tan— =1 
2 2. 


A,B B.C 
tan — tan — + tan —tan 
2 2 2 2 


1.14 Sum to n terms of sine and cosine series where the 
angles are in AP: 


(1) sin a+ sin(a + B) + sin(a+ 2B) +--+ 
sin(a+ (n- 1)B) = 


sin] 74 = ee DP sin( 22) 


Wf 


(2) cosa + cos(a+ B) + cos(a+ 2B) +--+ 
cos(a@+ (nm — 1)B) = 


cos| “2 = “ — DP sin( 2 


| EXERCISES 


Single Correct Choice Type Questions 


1. The value of sin36° = 


(A) (/5 +1),/10 + 2/5 
8 
(C) 10 + 2/5 


@) BH 


(D) (5 =1),104-2./5 
8 


8 
a Thee 2sin@ _ 1- costs sin@ icouanie 
1+ cos + sin @ 1+sin@ 
(A) l-a (B) l+a (C) a (D) 1/a 
3 sec80—1 | 
~ sec40—1 
tan 80 cot8@ 
(A) (B) 
tan 20 cot 20 
tan 80 cot8@ 
(C) (D) 
tan 40 cot 4@ 
4. If0< @< 2/2 and sin @= 3/5, then tan20= 
25 24 25 23 
A) — B) — C) — D) — 
(A) = BF OF WF 
5. —sin’48° + cos12° = 
[5-1 J5-1 
A) —— Bye 
(Ay (B) 
5 +1 aa +1 
co (D) 


6. Suppose that sin’ x sin 3x = > oo A,,cosmx, where Ao, 
A,,-::, A,, are constants and A, #0, then the value of 71 is 
(A)8 (B) 6 (C)4 (D)9 


7. If a, b, c and d are smallest positive angles in the 
ascending order such that the sine of each angle is equal 
to a positive constant A, then 4sin(a/2) + 3sin(b/2) + 
2sin(c/2) + sin(d/2) is equal to 


(A) 2J1+A (B) J1+A 
(epee, (D) 3/1+4 


8. If cos(a+ B) = 4/5, sin(a — B) =5/13 and 0< a, B< 2/4 
then tan2@ is equal to 


46 56 56 65 
A) = B) = Cc) = D) = 
ae By as Oa ee 
9. If tan A =(1-—cos B)/sin B, then tan2A 
(A) cotB (B) tan (C) cot (D) tanB 
mq  cos3r 51 70 9n 
10. cos— + + cos—— + cos—— + cOS—— = 
11 11 11 11 11 
1 
(A) 0 (B) 1 (ys (D) -1 
11. If cos2B = cos(A + C)/cos(A — C), then tan A, tan B, 
tan C are in 
(A) GP (B) HP (C) AP (D) AGP 
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13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


. If @is a root of the equation 25 cos’6 + 5cos @- 12 =0 
and 2/2 < a<a, then sin2a= 


8 24 24 
A) = B) — Cc) — 
(A) in (B) aE a 
sin’ A + sin’(A — B) —2sin Acos Bsin(A — B) = 
(A) cos*B (B) sinX-B (C) cos'A (D) sin’A 
If tan 0 = nsinacosa@/(1— ncos’ a), then tan(@ + a) = 
: tana (B) : 

1l-n 


(D) (1+n)cot a 


(A) 


cota 


1l-n 


(C) 1+n)tana 


Let z = cos @+ isin@. Then, at 0 = 2°, the value of 


15 s 
> n=1 Re(z"" ) 1 


(A) Se ee: 2° (B) V8 ee 2° 
2 4 
(C) Bcc 2° (D) B cosec 2° 


If a and B are solutions of the equation atan@+ 
bsec @=c, then tan(a+ B) = 
2ca 2ab 2bc a+ce 

(A) foe 8) a —b = b-¢ a—c 
Ina AABC, if p = sin Asin Bsin C and q =cos Acos B 
cos C, then >! tan BtanC = 

1+p 1+p l+q 1l+q 
(A) =>. (By (2) —— a 


If A and B are acute angles (A > B) such that A + B and 
A - B satisfy the equation tan’@— 4tan’6+ 1 =0, then 


If tanatanB=a and ~+f=7/6, then tana and 
tan B are roots of the equation 


(A) °+V3(1+a)x-a=0 
(B) x°-/3(1-a)x+a=0 
(C) V3x?-(1-a)x + aV3 =0 
(D) V¥3x? + (1+a)x—av3 =0 


If tan@=m/(m — 1) and tan B=1/(2m — 1), then a— Bis 
1 1 1 5a 

A) — B) — C) = D) — 
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22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


. If tanq@ and tan are roots of the equation x* + ax + 
b=0 (a#0), then tan(a+ B) = 


a a 
A B 
(A) b-1 (8) b+1 
b b 
C D 
©) a-1 ©) a+1 
If n is a positive integer and 
_ 1 t 
sin— + cos— = 
2n 2n 


then 


(A) lsns8 (B)1sns4 (C)n=6 (D)n>8 


If cos(@— a@) =a and sin(@— 8) =5, then the value 
of cos’ (a — B) + 2absin(a — B) is 

(A) 4a°b? (B) a+b 

(C) a -b’ (D) a(a+b) 


If tan a= 3, then 


2sin2a@—3cos2a _ 
Asin2a+S5cos2a — 


9 -9 13 -13 
A) = B) — C) — D) — 
(A) ri (B) ri (C) a (D) a 
1+sin2a  1-tan’a/2_ 
sina+cosa 1+tan’a/2— 
(A) -cos~a (B) cosa (C) -sina (D) sina 
sin’ 70° sin’ 50° sin710° = 
1 1 1 1 
A) — B) — Cc) — D) — 
ae 64 ©) 32 (C) 128 (D) 256 


If0< a, B< 7/2, sin(a+ B) =1 and sin(@ — B) = 1/2, 
then tan(a@ +2) = 
(A) V3 (B) -v3 = 


(D) B 


1 
Cy == 
io) <a 
If tan o/2 =m, then 
1-2sin’o/2 _ 
1+sina 


1-m m 
©“ ©) 


1l+m 
B) —— 
) l+m 


l-m 


(A) ml 


1l+m 


If tan a+ cot w=a, then tan* a+ cot’ a= 
(A) (a - ay -2 (B) (a + ay -2 
(C) (a - ay +2 (D) (a - oy +4 


30. 


31. 


32. If 


33. 


34. 


35. 


36. 


37. 


38. 


If 0 < a< zsuch that sin@+ cos a@= 1/5, then tan a/2 = 


-1 1 
A> Bz ©2 OM 
If cos(a@ + B) = 0, then sin(a + 2B) = 
(A) sina (B) cosa (C) sinB (D) cosB 
_ and |n|<|m|, then 
sin(2a+B) m 
1+ (tan B/tan a) _i-tana tan B 


m+n 


(A) 


m-n 
1—(tanB/tana) 1-—tana tanB 
m+n 7 


(B) 


m-n 
1+tanatanB  1—(tana/tan B) 
m+n 7 m-n 
1-tanatanB  1+(tanB/tana) 

m+n 


(C) 


(D) 


If a, B, yare in AP, then 


m—-n 


sina — siny 
cosy — cosa 
(B) tanB 
(D) tan ycot B 


(A) cot B 
(C) tanacot B 


sin 30¢-cos* a + cos3ar-sin? a _ 
: = 


(A) sin 4a 


1 
B) —sin4a 
(B) 
(C) Zoos4a (D) 4cos4a 


sin2a —sin3a+sin4a _ 


cos2a@ — cos3a@ + cos4a@ 


(A) tan2a@ 
(C) tan3a 


(B) cot2a 
(D) cot3a 


If cotx, coty, cotz are in AP, then cot(y — x), coty, 
cot(y — z) are in 


(A) AP (B) GP. (C) HP (D) AGP 


If sin 9+ cos @= V7/2 and 0 < 6 < 7/6, then tan(@/2) = 
(A) 36-97) (B) (7-2) 
(C) V7 -2 (Dp4/742 


If 0= 7/(2" + 1), the cos 6 cos 20 cos 276 --- cos2”0= 


1 
gue 


(A) 2" (B)2"—©) (©) = 


39. 


40. 


41. 


42. 


43. 


44. 


45. 


46. 


47. 


The value of tan @-tan(@+60°) + tan 6 tan(0 — 60°) + 
tan(0— 60°) tan(@+ 60°) + 3 is 
(A) 0 (B) 1 


Oo Ws 


The value of sin*10° + sin*50° — sin*70° is 


-3 3 3 2 
A) — B) — C) = D) = 
A> BF OF Ws 
If 

. A+B A-B  ,. C+D C-D 
sin cos + sin cos = 2, 
2 2 2 2 

then Xicos(A/2) cos(B/2) = 
(A) 0 (B) 3 (C) 2 (D) 4 


If 450° < @< 540° and sin 6 = 336/625, then sin(@/4) = 


3 4 7 1 
A) = B) = C) = D) — 
AF @8F; ©, OF 
IfA+B+C=n, then 
sin’ A+sin? B+sin’?C _ 
cosAcosBcosC 
(A) 2 (B) 4 (C) -2 (D) -4 


IfA+B+C=n, then 


_A . B.C 
sin— + sin— + sin 
2 2 2 
1+ ksin{ 7 i ( 3) sin( =") 
4 4 
where k is equal to 
1 1 
(A) 2 ey (C) 4 (D) 7 
2 4 
If A+B+C=2s, then sin(s—A)sin(s— B)+ 


sins-sin(s — C) = 
(A) sinA cos B 
(C) cosA cosB 


(B) sinBcosA 
(D) sinA sinB 


In AABC, if cos3A +cos3B+cos3C=1, then one 
angle of the triangle must be 

T 20 
A) = B) — 
At Bs 


Or w= 


If cos 9= (a cos @+ b)/(a + bcos @), then tan’(6/2) = 


(A) Peo (B) Rae cd 
a+b 2 a-—b 2 
c= Dine (D) * 2 oe & 
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48. Minimum value of 4x” — 4x |sin 6|—cos’@ is (A) 0 (B) tan 


-1 
(A) -2 (B) -1 (C) 0 (D) 2 (C) -tan@+ : tan(n0) (D) tané+ = tan(n0) 
n n 


49. If 30, 90 and 276 are not odd multiples of 7/2, then 
53. If sin(y+ z — x), sin(z +x - y), sin(x+y —- z) are in 
= AP, then tanx, tan y, tan z are in 
(A) AP (B) GP (C) HP (D) AGP 


sin@d sin3@ — sin90 
2 + + 
[= 38 cos9@ cos =) 


(A) tan276- tan@ (B) tan6— tan270 54. If sec(@ — a), sec @, sec(O+ a) are in AP, then the 
(C) cot270- coté (D) cot@- cot270 ratio cos 9: cos(@/2) can be 
(A) 2:1 (B) 1:2 (C)1:v2) (D) V2:1 
50. If 
cosx cos(x+@) cos(x+ 20) cos(x + 30) 55. If 

a b c d tan B= SA sin 
then (a+ c)/(b + d) is equal to ~ sin(A+C) 
(A) = (B) b (C) a (D) has then cot A, cot B, cot C are in 

d c a d 


(A) AP (B) GP (C) HP (D) AGP 
51. If sina@=—3/5 and m< a@< 3a/2, then cos(a@/2) = 


56. If 
AH. B22 ©F OF Lt m)t 1=m)t 
5 J10 5 10 ye and ag ee 
1-mtan'a 1+ mtan'a 
52. If a, =sin(n@)-sec"6 and b,, = cos(n@) sec"@ # 1, then then 
b -—b a _ 
a tan( 2 » cor{ *$2) 
1 nb, 2 2 


(A) 2m (B) 1+m° (C) m’?-1 (D) m 


Multiple Correct Choice Type Questions 


fy Let 3. If sin@=(m’ —n’)/(m’ +n’), then 
Di De a 
— cos A + cos B in sinA+sinB )" (A) tang=~—" (B) cosecg =“ 
sin A —sin B cos A —cosB bie 8 
m+n mn 
Then ee 2mn ae m+n 


(A) x=0 if nis an odd positive integer 

4. Which of the following are true? 
(A) tan20°+tan72°+tan88°=tan 20°: tan 72°: tan 88° 
(B) tan51°+tan62°+ tan67°=tan 51°: tan62°: tan67° 
(C) cot27°+ cot32°+ cot31°=cot27°-cos32°-cot31° 


(B) x=tan"(A — B)/2 if nis an even positive integer 
(C) x=2cot"(A — B)/2 if nis an even positive integer 
(D) x =O if 7 is an even positive integer 


2. Which of the following statements are true? (D) V3 +tan40°+ tan80°= V3 tan 40° tan 80° 
(A) If cosx+sinx = V2cosx, then cosx-sinx= . . 
ee 5. Which of the following are true? 
(B) If 3sin9+5cos0=5, then Ssin 8 — 3cos 9=+43 (A) cos10°-cos30°-cos 50°-cos70°= a 


(C) If A=sin’@+ cos*6, then 22424 1 
4 (B) cos20°-cos 40°: cos 60°: cos 80° = — 

(D) If (1+sinA) (1+sinB) (1+sinC) = (1 - sinA) 16 
(1 - sin B) (1 - sin C) then each is equal to +1 (C) tan20°-tan 40°-tan 80°= 3 


(D) cos55°+ cos65°+ cos175°= 0 


6. Which of the following are true? 

(A) If tan(a+ 6) = ntan(a— 6), then sin26/sin2a = 
(n-1)/(n +1) 

(B) If sin @ = nsin(@+ 2a), then (1 —n)tan(@+ a) = 
(1+n)tana 

(C) IfA+B+C=zand sin[A + (C/2)] =nsin(C/2), 
then tan(A/2)-tan(B/2) =(n—-1)/(n+ 1) 

(D) If A+ B+ C= aq, then tan(A/2) + tan(B/2) + 
tan(C/2) =1 


7. Which of the following are (is) irrational? 
(A) sin15° (B) cos15° 
(C) sin15°-cos15° (D) sin15°-cos 75° 
8. If p = sin(a— B)sin(y— 6), q = sin(B- y~)sin(a— 6) 
and r=sin(y— a) sin(B— 6), then 
(A) p+qt+r=0 (B) p+q-r=0 
(C) q+r-p=0 (D) p+q +r —3pqr=0 


9. If 0S 0< 2/2,x=acosé + Bsind, y=asin@ — Bcosdé 
and x + 4xy + y= aa’ + bB’, then 


(A) a=-1,b=3 (B) @= 


(C) a=3,b=-1 (D) @= 


wila Ala 


10. If cos’x-sin2x=}°" _ a,,sin(mx) is an identity in x, 
then 


(A) a,=3/8,a,=0 (B) n=6,a,=1/2 


(C) n=5,a,=1/4 (D) "4, =3/4 


11. If 7cosx — 24sinx = Acos(x + 8) and 0 < @< 7/2, then 
(A) A=25 (B) cos @=7/25 
(C) sin@= 24/25 (D) A=15 


Matrix-Match Type Questions 


In each of the following questions, statements are given 
in two columns, which have to be matched. The state- 
ments in Column I are labeled as (A), (B), (C) and 
(D), while those in Column IT are labeled as (p), (q), 
(r), (s) and (t). Any given statement in Column I can 
have correct matching with one or more statements in 
Column II. The appropriate bubbles corresponding to 
the answers to these questions have to be darkened as 
illustrated in the following example. 


Example: If the correct matches are (A) — (p),(s); 
(B) > (q),(s),(t); (C) > (x); (D) >(7),(t); that is if the 


12. If 1 +cos(x — y) =0, then 
(A) cosx —cosy=0 (B) cosx +cosy=0 


(C) sinx+siny=0 (D) cosx+siny=1 


13. If y=sin x-sin(60°— x) sin(60°+ x), then 
(A) Minimum value of y is —1/4 
(B) Maximum value of y is 1 
(C) Minimum value of y is — 1 
(D) y<1 


14. If (cos’ x + sec” x) (1+ tan’ 2y) (3 + sin3z) = 4, then 
(A) x can be a multiple of z 
(B) x #2nz,neZ 


(C) z=(4n-1)F ned 


(D) y=" 


15. If A+ B+ C=Z7, which of the following are true? 
(A) sin2A+sin2B+sin2C =4sin A sin BsinC 
(B) sin2A+sin2B-—sin2C =4cos Acos BsinC 
(C) cosA +cosB+cosC =1 + 4sin(A/2)sin(B/2) 
sin(C/2) 
(D) cot BcotC + cotC cot A+ cot A cot B=1 


16. Ina triangle ABC, which of the following are true? 
(A) tanA+ tan B+ tanC = tan A tan B tanC 


(B) tan? Pig 4 
2 2 


A 2 
+ tan 
2 


sin2A+sin2B+sin2C _ 
sin A + sin B+sinC 


(C) 


- A.B, 
8sin — sin— sin 
2 2 


A B Cc AB 
(D) cot —+cot— + cot— =cot— cot — cot 
2 2 2 2 2 


matches are (A) > (p) and (s); (B) > (q),(s) and (t); 
(C) > (x); and (D) > (1),(t) then the correct darkening 
of bubbles will look as follows: 


q rs t 
OCO@O 
eee 
OWOO 
O}@O®@ 


9A Chapter 1 | Trigonometric Ratios and Transformations 


1. Match the items in Column I with those in Column II. 


Column I Column IT 


(A) tan{ 45° “| (p) secA+tanA 


1 
—=sin A 
x A xz A v2 
(B) sin? ( + “) — sin? ( - “| 
8 2 g 3 s(A-B 
(r) 4cos (44) 
2 
(C) (cosA + cos BY + (sinA + sin B)” (s) 1+sinA 
1-sinA 


(D) (cos A —cosB)’ + (sinA —sinB)’ (t) 4sin’ (44) 


2. Match the items in Column I with those in Column II. 


Column I Column IT 
(A) cos’ + cos’(@ + 120°) + cos’(@- 120°) (p) ; 
2 
40 430 490 470 @) 
(B) cos*—+ cos + cos + cos 
8 8 8 Sed 
16 
(C) sin*= + sin’ LN or can -1 
8 8 8 . 
1 
(D) sin sin (t) 4 


4. Let 6 = 22(1/2)°. Match the items in Column I with 
those in Column II. 


Column I Column IT 
(A) sin@ (p) V2 +1 
(q) v2-1 
(B) cos@ () : igee 
(C) tand (s) 52-2 
(D) coté (t) 52 +1) 


5. Match the items in Column I with those in Column II. 


Column I Column IT 
(A) If tan(x — y)/2, tanz, tan(x+y)/2 (p) cos20 
are in GP, then cosx is equal to 
() v3 sin@ 
(B) If sinx, sin 0, cosx are in GP, . 2+cos0 


then 2.cos’[(z/4) + x] is e 
equal to (r) V2cos ° 
(C) If sec(@—~x), sec 0, sec(O+ x) are J2. 

in AP, then cos @ is equal to (s) ge 


(D) If cos @=(2cosx—1)/(2—cosx), (t) cosycos2z 


then sin x is equal to 


6. Match the items in Column I with those in Column II. 


3. Assuming that A+B+C = a, match the items in 


Column I with those in Column II. Cola Chi 
Column I Column IT (A) a aa ce (p) tan.A 
1-tan(A — B)tan B 
(A) cos’*A +cos*B+cos’C  (p) ees ae os ee ee 
2 2 2 (B) (q) cotA 
a 1-tan3A-tan4A 
(B) cosA+cosB+cosC-1 (q) bee oes (C) sin2A(1 + cot2A-cot A) (r) tan2A 
(C) sinA —sinB +sinC (r) 1-2cos Acos Beos C (D) cos2A(tan2A + cosA-cosec A) (s) cot2A 


(D) sinA + sinB+sinC (s) 4sin sin sin 


2 2 


Comprehension-Type Questions 


1. 


Passage: The equation acos@+bsin@ = c can be 
solved when |c| < fa’ + b’. Based on this answer the 
following questions (1), (ii) and (iii). 
(i) IfO0 <x < mand sinx + cosx =1, then the number 
of values of x is 
(A) 1 (B) 2 (C) 4 (D) 0 
(ii) The maximum and minimum values of 
3cos 6+ 4sin 0-5 are respectively (@ is real) 
(A) 5,-5 (B) 4,3 (C) 0,-10 (D) 4,-3 
(iii) The maximum and minimum values of 
5sin@+ 12cos 6+ 13 are respectively (6 is real) 
(A) 13,0 (B)1,-1 (C) 26,0 (D) 26,13 


. Passage: If a, B and y are roots of the equation 


ax’ + bx’ +cx+d=0 and a#0, then a+ B+ y=—bla, 
aB+ By+ya=cla and aBy=—d/a. It is given that 
cos 2/7, cos3a/7 and cos5z/7 are roots of 8x*— 4x° - 
4x+1=0. 
Answer questions (i), (ii) and (iii). 

(i) The value of sec(z/7) + sec(32/7) + sec(52/7) is 

(A) 4 (B) 2 (C) 8 (D) 6 
(ii) The value of sin(z/14) sin(3z/14) sin(5/14) is 


wy @: o% of 


(iii) The value of cos(z/14) cos(32/14) cos(52/14) is 


(B) : V7 V7 


(A) = ot mx 


Assertion-Reasoning Type Questions 


In the following set of questions, a Statement I is given 
and a corresponding Statement IJ is given just below it. 
Mark the correct answer as: 


(A) Both Statements I and IJ are true and Statement II 


is a correct explanation for Statement I 


(B) Both Statements I and II are true but Statement II is 


not a correct explanation for Statement I 


(C) Statement I is true and Statement II is false 


(D) Statement I is false and Statement IJ is true 


1. 


Statement IL If xcos@+ ysina = xcos B+ ysin B =2a 
and 2sina/2sin B/2 =1, then y’ = 4a(a— x) 


Statement II: If x, and x, are roots of the quadratic 
equation ax’ + bx + c=0, then x, + x,=—b/aand x,x,=cla 


. Statement I: If x=cot @+ tan Oand y =cosec 9 - sin 8, 


then ey)" _ ayy = 1 


Statement II: The conclusion of Statement I is that 
cosec’@— cot’@= 1 


. Passage: To eliminate a parameter, we need two 


equations involving the parameter. For example, if 
x =rcos @ and y = rsin @, then by squaring and adding, 
we have x°+ y’ =7°. This shows that @ is eliminated 
from the given equations. 
Answer the following questions (i), (ii) and (iii). 
(i) If tan @+ sin = a and tan @- sin 0 = D, then after 
eliminating 0, (a’ — b’)’ is equal to 
(A) 4Jab (B) 4ab (C) 16Vab (D) 16ab 
(ii) Eliminating @ from the equations x = cot 8+ tan 0 
and y = sec 8 — cos 0, we have 
(A) 2y(x+y)=1 (B) (eyP*- (ayy =1 
(C) x23 = a _ 1 (D) xy = 1 
(iii) Eliminating @ from the equations x/a = cos@ + 


cos20@and y/b=sin 6+ sin 26, which of the following 
relations between x and y can be obtained? 


ie ez y x y 
(A) a -(5 + (5 + be 3 


. Statement I: For all values of 6, 2(sin°@+ cos°6) — 


3(sin*@ + cos*@) =-1 
Statement II: x°+ y’=(x+ y)(x°-xy+y) 


. Statement I: If tan(@/2) = m, then 


1-2sin°(@/2)_1+m 


1+sin@ 1-m 
Lcd 2 
Statement II: sin20 = Bn and cos20 = pene 
1+tan°@ 1+tan°é 
. Statement I: If 
sin3a_ 11 
sina 25 
then tan(a/2) has four values. 
2 2 
Statement II: sin@ = aaa 
1+ tan’ (6/2) 
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6. Statement I: If 0 < a < m/2 and cota = 3, then the 
value of tan(a/2) is 1/(3 + V10). 


a ina 
Statement II: tan — = ee 
2 1+cosa 


7. Statement I: If 


ry eee and tanB= v3 
4-3 443 
then tan(A — B) = 0.355. 
tan A—tanB 
Statement II: tan(A — B) = an A — tan 
1+tan A tanB 


8. Statement I: If 7+ B+ y= 7/2, then Stan Btan y=1. 


Statement I: If 4+ B+C =a, then tanA+tanBt+ 
tan C = tan Atan Btan C. 


Integer Answer Type Questions 


The answer to each of the questions in this section is a 
non-negative integer. The appropriate bubbles below 
the respective question numbers have to be darkened. 
For example, as shown in the figure, if the correct answer 
to the question number Y is 246, then the bubbles under 
Y labeled as 2, 4, 6 are to be darkened. 


x Z W 
© ©|© 
® @O|® 
2) @|®@ 
©) @|® 
® @|® 
© ©|© 
© ©|© 
@ @|@ 


® ®©®|© 
OMOMOMS) 


©) 
@) 
©) 
©) 


1. tan 12°tan24°tan 48°tan 84° is equal to 


2. If sin18° and cos36° are roots of the equation ax? — 
W5x+c= 0, then the value of a+cis___. 


3. tan 6°tan 42°tan 66°tan 78° is equal to ___. 


sin3a@  cos3a : 
4. — + =kcos2a, where k is equal to 
sina cosa 


5. (1 —2sin6)(1 +2sin 6)(1 + 2cos26) = 1 + kcos40, where 
k is equal to ; 


9. 


10. 


10. 


11: 


12. 


13. 


14. 


15. 


Statement I: If w+ B+ y= 7/2, then 
sin2a@ + sin2B + sin2y 
sin2a@ + sin2B —sin2y 


Statement II: If A + B+ C=z, then cos2A + cos2B + 
cos2C =—1 —4cosAcos Bcos C. 


=cota cot B 


Statement I: If A+B+C=a7, then 
A B C 
cos — + cos— + cos— 
2 2 2 
m-A na-B m-C 
= 4cos cos cos 
4 4 4 


Statement II: cos(a@+ B)cos(a— B) = cos’ a—cos* B 
for all a and B. 


. If 2tan(A + B) = 3tanA, then sin(2A + B) = ksinB, 


where k is equal to 


. If 3cosx = 2cos(x — 2y), then cot(x — y)coty is equal 


to ___. 


. Ifsin2° + sin4° + sin6° + --- +sin178° =ncot1°, then 


nis equal to 


- Let0<a,<a/2 for j=1, 2, 3, ---,8andcota,-cota,--- 


cot &@,=1.If Mis the maximum value of cot @, cot a, 
--- cot a, then the value of (32) M is 


The value of (1 + cot A — cosecA)(1 + tanA + sec A) 
is : 


Ifsinx + siny + sin z=3,then|cos2x + cos2y + cos2z | 
is equal to 


(sin @ + cosec a)’ + (cos @ + sec a)” — (tan’a@ + cot’) 
is equal to 


If tan’@= 1 — e’, then sec 9 + tan’@ cosec 0 = (k — e”)””, 
where k is 


If 6 (j=1, 2, 3, 4) satisfy the equation 3tan30= 
tan(45°+ 0), then the value of tan@,+tan0,+ 
tan 0, + tan 9, is 


For n > 2, the value of 


_a . 3m. St . 1 
sin— + sin— + sin— +---+ sin(2n — 1)— 
n n n n 


| ANSWERS 


Single Correct Choice Type Questions 


1. (D) 29. (A) 
2. (C) 30. (C) 
208) 31. (A) 
4. (B) 32. (A) 
5. (D) 33. (A) 
6. (B) 34. (B) 
7. (A) 35. (C) 
8. (C) 36. (A) 
9. (D) 37. (B) 
10. (C) 38. (D) 
11. (A) 39. (A) 
12. (C) 40. (A) 
13. (B) 441. (B) 
14. (A) 42. (B) 
15. (D) 43. (A) 
16. (A) 44. (C) 
17. (C) 45. (D) 
18. (C) 46. (B) 
19. (C) 47. (A) 
20. (A) 48. (B) 
21. (A) 49. (A) 
22. (A) 50. (B) 
23. (B) 51. (B) 
24. (B) 52. (C) 
25. (D) 53. (A) 
26. (A) 54. (D) 
27. (B) 55. (A) 
28. (B) 56. (D) 


Multiple Correct Choice Type Questions 


1. (A), (C) 9. (B), (C) 

2. (A), (B), (C) 10. (A), (C), (D) 

3. (A), (B), (C) 11. (A), (B), (C) 

4. (A), (B), (C), (D) 12. (B), (C) 

5. (A), (B), (C), (D) 13. (A), (D) 

6. (A), (B), (C) 14. (A), (C), (D) 

7. (A), (B), (D) 15. (A), (B), (C), (D) 
8. (A), (D) 16. (A), (B), (C), (D) 


Matrix-Match Type Questions 


1. (A) > (p), (s), (B) > (gq), (QO >), (D) > Wt) 4. (A) >(s), (B)>(@), (> (gq), (D)> (p) 
2. (A)>(p),  (B)> (Pp), (O>(), (D) > (s) 5. (A) > (t), (B)> (p), (CQ) > (1), (D) >) 
3. (A)>(@), (B)>(s), (> (gq), (D) >) 6. (A)>(p), — (B) > (p), (> (gq), (D) > () 


Comprehension-Type Questions 


1. (i) (B); (ai) (C); Git) (C) 3. (i) (D); (ii) (B); Gait) (A) 
2. (i) (A); (ii) (B); Git) (D) 
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Assertion-Reasoning Type Questions 


1. (A) 6. (A) 
2. (A) 7. (D) 
3. (A) 8. (B) 
4. (D) 9. (B) 
5. (A) 10. (C) 
Integer Answer Type Questions 

1.1 9. 2 

2. 5 10. 2 
3. 1 141.3 
4.4 12. 7 
5. 2 13. 2 
6. 5 14. 0 
7.5 15. 0 
8. 1 


Inverse Trigonometric 
Functions 


Contents 


2.1 Domains and 
Ranges of Inverse 
Trigonometric 
Functions 

2.2 Properties of Inverse 
Trigonometric 
Functions 


Worked-Out Problems 
Summary 

Exercises 

Answers 


The inverse trigonometric 
functions (or cyclometric 
functions) are the inverse 
functions of the trigono- 
metric functions, though they 
do not meet the official defi- 
nition for inverse functions 
as their ranges are subsets of 
the domains of the original 
functions. Since none of the 
six trigonometric functions 
are one-to-one (by failing 
the horizontal line test), they 
must be restricted in order 
to have inverse functions. 


Chapter 2 | Inverse Trigonometric Functions 


Let us recall that a function fis a bijection (injection and surjection) if and only if there is a function g such that fog 
and gof are both identity functions. In this case, g is unique and is denoted by f'. The trigonometric functions are 
not bijections, since each of them is of period 27 and hence not injective. For example, sin 30° = sin(27+ 30°) and 
therefore the sine function is not an injection. Neither, it is surjective, since we cannot find a real number x such that 
sinx = 2. However, by restricting the natural domain and codomain of the sine function, we can arrive at a bijection. 

In this chapter, we discuss various properties of the inverses of certain trigonometric functions by first deter- 
mining the appropriate domains and codomains of these functions. 


2.1 | Domains and Ranges of Inverse Trigonometric Functions 


We have first defined the sine function on the interval [0, 27) and later extended it to all real numbers x by defining 
sinx = sin @ 


where x = 2nm+ 0,0 < 0< 27 (here nis the integral part x/27). However, the sine function is not an injection on [0, 27), 
since sin0 = sin z and sin 7/4 = sin37/4. Instead of interval [0, 27), if we consider the interval [-7/2, 7/2], then the sine 
function is one-to-one on this interval. Also, the range of sine function is the interval [-1, 1]. Therefore, the function 


such that fog is the identity on [—1, 1] and gof is the identity on [—7/2, m/2]; that is, 
sin g(y) =y 
for all-1 <y<1and 


—1 1 
sin x) = x for all —<x<— 
g(sin x) 5 - 


DEFINITION 2.1 The unique function g: [-1, 1] > [—7/2, m/2] such that 
g(sinx)=x and sin(g(y))=y 


for all —z/2 < x < x/2 and -1 < y< 1 is called the inverse sine function and is denoted by Sin”. 
Therefore, Sin” is a function whose domain is [-1, 1] and codomain is [—7/2, 2/2] and it satis- 
fies the relations 


Sin‘ (sinx)=x and sin(Sin''y)= y 


for all-7/2 <x<a/2and-1<y<l. 


Note that, in place of [—7/2, 7/2] if we take [7/2, 37/2] (or [(2n — 1) z/2, (2n + 1) 7/2] for any integer 7), then the function 


sin;| On 1a Cnt ad [41 


is a bijection and hence has inverse whose domain is [—1, 1] and range is [(2n — 1)7/2, (2n + 1)a/2]. This can also be 
called the inverse of the sine function (restricted to [(2n — 1)z/2, (2n + 1)7/2]). However, if we consider the sine func- 
tion restricted to [—7/2, m/2| then its inverse 


Sin? :[-1, 1] > Ee 4 
22 
will be usually considered the inverse of the sine function. Also, for any -1 < y <1, Sin 'y in [-7/2, 2/2] is called the 


principal value of Sin” y and is often denoted by arcsin y. The principal value of Sin” y will be denoted by Sin y (with 
a capital letter S). 


1. 


S <sin'y <4 forall-1<ys1 


1 
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5 


nN 


. Sin y=0< y=0 


2. -1ssin x<1 for all <x 


N 


3. sin(Sin'y) = y forall -1< y<1 


4, Sin™'(sin x) = x for all = aes ~ 


2; 


. Sin'ye =.) © ye[-1,0) 


7. Sin'ye (0. =) © ye[0, 1) 


S..Sint yan — sina —y 


The discussion made in Quick Look 1 can be extended to other trigonometric functions also. The restrictions of 
the functions cosine, tangent, cosecant, secant and cotangent restricted to [0, 2], (—7/2, 2/2), [-7/2, 2/2] — {0}, [0, x] - 
{z/2} and (0, z), respectively, are injections and hence can be considered as bijections onto their respective ranges. 
Therefore, these functions have inverses which are denoted by Cos”, Tan”, Cosec”', Sec’ and Cot”, respectively. 
The inverse trigonometric functions are also called inverse circular functions. The domains and ranges of the inverse 
trigonometric functions are given in Table 2.1. 


Table 2.1 Domains and ranges of the inverse trigonometric functions 


Function Domain Range 
Sint Ee =. 4 
2 2 
Cos" [-1, 1] [0, 7 
Tan” R (=. =) 
2 2 
Cot" R (0, 7) 
Cosec™ (—ce, -1] u [1, ©) ml 0] U (0. = 
2 2 
—1 1 
tenn feel 
Sec (—ce, -1] U [1, ©) 5 5 


The graphs of inverse trigonometric functions are illustrated in Figure 2.1 by taking the domains on the X-axis 


and the ranges on the Y-axis. 


y=Sin 1x 


m2 


Y y=Cos 1x 


w+ 


FIGURE 2.1. Graphs of inverse trigonometric functions. 
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y=Tan 1x Y y=Cot 'x 
m2 
0 x 
ml2 sae Xx 
y=Sectx yY Y y =Cosec 1x 
oy yo? 
\ 7 
\ / 
a m2 { 
m2 
— OO PD > SFI X 
1 1 1 
xX 
0 1\ m2 
"he 7 
m2 a ae aw 
ea ee al — 1 
MS gee 
\ oF 
op "4 
/ 


FIGURE 2.1 Continued. 
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In this section we collect certain important properties of inverse trigonometric functions. 


THEOREM 2.1 


PROOF 


For any-l<y<1l, 

1. Sin (-y) =—Sin“y 

2. Cos’ (-y)=x-— Cosy 

Let -1 < y <1. Then y and -y e[-1, 1]. 
1. Put Sin'(-y) =x. Then 


—y=sinx and re| 


LE 
a9 
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Therefore 
—a 1 
=-sinx=sin(-x) and -xe}/—,— 
y C2) =.5| 
and hence 
Sin” y = Sin“'(sin(—x)) = —x =—Sin™'(-y) 
Therefore 


Sin'(—y) =—Sin'y 


2. Put Cos“(-y) =z. Then —y =cosz and z € (0, z]. Therefore y =-cosz=cos(z- z) and m-ze 
[0, z]. Hence 


Cos'y=2-z=n-Cos'(-y) 
or Cos" (—y) = — Cos" y | 


The following can be similarly proved. 
THEOREM 2.2} For any real number y, 


Tan“'(-y) =-Tany 
and Cot™'(-y) = x- Coty 


THEOREM 2.3] Forany yeR-(-1, 1), 
Sec” (-y) = 1- Sec" y 
and Cosec”'(-y) =—Cosec™'y 


Examples 


(1) sin #8) =-Sin™ 2] = —Sin'(sin60°) = -60° (4) Cot'(-1) = -Cot™(1)=- Cot" (cot *) 


(2) cos" = =m cos" = len cos Cos 4 4 
ph 31 (5) Sec(-V2)=n-See"(W2)=2-5 = 
idee eae’ 


(6) Cosec”'(—V2) =—Cosee(J2) 
(3) Tan*(—3) =—Tan(./3) = Tan tan =) -# 


epee 2)--2 
OSEC [cosee i 6 


Example [20] 


Find the values of the following: 


(3) Tan” [tan * 
(1) Sin’ (sin{ =)} 
6 Solution: 


if 22 
(2) Cos” cos =) (1) Sin" (sin( =) = Sin! [sin( x - *)) 
6 6 
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= sin"(sin =) (2) Cos? cos =) = = since ead €[0, z] 
6 3 3 3 
= = since C € =. 4 (3) Tan" [tan =) =Tan' [tan{x - “| 
Here, note that — Tan" (- i z 
51 = 1 
=e = —, >= 
6 22 =-Tan" tan *) 


and therefore Sin '(sin (57/6)) is not equal to 57/6. 


THEOREM 2.4] Forany0#ye[-l, 1] 


1. 


2. 


Proor| 1. 


THEOREM 2.5] 1. 


THEOREM 2.6] 1. 
2. 


Proor] 1. 


Sin (4) =Cosec' y 
y 

Cos! (+) =Sec'y 
y 


Put Sin'(1/y) = x. Then sinx = 1/y and hence y = 1/sinx = cosec x. 
Therefore 


Sin™ (4) = x = Cosec '(cosec x) = Cosec™ y 
y 


Similarly (2) and the following theorem can be proved. 


For any y>0, 


Tan’ (=) =Cot™y 


. For any y <0, 


Tan” (4) =Cot'y—2 
y 


For any 0< x < z, Sin“(cosx) = /2 —x. 
For any —2/2 < x < n/2, Cos '(sinx) = m/2 — x. 


Let 0 <x <7. Then -1 <cosx < 1. Put Sin“(cosx) = z. Then 


: _ (2 
Cece and sinz=cosx =sin( 2 x] 


Therefore, z = (2/2) — x (since both z and 7/2 — x belong to [—7/2, m/2]). Hence 


Sin”'(cosx) = m/2 — x 


Similarly (2) and the following theorem can be proved. 


2.2 | Properties of Inverse Trigonometric Functions 


THEOREM 2.7] 1. For any 0<x<z, Tan ‘(cotx) = (#/2) —x 
2. For any —7/2 <x < n/2, Cot '(tanx) = (/2) —x 
3. For any 04x € [-7/2, m/2], Sec'(cosecx) = (a/2) - x 
4, For any 2/2 #x €[0, 2], Cosec'(secx) = (m/2) —x 


THEOREM 2.8] Forany-l<y<1, 


4y Cos" j1l-y if0<y<1 
-Cos',j1-y if-l<y<0 
Proor|) LetO0<y<1.Then0<Sin'y < 7/2. Put Sin'y=x. Then 
sinx=y and O<x<7/2 


Therefore 


cosx=l-—y and x=Cos'J1-y° 
That is 
Sin! y=Cos™,/1— y 


Next, let -1< y <0. Then —7/2 < Sin y <0. Put Sin y =-z. Then 0<z< 7/2 and y=sin(—z) = 
—sin z. Therefore 


sinzg=-y and cosz= nil —sin’ z= t= y 
This implies 


z=cos,l-y 
Sin" y=—z=-cos,j/1—y’ a 


The following can be proved on the lines of the above proof. 


So 


THEOREM 2.9] 1. If-l<y<1l, 


Sin y= ten J 
2. If0<y<1, 
Cos" y = Sin” iay =Tan" ne) 
3. If-l<y<0, 
Cos” y=2+Tan 
4. Ify>0, 
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Find the value of 5 t 
ad (2) cos{ Tan" = |=00s Cos! | ————— 
(1) sin( Cos 2) 12 1+ (5/12) 
49 = C (3) _2 
(2) cos{ Tan =) cos{ os B B 
Solution: 


(1) sin{ Cos" 2) = Sin 1- (2) | 
=) 5 


[by part (2) of Theorem 2.9] 


= sn( sin" =| ae 
5 5 


THEOREM 2.10] Forany—1<y<1,Cos'y+Sin‘y=a/2. 
ProoF| Ify=0, then 


Cos y+ Sin’ y =Cos'0+ Sin '0= “ +0= . 


Let0<y<1. Then 


1 


0<Costy<= and 0<Sin'y< 
2 2 


Put Sin” y = x. Then 0 < x < x/2 and sinx = y. Therefore, 0 < 2/2 — x < n/2 and cos(z/2 — x) = 
sinx = y and hence 


Costy=F—x 


Cos y+ Sin y= ( - x] pepese 
y y ) x ) 
Next, let -1 < y <0. Then 


-FsSin'y<0 and 5 <Costysa 


Put Sin’ y =z. Then sinz=y and —a/2 < z <0 and hence a/2 >— z>0 so that n/2 <(a/2-z) <x. 
Now, cos(z/2 — z) = sinz = y. Therefore 


Cos'y=F—z 


Cos! y+ Sin’ y=| =- )s == 
: - ( a eg a 


2.2 | Properties of Inverse Trigonometric Functions 


THEOREM 2.11} For any real number y, 


Tan y+ Cot’ y= 5 


Let y be a real number and x = Tan''y. Then tanx = y and —2/2 < x < 7/2. Also, 


cot(m/2 —x) =tanx=y 


PROOF 
We shall distinguish two cases. 
Case I: Suppose that y > 0. Then 0 <x < a/2 and therefore 0 < (a/2 —x) < 2/2. Since cot(z/2 —x)=y, 


we get 


Cot'y=F—x 


Therefore 
1 


Tan" y+ Cot" =14(2- x)=% 
y y °) ) 


Case II: Suppose that y <0. In such case —a/2 <x <0 and therefore 2/2 < (m/2—x) <a. Again, 


since cot(z/2 — x) = y, we get that 


1 
Cot !y=—-x 
2 
Therefore 
Tan'y+Cot"y=x4+(3 x)= - 
2 2 ia 
Coro.tary 2.1} For any nonzero real number y, 
; 5 if y>0 
Tan y+Tan™ (+) = 
y Ht 
— ify<0 
) y 


ProoF| Ify>0, then 


Tan’ y+ Tan” (+) =Tan'y+Cot'y [by part (1) of Theorem 2.5] 
y 


= S (by Theorem 2.10) 


If y <0, then 


Tan y+ Tan" (4) =Tan'y+(Cot'y-z) [by part (2) of Theorem 2.5] 
y 


=7_5 (by Theorem 2.10) 


2 
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THEOREM 2.12} Letxand y be positive real numbers. Then 


Tan'x+Tan' y= Tan( 242 |r if xy>1 
1-xy 


a 
Ld fet 
2 — 


ProoF| Ifxy=1, then x=1/y and y>0 and hence, by Corollary 2.1, 
Tan'x+Tan’ y= * 


Suppose that xy # 1(note that both x and y are given to be positive). Put Tan'x = 9and Tan y = @. 
Then tan 9= x and tan@= y. Since x and y are positive, both 6 and @ belong to (0, 2/2) and hence 


0<0+0<7 


Since xy #1, tan@- tan @# 1 and hence 
1 
6+o4— 
? 2 


tanO+tan@ x+y 


and tan(@ + @) = = 21 
(9 +9) 1-tan@tan@é 1-xy CY) 

Now, suppose that xy < 1. Then, by Eq. (2.1) 

tan(6+ 6) >0 
Since 0 < 0+ @< and tan(0+ ¢) >0, we have 0 < 6+ @< a/2. Therefore, by Eq. (2.1), 

Tanv'x+ Tan'y=6+9=Tan"| +2) 
1-xy 

Next, suppose that xy > 1. Then, by Eq. (2.1), 

tan(6+ 6) <0 
Since 0 < 6+ @< wand tan(0@+ @¢) <0, we have 

1 

—<O0+Q<2z 

5 v) 
and hence 

 <64+¢-1<0 
2 
Also, 
tan(0 + @-— 7) =— tan(a —(0+@)) = tan(0 + @) = — 
Therefore 
tan(2*2)-04¢-m 
1-xy 
Tan's ¢ Tan"y=0-+6=Tan"[{ aah 
1-xy oO 


The following can be proved on the lines of the above proof. 


2.2 | Properties of Inverse Trigonometric Functions 


THEOREM 2.13) 1. For any negative real numbers x and y, 


Tan? 27 if xy<1 
1-xy 
Tan’ x+Tan™ y= —~n+Tant~*» ig xy>1 
1-xy 
-1 
— if xy=1 
) y 


2. Ifxy+yz+zx+<1and x, y, z have the same sign (that is, either all the three are positive or 
all the three are negative), then 


x+y+zZ-xyzZ | 


Tan‘ x+Tan'y+Tan'z=Tan"™ 
1—(xy + yz+ zx) 


THEOREM 2.14) Ifx andy are positive real numbers, then 


Tan! x — Tan‘ y=Tan' 2 ) 
14+ xy 


Proor|) Letx>0,y>0, Tan ‘x= @and Tan" y = ¢. Then tan @= x and tan@= y. Since x and y are positive, 
both 6 and ¢ belong to (0, 2/2) and hence 


-1 1 
—<0-¢<—= 
2 ? 2 
Also, 
anda tan@ — tang ey 
1+tan@tan@ 1+xy 
and hence 
o-9=Tan'(2=2) 
1+ xy 
Therefore 


Tan’ x—Tan y=Tan" xy 
1+xy 


The following can be proved similarly. 


THEOREM 2.15} Let.x and y be real numbers such that xy #-1. Then 


tan"(2=2) ifxy>-1 
+ Xxy 


Tan! x -— Tan‘ y= r+ tan(2=2) if xy<—1,x>0 and y<0 
1+xy 


n+ Tan '(2=2) if xy<-—1,x<Oand y>0 
1+xy 
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THEOREM 2.16] Let x and y be non-negative real numbers such that x° + y’< 1. Then 


Sin x + Sin™ y =Sin™(x,/1- y’ + y1—- x’) 


ProoF| Since Sin ‘0 =0, the theorem is trivial if x = 0 or y=0. Therefore, we can assume that both x and y 
are positive and belong to the internal (0, 1). Put Sin'x = @and Sin“ y = @. Then sin 6= x, sing= y 
and @and @¢ &€ (0, 2/2). Therefore 


cosd=,1—x° and cos@=/1-y 


Also, 0< 0+ ¢<7 and we have 


cos(@ + ¢) =cos@ cos@ — siné sing 
=f1-x’ J1l-y —xy 
=Jl-xy -(x +y)-xy20 (since x+y’ <1) 


Therefore 
6+ ¢e€(0, z) and hence 0< 0+ @< a/2 
Now, 
sin(@ + @)=sin@ cos¢ + cos@ sing 
therefore 


6+¢=Sin (xJ1-y + yj1=x") 
Sin x + Sin™ y =Sin™(x,/1- y + y,/1— x’) wi 


The following can be proved similarly. 


THEOREM 2.17] 1. If0<x<1,0<y<1andx’+y’>1, then 


Sin x + Sin™ y= —Sin™(x,J/1-y’ + y/1- x’) 


2. For any x and y € (0, 1], 

Sin x + Sint y=Cos"'[J/(1—x°)(1— y’) - xy] 
3. For any x and y €[0, 1], 

Sin“ x — Sin” y =Sin"[x,/1- y’ -— y1— x7] 
4. If0<sy<x<l, 


Sin x — Sin" y= Cos™[,/(1—x°)(1—- y’) + xy] 


THEOREM 2.18] LetO<x<landO<y<l. 
1. Cos'x+Cos™ y=Cos"[xy -—/(1-x*)(1-y’)] 


2. If x7 + y =1,Cos'x+Cos'y= Sin" [x,/1 -y t+ yl -x*] 


2.2 | Properties of Inverse Trigonometric Functions 


a Cos! x— Cost y=Sin“[y,/1— x - xJ1- y| 


4. If x < y, Cos’ x — Cos y=Cos™[xy + /(1-x*)(1- y’)] 
Example Ze] 


Evaluate the following: ; 2 15 8 4 
=Sin™| =-—+—: 


a2 3 leat 73 
(1) Sin [2] +sin (=) 


517 175 
=Sin" (Z) 
85 
(2) cos(3) + cos") 


13 (2) Using part (1) of Theorem 2.18, 
(3) Tan'2+ Tan‘ 3 
Cos! (=) +Cos" (F 
5 13 
Solution: 
2 2 
(1) Using Theorem 2.16 we have ato! 2 ; 12 1 () 1 fa 
5 13 5 13 
Sin x + Sin y=Sin"[xJ1— y* + y 1-7] 
ae _ 3/364 5 
ifx°+y’ <1. Here OS 16 «5 1B 
(2) (4) 9 64 4201 (2) 
+ =—+ = <1 = Cos” | — 
5 17 26 289 7225 65 
Therefore (3) By Theorem 2.12, 
Sin! (2) + Sin’ (= Tan’2+Tan'3=2+Tan"™ aed 
5 17 . 
=m +Tan'(-1) 
=Ssin| 2/1 (2) +4 1 (2) Tan ‘(1 
sy a7) “Wy GS Uneven 
an 30 
=f -—-— = 
4 4 
Example | 2.4 | 
Prove that for any -1 <x <1, Now, we have 
Tan x= 1 tant af 71 Tan? 2% = Tan" Aten tan 
2 1-x 1-x° 1-tan’@ 
Solution: Put @=Tan''x. Then = Tan‘ (tan 26) 
tand=x and -m/2<@<n7/2 -~209 since = <20< 4) 
Since -1 <x <1, it follows that 
=2 Tans 
md <O< tt 
4 4 Therefore 
-1 


T 
or > < 20 < 2 Tan?! x = 4 Tan" | 2x ) 
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| WORKED-OUT PROBLEMS 


Single Correct Choice Type Questions 
1. Tan'2+ Tan ‘3 = 

Hs 3a 

(A) 4 (B) re 


O= woz 


Solution: Here x=2, y=3 so that xy>1. From 
Theorem 2.12 we have 


Tan’ x+Tan' y=2+Tan"™ (2) 
1-xy 


Therefore substituting the values we get 


Tan'2+Tan'3=2+Tan™ a3 
1-2-3 


= + Tan '(-1) 


1 
=7-— 


Answer: (B) 


-1 


2. Tan” s Tan" zi Tan" 24 Tan . is equal to 


1 3n 1 20 
A) = B) — Cc) = D) — 
Alt et OF OF 
Solution: 
rae 
(Tanz —+Tan™ Tle (Tan's —+ Tan” 3 
1 1 1 1 
a] _5°7 «| 378 
=Tan™ 5 ie + Tan =i 1 Ceara) 
57 3 8 
~Tan(5)+Tan (=) 
17 23 
6 il 
=Tan™ ~ ei (xy <1) 
17 23 
= Tan"( 
325 
= Tan'(1) 


Answer: (A) 


3. If })" Cos"(x,)=0, then }’" x, is 


nn 
(A) 0 (B) -n (C) n (D) a 
Solution: Since 0 < Cos'x < mand ))" Cos™x, =0 
we have 
Cos*x,=0 and x,=1 fori=1,2,3,...,n 
Therefore 
can 
i=1 
Answer: (C) 
4. The value of 
tan} Cos™ ae Tan" (2) 
5 3 
is 
6 17 16 18 
A) = B) — Cc) — D) — 
(A) 7 (B) 6 (C) 7 (D) * 
Solution: Put Cos™(4/5) = a and Tan '(2/3) = B. There- 


fore 0 < a, B< 2/2 and so 


4 2 
cosa@=— and tan = 


This gives 


aes and eS 
4 | 


Therefore 


tana + tan fp 
1-tanatan B 
_ (3/4) + (2/3) 
~ 1-(3/4)-(2/3) 
7 
6 


n(a+ B)= 


Answer: (B) 
1 4 
5. Tan] Cos’ —— -— Sin” ma is 
5/2 17 


a2 wm? of8 ow 


Worked-Out Problems 


Solution: Put We have that 
| 
Vd+xy41 ye+l 


Gre and Se B 


5/2 V17 


Therefore 0< a, B< 2/2 and so 


Therefore 
1 : 4 2 2 
cos~@=——= and sinf =—— (l+x)y+1=x +1 
me : we 2x+1=0 
From these values we can find out sina and cos B as 1 
eae and a a7 
5/2 V17 Answer: (D) 
Therefore 8. If0<x<1,then 
tang = =7 J1+x° [{xcos(Cot'x) + sin(Cot™x)}? — 1]'? = 
cosa 
sin B — (B) x 


d t 7 =4 2 
an np= nF ae 
Now (C) xJ1+ x? (D) J1+x° 


iaite p= 2 tanB 7-4 3 Solution: Put Cot’x =a. Then 
1-tanatanB 1+7-4 29 
Answer: (D) 


0<x<1a0<a<F 


Therefore the given expression equals 
6. The number of real values of x satisfying the equation 


2 
Tan" Jx(x +1) +Sin" fx? +x+1=2/2 is ; x 1 

Vl+x + 1 
(A) 0 (B) 1 (C) 2 (D) infinite dite Jl+x2 


1/2 


css 2 
lar ol Observe that x(x + 1) =O and0<x°+x+1<1. _ fiv¥lfis ey _ 1p” 
x(x+1)+121 and x +x+1<1 = fit vx? 
This implies = xJl+ x? (." x >0) 
et eei=1 Answer: (C) 
or x=0,-1 9. The numerical value of tan(2 Tan“'(1/5) — (7/4)) is 
Answer: (C 7 17 -17 ~7 
“ wt @o2 oF oF 


7. The value of x for which si tC =cos(Tan'x) i 
rae EOE iC Or acon eye Solution: Put Tan™‘(1/5)=a. Since 1/5<1 we have 


1 -1 , 
(A) 5 (B) 1 (C) 0 (D) = 0< a< ZA. Therefore 
0<2a<4 
Solution: Let Cot '(1 +x) =qaand Tan ‘x=. Therefore ey 
cota=1+x and tanBp=x Hence 
This gives tan{ 2a = _tan2a@—-1_ [2tana@/(1-tan’a)]-1 
4) tan2a+1 [2tana/(1-tan’a)]+1 


—1 1 : 
O<a<a and —<fB<— and sina=cosfB 
2 2 _ 2tana+tan’a-1 
2tana+1—tan’a 
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_ (2/5) + (1/25) -1 
(2/5) + 1— (1/25) 

ee cee: 

34 °=«17 


Answer: (D) 
10. cos(Tan '(sin(Cot™ x))) is equal to 


(B) x -1 


A 
~) 2 x +2 


x 4t1 
+ 
vr 4+1 
+2 


x -1 


+2 


(C) 


(D) 


Put Cot'x = aso that cot a= x. Now 


1 1 
cosec @ x41 


Solution: 


sing = 


Again put 


Tan" (sina) = Tan” : = 6 
x +1 


so that 


Now 


1. 1 
sec B 1+tan’B 


_ 1 - xt 
Ji+fGe+n] V2? +2 


Answer: (A) 


cos B = 


11. If Cos'x + Cosy + Cos"z=3z, then the value of 
xy + yz + zx is 


Ao B83 ©; 3 


Solution: Since 0 < Cos'x, Cosy, Cos'z < m, we have 
Cos'x=2, Cos'y=a and Cos'z=2 
Therefore 
x=y=z=-l 
Substituting we get 


xyt+yzt+zx=3 
Answer: (D) 


12. The number of real values of x satisfying the equation 
sin[2 Cos '{cot(2Tan™ x)}] =0 
is 
(A) 2 (C) 6 


Solution: Clearly x =0 cannot be a solution and x = +1 
are solutions. We suppose x # 1 and -1. Put Tan'x = a. 
Therefore 


(B) 4 (D) 8 


tana=x#1,-1 


Now 
1 l-tanr’a 1-x 
cot2a@= = = 

tan2a 2tana 2x 

Now put 
1-x° 

Cos*| ——— |= 

so that 
ee 2 
cos B = * 
Therefore 
LHS = sin2f =2sin B cos B 
2\2 2 
oh 1-x 1-x 
2x 2x 
Now 
1-x : 
sin28=0-1-[ )-0 (. x #1,-1) 
2x 
=>(1-x)f=4x° 
= (1+2x-x’)(1-2x-x’)=0 

This implies 


x=-1+J2 or x=14+ V2 
which gives 
x=t1, -14+VJ2 and 1+42 
Answer: (C) 
13. If Sin'x + Sin y + Sin“ z = 32/2, then the value of 


2010 , 2011, 2012 9 
y 


xg ye z 
2010 yo fs gor 


(A) 0 (B) 3 (C) 6 (D) 9 


Solution: We have —7/2<Sin'x, Sin'y, Sinz < n/2 
and Sin'x + Sin‘ y + Sin‘ z = 32/2. This implies 


Sin’ x =Sin™ y=Sin'z 


Therefore x = y=z=1 and hence 


2012 9 9 


=3+-=6 
2010 + yer + 72012 3 


2010 ae +2 + 


Answer: (C) 
14. If0<p,q<1and 


= 2 
Sin! a = |-—Cost : ce = Tan"( | 
1l+p 1l+q 1-x 


then x is to 


pt+qd 
(A) a ”) 1+ pq 
+ 
(C) Pa (D) Prd 
pt+q P-d 
Solution: Put p=tan@so that 0< 0<a/4 (-- O<p<1). 
Therefore 


Sin“ fed = Sin“ (sin 26) = 20 (: 0<20< 5) 


1l+p 
=2Tan"p 
Similarly 
Cos {Eo : -|- 2Tan'q 
1+ q 
Therefore 


sint| 2 
1+ p 


ost ae 2(Tan™ p— Tan“ q) 
l+q 


=Tan’’ ( = 5 (Given) 
1-x 
=2Tan' x 
This implies 
P74 
1+ pq 
Answer: (A) 


Worked-Out Problems 


15. 3Tan™ (5) +Tan' (=) + Sin" fa is equal to 
y) : 655 


(A) = 


5 (B) a 


©O= o-7n 


Solution: 


Sin! ( — =Tan”™ 142 ifort ( =) 
65/5 \(osv5)° = (142° 31 

- Tan" a = Tan (3) 

1- 1—(1/25) 25) 12 

atan(5)=Tan( C2-C19)) -ran(3t) 

2 1-(3/4) 9 

Therefore the given sum equals 
Tan" (=) + Tan” (=) + Tan” (=) 
2 12 31 


(11/2) + (5/12) (142 
CU) +52) Tan (Sr) 


=n—Tan"™ (=) +Tan™ (=) 
31 31 


=H 


2Tan™ ( 


Ml 


=T+ van“[ 


Answer: (B) 


16. If Cos'x + Cos'y + Cos'z = 2, then the value of 
x+y +2? +2xyz is 
(A)1 (B)O (C)xty+z (WD) xy? 

Solution: Let Cos’x=a, Cos'y=B and Cos"z=y. 

Therefore cos~@=x, cosB=y and cosy=z and at least 

one of x, y and z is non-negative. Now 


a+Bpt+y=n>a+B=n-y 


Therefore 
cos(a@ + B) =cos(z — y) =—cosy 
cosacos B — sinasin B =—cosy 
This gives 
xy=V1l=x Jl =y¥ = 


=(1-x')(1-y’) 


VV +2 42xyz=1-v-yr+xry 


(xyt+zy 


x+y 47 t+2xyz=1 
Answer: (A) 
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17. If a +b°=c’, c#0, then the number of values of x Therefore 
such that Sin”'(ax/c) + Sin"'(bx/c) = Sin" x is 


2 
(A) 2 (B) 1 (C) 0 (D) 3 tan [si Fe a | - so = tan{ 0 re 6] 
Solution: Clearly x =0 is a solution. Suppose x #0. Put v2 v2 3 
1 
Sin’ =a and Sin'==8B =tan7=1 
c c 
Therefore Answer: (B) 
aX eo = bx 1 
artes ae ne sini rs 19. sin( 2 Tan” ;) + cos(Tan'2y2) = 
3 
Now 
1 3 14 11 
ae . ae. (8) (C) CD) a2 
a+ B=Sin” x= sin(a + B)=x 15 15 15 15 
= sina cos B+cosa@ sin B = x Solution: Put Tan“(1/3) = a and Tan'2,2 = B. 
Therefore 
=%h cx n ii ae bx _ 1 
c oe ce le tana = 3 and tanB=2V2 
=> ‘ fe bx + 2 We ax =1 This implies 
° i 1 3 1 
>a (C-b’x’) +b’ (C -a’x’)+ sina = Ao cosa = rit and cosB= q 
2ab,|c° — bx’ fe -ax =e! Therefore 
Therefore LHS = sin2a@ + cos B = 2sinacosa@ + cos B 
O(a +b’)-2a bx’ +2ab Je -bx? fe -ax =c _ 2 x 3 + 1 
vi0 10 3 
se ie abc -bx’ fe? =x (Perec) _ 6 : 114 
abx*=(C —b’x’)(c -a x’) ae ma 
=C-(@a +b’ )x°+abx* Answer: (C) 
(a +b*)x’ =c" 20. If 
This gives x° = 1 or x=+1. i ees 7 
Anewers (0) sn( sin 5 + Cos x) =1 
18. If0 <x < 1/2, then the value of then the value of x is 
1 1 1 1 
2 CS Be (Bhs (C) 7 (D) =z 
t - y| xX 1-x aot 2 3 4 5 
an| Sin a + B —Sin™ x 
2 2 Solution: Put Sin'(1/5) = a and Cos'x= B. 
: Therefore 
is 
(A) -1 (B) 1 (C) V3 (D) acd sina = - and cosB=x 
V3 5 
Solution: Put x =sin @ where 0 < @< 2/6. Now Now 


Sin? Xx + ie _ ac Sin@ + Cos@ 1 = sin(a@ + B) 
v2 v2 V2 1=sina cosB+cosa@ sin B 


fa. A 
=sin*(sin(o+4))-0+4 E o<04 755) nC ar fl =32 


4 


Worked-Out Problems 


Si f= JT 3 From these we get 
Z 1 
5-x)=24(1-x cosa=—= and sinB=— 
(S—x)y =24(1-x°) ac B io 
2 _ = 
25x°-10x+1=0 Therefore 
a foe and ngs 
5 Hence 
A :(D 
ee tan(ar+ p= lanettamB _ (0/2) + (0/3) _ 5 _ 
21. If 1-tana@ tan B 1- (1/6) 5 
7 1 
Tan? —— + Tan? —+_ = Tan . a+ B=Tan"(1)= a 
2x+1 4x+1 x 
Answer: (B 
and x # 0, then x equals newer (6) 
(A) 3 (B) = (Cc) 3 (D) : 23. If cot[Sin’(,/13/17)] = sin(Tan™ @), then ais 
2 422 
Solution: (A) = (B) 17-13" 
17 17x13 
- | {1/(2x + 1)}+ {1/(4x+ D} ) age FoF ; 
1- {1/(2x + 1)}-{1/(4x + 1} a @ — (Dye 
17° +13 3 
-1 6x+2 -1 2 : — 
Tan ore ie Tan = Solution: Put Sin™(./13/17) =@. Therefore 
Therefore aaa - 
3x+1 2 
Ax? +3x ye Also 
- 2 
x (3x +1) =2(4x? + 3x) cot@ = ycosec' @ — 1 
3x°- 7x? -6x =0 = as 1 
2 
sin’ 0 
x(3x° - 7x — 6) =0 
fle a 
x(x — 3)(3x + 2) =0 “AHS OS 


We take x=3 because when x=-2/3, LHS will be Again put Tan! a= so that tang= a. Now 


negative whereas Tan '(2/x’) is positive. i i 
@ — — 
cosecd Icot?@+1 
1 


22. If Sin*(1//5) and Cos 1(3//10) are angles in [0, 2/2], _ - 
then their sum is equal to J/e?) +1 Jo? +] 


Answer: (A) sin 


1 1 1 wy ol 
A) = B) — C) = D) Sin” —— Therefore 
AZ BE OF Msn 
: 2 a 
ee Let Sin” (1//5) = a and Cos” (3/V10) = B. eee V3 fit 
en 
1 3 ae ue 
sina =—~=, cos= and 0<a, ae 13. 14+@ 
V5 10 2 
13 1l+a@ 1 
>= =— +1 


4 a or 
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13 1 

4 @ 
9 1 
= ea 
4 @ 
2 
>a= = 
3 


Answer: (D) 


24. If x, y, z are in GP and Tan 'x, Tan 'y, Tanz are in 
AP, then 


(A) x=y=zory=#l 


(B) z=— 


(C) x=y=z, but their common value may not 
necessarily be 0 
(D) x=y=z=0 
Solution: We have 


y= zx and Tan’x+Tan'z=2Tan'y 


y’ = zx and Tan" aia es ye 2 if y#+l1 
1-xz 1l-y 


y= zx and Tan”| ~ = ee ees 5 
L=y l-y 


x+zZ=2y 


This implies x, y, z are in AP. That is x, y, z are in G.P. as 
well as in AP. Therefore 


x=y=z or y=#l1 


Answer: (A) 


25. If Sin'(1//5) and Sin'(1//10) are two angles of a 
triangle, then the third angle is 


1 
(B) = 


We have 


1 32 
(A) 4 (Ct 


Solution: 


1 1 1 1 
Sin? — =Tan™| = d Sin*| — |=Tan“| = 
in 5 an | an in (aa) an | 


(by Section 2.2) 
Put Tan“'(1/2) = @ and Tan™“(1/3) = B. Therefore 


‘sna and ‘angs- 
2 3 


This implies that 0< a and B< 7/4. Now 


tanat+tanB — (1/2)+(1/3) 5 _ 
1-tanatanB 1-(1/2)-(1/3) 5 


tan(a + B)= 


Therefore 


1 
at+Bp=— 
P 4 


and hence the third angle is 37/4. 
Answer: (C) 


26. Consider the following two statements P and Q. 


P:Cos' cos =) als 
3 3 


QO: sec? (cot! | + cosec” (Tan | =15 


Which of the following is true? 
(A) Both P and Q are true 
(B) Pis true, but Q is false 
(C) Pis false, but Q is true 
(D) Both P and Q are false 


Solution: We have 


Therefore 


cos'(S}=2 cos'{5)=a i 28 
2 2 3 3 


This implies P is true. Now, 


sec” (cot! | + cosec” [Tan | =[1+ tan’?(Tan™'2)] 


+[1+cot*(Cot™ 3)] 
=14+44+1+9=15 
Therefore Q is also true. 


Answer: (A) 


27. The value of x satisfying the equation 


Tan! (2x) + Tan‘ (3x) = 7 
iS 
1 -1 
(A) -1 (B) (C) 1 (Dp) — 
6 6 
Solution: Observe that x=+1 is not a solution. Let 


Tan“(2x) =a and Tan‘(3x)= 8. Therefore tan a= 2x, 
tan B = 3x. Now 


a+ B=" = tan(a+B)=1 


tana+tanB _ 


—_@§_ ——=]1 
1-tanatan B 


2x+3x _ 
1-6x° 
=> 6x’ +5x-1=0 


=> (6x -1)(x+ 1) =0 


1 


sx=2 (.° x #+1) 


Answer: (B) 


28. The value of cos(2Cos'x + Sin™'x) at x = 1/5 where 
Cos'x and Sin x are principal values is 


24 4 4 24 
A=. (Bee: A pS 
A= OF ©F O-% 
Solution: 
cos(2Cos' x + Sin™ x) 
= cos{ Cos" + =) 
2 
= —sin(Cos’ x) =-sin(Sin' ¥1- x’ ) 
=-y1-x’ 
Therefore at x = 1/5 the required value is 
cos(2 Cos’ x + Sin x)=—- fi aoe 
25 
__ N24 
aa: 
Answer: (D) 


29. For anyO<x<1, 


is equal to 
1l-x 2x 
A B 
es) 1+x° oo 1-x° 
2x 
Cc D) 0 
Os (D) 
Solution: Put Tan 'x=@. Then tan@= x and -7/2 <@< 


m2.Since 0 < x < 1, we get that 0 < 0< 7/4. Hence 0 < 20< 
m2. Now 


Worked-Out Problems 


2x 2tan 
= ; +x =Su ; i" a6 | 
= Sin”'(sin 26) = 26 
Cos ; = ) =Cos™ cee — ie 4 
x + tan’é 
= Cos '(cos26) 
=20 


Again 


Therefore, the given expression equals 


tan{ : (20) + : 26)) =tan20 
2, 2 

2tand 
1—tan’@ 
_ 2x 
“12x 


Answer: (B) 


30. If 


Sin” (2) Sin” (=) a= 
x x 2 
then x is equal to 


(A) 17 (B) 15 (C) 13. (D) 19 


Solution: Sin™‘(5/x) and Sin™'(12/x) are both defined 
when x > 12. Therefore by Theorem 2.7, 


cos {= 3) + Sin” (2) a 
x x 2; 


=Cos” (2) + Sin” (2) 
x x 


Comparing we get 


Therefore 


144=7°-25 or x=13 


Answer: (C) 


31. If x, y, z are positive real numbers, then 


Tan! (Met Y +2) y pant [ye +ytz) 
YZ ZX 
‘Tan uxt y+z) _ 
xy 
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(0 BF OF Ox 


we x(x+y+zZ) 
yz 

Re [yatytz) 
ZX 

es 2(x+ y+z) 
xy 


Solution: Put 


Therefore 


Now 


Tan'a+Tan'b=2+Tan" ore 
1—ab 
(by Theorem 2.11) 
[ Jxtyt+z aa 
Zz y x 
—(x+y) 


[ z 


_ | xt+yt+z[x+y Zz 
=na+Tan | 7 Gat: | 
=n Ten] FORD 

xy 


=n+Tan! 


=n-—Tan'c 
So 
Tan!a+Tan'b+Tan'c=a 
Answer: (D) 
32. Cos’| — |+ Sin” 20 = 
34 
(A) Tan™ (=) (B) Tan” (7) 
(C) Tan (=) (D) Tan™ (5) 


Solution: We have 
4 3 3 3 
Cos'|— |=Tan'}—]| and Sin'| —= |=Tan™| = 
a ea 
(by Theorem 2.9) 
Therefore 


on (Se) 


=Tan™! (=) + Tan”? (=) 
4 5 


_tan'{ 3/4) +G/5) (. ce 7 
1— (3/4)-(3/5) 45 
=Tan? (7) 
11 
Answer: (B) 
33. If 
Cot™ ay Cot Lx Cot bot 
x y Z 2 
then xy + yz + zx is equal to 
(A) 1 (B) -1 
(C) x+y+z (D) -(x+y+2z) 
Solution: Put Cot'(1/x)=a, Cot'(1/y)=B and 
Cot™(1/z) = y. Therefore 
1 
cot(a + B)= cot( 4 - 7) = Tany 
cota cot B-1 
—_—____=tany 
cot B + cota 
(W/x)-(Uy) = 1 
(1/y) + (/x) 
1—xy=z(x+ y) 
xyt+yz+zx=1 
Answer: (A) 
34. If Cos (3/5) + Cos '(12/13) = Cos"'(k), then the value 
of k is 
16 12 11 19 
yes By. ee Dy. = 
A) & 8) & ) & O) & 
Solution: It is known that 


Cos'x + Cos! y=Cos'! (xy —,/1—x’/1- y’) 


when x + y= 0. 


Therefore 


3 12 
5 13 


Cos'(k)=Cos™ 1 x fi ne 
25 169 
36 ©6200 
=C poh cores tee 
“8 (z 3) 


=Cos" (2) 
65 


This implies 


Answer: (A) 


1 1 1 
Oe eee es ee en er 
mean fede fe as} 7 aa} 


upto 7 terms is equal to 
+1 
(B) Tan-(? 5] 


4fn-1 
A) te a=) n+ 


Multiple Correct Answer Type Questions 


1. Which of the following are true? 


(A) Tan i, ie Sta 
7 13 9 


(B) Tan“ Gi Tan Gh cd 
2 3) 4 


(C) Tan“(3) + Tan7(4) = = 
an x +Tan’~ y=Tan | ——— if xy> 
D) Tan™x +Tan"y=T dee if xy>1 
=F 


Solution: 
(A) We know that 


4 = af *+y : 
Tan x+Tan’ y=Tan | ——| if xy<l 
1-xy 


Therefore 


afl afl _f (/7) + (4/13) 
Tan (5) + Tan (35 }=Tan (a) 


7 Tan( 4 + 1) 
90 
= Tan(2) 
9 


Therefore (A) is true. 


Worked-Out Problems 


(C) Tan( 5) (D) Tan) 


Solution: Let 


Uy, = Tan eer eee = Tan? A+1-k 
1+k(k +1) 1+k(k +1) 


= Tan'(k +1)-Tan'k 
Put k=1, 2,3, ...,n and add so that the given sum equals 


Tan '(n+1)—Tan'(1)=Tan™ es 
1+1-(n+1) 


=Tan” (2 ) 
n+2 


Answer: (C) 


3 tan*(2) + tan*(2) 


Tan" | (1/2) + (1/3) 
1 - (1/2)-(1/3) 


Therefore (B) is true. 
(C) Here x >0, y>0 and xy >1 so that 


+ 
Tan’ x+ Tan’ y=2+ Tan“ mets 
1-xy 


Therefore 


Tan? 3+ Tarde Tar 


Hence (C) is not true. 
(D) According to Theorem 2.12, (D) is not true. 
Answers: (A), (B) 
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2. The values of x satisfying the equation 


Tan'(x+2)-Tan'{s =) Tan'(=)=0 
x x x 


are 
(A) V3 (B) -V3._— (©) -v2_—s (D) V2 
Solution: The given equation can be written as 


tan"(? + (2/x)-—x+ ci Tan"(#) 6 
1+[x° —(4/x°)] x 


Tan (=) -— Tan" (*) = 
x+x°-4 x 


dst Ger +x°-4)]- a = 
1+ [16/(x* $x - 4)] 


et: See, 
x+x°-4 x 


x’ —(x*+x°-4)=0 


Therefore 


x= +/2 
Answers: (C), (D) 


x'=4 or 


3. When 0 <x <1, then Cos"'x is equal to 


(A) Sint 1-2 (B) tan'( Line 


x 
(C) Cosec* 


(D) 2-sin“x 
1-x 2 


Solution: Let Cos'x=@ Since 0<Cos'x<a and 
x > 0, it follows that 0 < 0< 7/2. 


(A) sin@ = yl —cos’@ = fi -x 
Therefore 


6=Sin™J1— x’ 


Hence (A) is true. 


2 


1_ 
(B) tan@ = aa = and hence (B) is true. 
cos 


x 
1 1 
C) cosec@ = = 
sin@ fy_ x? 
Therefore 
@ =Cosec™ 


1-x° 


Hence (C) is also true. By Theorem 2.10 (D) is also 
true. 


Answers: (A), (B), (C), (D) 


4. Identify the correct statements. 
(A) The number of solutions of the equation 


Tan"( i , + Tan"(<) wg 
1-x x 4 


belonging to the interval (0, 1) is two. 

(B) Tan7'(1/2) + Tan“(1/8) + Tan'(1/18) + --- upto 
n terms is (7/4) — Tan'[1/(2n + 1)]. 

(C) If0<x<1 and 6=Sin™'x + Cos“ x —Tan'' x, then 
m4< O< n/2. 


(D) The value of Sin” [sin (47/3)] + Cos”'[cos(77/6)] 
is 77/2. 


Solution: 


x 1 1 
A = >1 because 0 <x<1 
oe fees (1—x7)x? * 


Therefore 


Tan! —~— |+Tan™ (= Be 
1-x x 4 


{x/(1— x°)}+ (A/x?))_ 3x 
1-{1/x’(1-x*)} 4 


=> n+ Tan" | 


4 42 = 
= Tan"( x -—x +1 - 1 


x(-x‘ +x? -1) 4 


=> Tan! (=) ae 
x 4 


=>x=1.But0<x<1. Therefore (A) is false. 
(B) Let 


u, = Tan (=) for k= 1,235.2 

=Tan™ (=z) 

4k? 
=Tan™ z 

Ak? —14+ 7 
=Tan™ Z 

1+ (2k +1)(2k- 5 | 
ee 2k+1-(2k-1) 

14+ (2k + 1)(2k -1) 
aes [1/(2k -1)]-[1/(2k + 1)] 
7 1+[1/(2k + 1)][1/(2k -1)] 
=Tan™ — —Tan” : 

2k -1 2k+1 


Therefore 
1 
+u,++-+u, =Tan'(1)—- Tan | ——— 
U, + Uy s (1) (= ri ; 


Hence (B) is true. 


(C) Sin'x + Cos'x — Tan 'x = . —Tan'x 


Therefore 
ag rae 
2: 
Now 
0SxS130<Tan'x<7 
=> —<-Tan'x<0 
4 
et Tepe” 
4 2 2: 
Therefore 
ees 
4 2 


Hence (C) is true. 


0 s(t) (') 


=Sin' (=2) Cos” (=2) = 
2 2 


2 


Hence (D) is also true. 
Answers: (B), (C), (D) 


5. Which of the following are true? 


(A) 0<x<F, then 


Pave Jl-sinx + /1+sinx a 
Ji-sinx — 1+ sinx 2 
(B) Cos“ (x) =2Sin7 = 
(C) Tartze Tats” deas0 
x: 2 
2, 
(D) van [ yitx =). 5Tan"(x) 
x 


Solution: 


(A) Ji-sin x = cos —sin> (: cos > sin) 


Worked-Out Problems 


: xX . Xx 
J1+sinx =cos—+sin— 
2 2 
Therefore 


Cot” al —sinx+ mil +sinx | Zee [=o *| 


Jl — sinx -/1 +sinx 
=Cot? [cot(= = =) 
2 


=f — 


a 
2 
Hence (A) is true. 


(B) Let Cos'x = @so that cos x = @ where -1 <x <1 and 
0<@<7. Now 


2sin® $= 1 cos =1- x 


Therefore 
sin — = oa ( 0<0<7) 
2 2 
2st eo 
2 2 
Cg aad 


Hence (B) is true. 


(C) When x > 0, then we know that Tan '(1/x) = Coty. 
Therefore 


1 1 
Tan! x + Tan! —=Tan'x+Cot'x= a 
x 


So (C) is true. 
(D) Put x = tan 6 where —-7/2 < 0< 7/2. Therefore 


Tan" ees =Tan? (See-t) 


x 


Sin@ 
=Tan™ [Tan >| 

2 
7) ( -z 0 = 
= << 
2 4 2 


Hence (D) is also true. 
Answers: (A), (B), (C), (D) 
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Matrix-Match Type Questions 


1. Match the items of Column I with those of Column II. 


Column I Column IT 

(A) IfSin'x+Sin'y=27/3,thenthe (p) 
value of Cos'x + Cosy is 4 

(B) Tan '(secx + tanx) at x = 7/3 is (q) = 


equal to 


(C) For-1<x<1,ifSinx=7/5,then (r) = 
Cos” x equals 3 


(D) 2Cot'5 +Cot'7+2Cot’8 equals (s) — 


Solution: 


(A) Sin x + Sint y= = 


Suppose Cos™'x + Cosy = a. Adding we get 


qa nu 2 
—+—=—++a 
2 2 3 
Therefore 
1 
a= — 
3 


Answer: (A) > (r) 


ad 


(B) Tan™'(sec x + tanx)=Tan™ 
cos.x 


ig ‘ = Ros?) + “) 
sin{(z/2) + x} 


=Tan“| tani 2+~|]=24+ 
4 2 4 2 

Therefore at x = 7/3, 
Tan ‘(sec x + tanx) =— aga 


Answer: (B) => (s) 


(C) We have 
Sin x + Cos" x = . 


Costx = 2 — 
2 


Answer: (C) — (q) 
(D) 2Cot’5+Cot'7+2Cot'8 


= 2(Cot'5 + Cot'8)+ Tan" 7 


= 2{ Tan” Z + Tan! A] + Tan?! i 
5 8 7 


=2Tan"™ (ee = oo) + Tan’ - 


1- (1/40) 

= 2Tan(;) + Tan" : 
= Tan a jets ete 

1- (1/9) 7 
= Tan ( ) Tan" ( 
pune (Sn) 

1-(3/28) 

= Tan (2 2)-2 


Answer: (D) > (p) 


2. Match the items of Column I with those of Column II. 


Column I Column IT 
(A) In AABC, if [A = 90°, then Tan™ (p) A 
[b/(c + a)] + Tan“ [c/(a + b)] = 
(B) The sides of a triangle are 5, 12 (q) a 
and 13. Then Sin7(12/13) + 2 
Cos™(5/13) = 
4 1{ ¥ +1 a 1 
(C) Sin fs <i i}* + Sec (=5)- OT 


a 


3x+2 2x+3 
-1 -1 7 
(D) Cos [Ferg } + Cosee (=) (s) 


Solution: 
(A) It is given that a = b* +c’. Therefore 


Tan“( J tan" (5) 
cta a+b 


ae c= +a)}+{cl(b+ 4 
—{bel(c + a)(a + b)} 


b°+c’+ab+ca 

-1 

= Tan 5 
a+ab+ca 


=Tan"(1) (- Pb +C=a@) 


Answer: (A) > (p) 


(B) The given triangle isa right-angled triangle with hypot- 
enuse 13. Hence the other two angles are Sin“(12/13) 
and Cos”'(5/13) whose sum must be equal to 72. 


Answer: (B) — (q) 
(C) We have 


Sec'x = Cos”! (=) 
Xx 


Therefore 


Answer: (C) > (q) 
(D) We have 


Cosec '(x) = Sin™ (=) 
Xx 


Therefore 


Answer: (D) > (q) 


3. Match the items of Column I with the items of Column II. 


Column I Column IT 
(A) Value of sin[Cos”'(3/5)] is (p) : 

(B) sin sin 3) @ 2 

(C) cos{ Tan" 3] = (r) = 

(D) cos( 5 - Sin (=) = (s) : 


Solution: 


(A) sin{ Cos” 3) =sin@ [where cos0 = = 0<0< r) 


Worked-Out Problems 


=,/1—Cos’@ 


Vo 25 


Answer: (A) — (s) 


(B) si 2 — Sin? 4 = sin( 5 = 4 


Answer: (B) > (p) 


(C) cos{ Tan” =| =cos@ [where 0<@0< . and tan @ = >| 


Answer: (D) > (r) 


4. Match the items of Column I with those of Column II. 


Column I Column IT 


(A) If1/V2 <x <1, then 
2 Sin" x is equal to 
(B) If 1/2<x<1, then 
3 Sin x is equal to 
(Cj fe 25-12, 
then 2 Sin x equals 
(D) -1<x<-1/2, then 
3 Sin ‘x is 


(p) 2-Sin “(3x — 4x°) 
(q) «-Sin™(2x,/1— x’) 
(r) -2—- Sin (3x — 4x’) 


(s) -2 —Sin™'(2x,/1— x’) 
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Solution: 
(A) It is given that 1/J2 <x <1. Put Sin'x = @ so that 


(B 


wa 


(C) 


m4 < @< 7/2 and sin@=x. Therefore 


* <26<n=>-2<-26<— 
2 2 


>0<7-20< a 
2 
Also 
sin(a— 26) =sin20=2x./1— x? (-" 0< 2x,/1—x° <1) 
Therefore 


nm — 20 =Sin'(2x,J1- x’) 
2Sin' x =n — Sin" (2x,/1- x’) 


Answer: (A) > (q) 
It is given that 1/2 <x <1. Put Sin'x = @so that 2/6 < 
0< z/2 and sin@=.x. We know that 


sin 30 =3sin 6 — 4sin’@= 3x — 4x° 


Therefore 
227 3 ge 
2 
Le eee 
2 
=>—<n-30< = 
This implies 


sin(z — 36) = sin 30 = 3x — 4x° 
nm — 30 = Sin (3x — 4x’) 
30 = m — Sin! (3x — 4x°) 
Hence 
3 Sin“ x = 2—- Sin'(3x — 4x’) 
Answer: (B) > (p) 
It is given that -1< x <-1/V2. Put Sin'x = @so that 


—m/2 < 0<—7/4 and sin @= x. Therefore 


Sl ee 
2 


This implies 


and so 


sin(z + 20) =—sin 20 


=~—2sin@cos@ =—2x,/1—x° 


Now 
n+ 20 =-Sin'(2xJ1- x’) 
20 =-n -Sin'(2xJ1- x’) 
Therefore 


2Sin'x=—2 —Sin™'(2x,/1— x’) 


Answer: (C) > (s) 


(D) It is given that -1<x<-1/2. Put Sin'x=8. 
Therefore x = sin @ and 


294362 © 
2 2 


Now 
sin 36 = 3sin@ — 4sin’6@ = 3x -— 4x° 
sin(z + 30) =—sin30 = — (3x — 4x°) 
Therefore 
n+ 30 =—Sin' (3x — 4x°) 
30 =—n —Sin™ (3x — 4x’) 
3Sin™ x =— —Sin"(3x — 4x°) 


Answer: (D) => (r) 


5. In Column I, some equations are given and in Column IIT 
their corresponding solutions are given. Match them. 


Column I Column II 
(A) 2Tan“(2x +1) = Cos "x (p) V3 
(B) 3(Tan'x)?-42(Tan'x)+27=0 (q) 1 
(C) Sin "x — Cos'x = Sin (3x - 2) (r) 0 
(D) Tan™ E + | + Tan" (. | =" s) : 

2 2 4 2 


Solution: 
(A) Cos"x is defined when -1<x<1. Put Tan'(2x + 
1) = 0so that tan @= 2x + 1. Therefore 
Cos! x =20 


1-tan’?@  1-(2x+1) 


=>x=cos20= = 
1+tan?@ 1+(2x+1Y 


> xtx(2x4+1P =1-(2x4+1YP 
3 xt+4x° 44x? +x=1-4x -4x-1 
=> 4x° + 8x° +6x=0 


= x(2x° + 4x +3)=0 


The equation 2x” + 4x + 3 =0 has no real solutions. 
Therefore x = 0 satisfies the original equation. 


Answer: (A) > (r) 
(B) Put Tan“ x= y. Then the equation transforms to 


3y —4ay+ n° =0 
(3y-a)(y- 2) =0 


Therefore 


or y= 


wa 


y — 
This implies 


= 1 : 
Tan” x= 3 or Tan'x=a 


Since —7/2 < Tan ‘x < 7/2, it follows that 
Tate 
3 
Therefore 
x= tant = V3 


Answer: (B) > (p) 
(C) The given equation can be written as 


sin -(—sin x] =Sin"(Gx -2) 


Comprehension-Type Questions 


1. Passage: To solve an equation of the form af(x)+ 
bg(x) = ch(x), where f(x), g(x) and h(x) are some inverse 
trigonometric functions reduce the equation to an alge- 
braic equation by calculating a certain trigonometric 
function of both sides and isolate the extraneous roots 
by verification. Answer the following three questions. 


(i) If Sin 6x + Sin! (6V3x) =-7/2, then the value 
of x is 
1 -1 1 -1 
A) — B) — Cc 
(A) 12 ®) 12 13 13 


Worked-Out Problems 


Therefore 


28in'x— > =Sin"(3x —2) 


ax=2= sn{ 26 - =) (where @ = Sin“ x) 


=—cos260 
=-—(1-2sin’@) 
=2x’-1 
Therefore 
2x* —-3x+1=0 
(2x -1)(x-1)=0 


Hence x = 1/2, 1 and these values satisfy the original 
equation. 
Answer: (C) > (q), (s) 
(D) The given equation can be transformed to 


Tan ( 2402) 5 C2) 2 


1-[?-(/4] J 4 
| 
(5/4) —x 
4x° +8x-5=0 


(2x —1)(2x +5) =0 


Therefore 


x = 1/2 satisfies the equation and x =—5/2 does not. 
Answer: (D) —> (s) 


(ii) The number of solutions of the equation 
Tan'(2x) + Tan“ (3x) = = 


is 


(A) 0 (B) 1 (C) 2 (D) 4 
(iii) Sin’'(2x) = 3 Sin"! x has solutions whose number is 
(A) 0 (B) 1 (C) 2 (D) 3 
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Solution: ‘s 4 af(x-y 
(i) Observe that the equation has meaning if -1/6./3 < and Tan” x—- Tan” y= Tan ; ra ~) a cg 
x <1/6V3. This gives where 
Sin 6x = a ~ Sin" (63x) 0 ifxy>-1 
M=)1 ifx>0, y<Oand xy<-1 
= 6x =—sin{ © + sin(6y3)| -1 ifx<0, y>Oand xy<-1 
=~ cos(Sin!(6V3x)) Answer the following questions: 
=—/1-108x? (i) Tan! (5) + Tan‘! (3) - cor'( 3) is equal to 
= 36x° =1-108x - An : = 
renee UG. (Bla. oh OO) age 
1 
14437 =1 otf x=4— (ii) 3Tan! @ + Tan! (55) + Tan” (sas) equals 
12 4 20 1985 
So x =-1/12 is a solution and x = 1/12 is not a solu- 1 21 t t 
tion because x = 1/12 makes LHS positive and RHS (A) 2 (B) yy (©) 2 (D) 4 
BEEAIVe: (iii) The number of solutions of the equation 
Answer: (B) 
(ii) Put Tan '(2x) = a, Tan '(3x) = B. Therefore tan a= Tan!(x + 1) + Tan“ (x —1)=Tan™ (= 
2x and tan B= 3x. Now 31 
peg Santee BR) when —v2 <x<W2 is 
4 (A) 1 (B) 2 (C) 3 (D) 0 
_ tanat+tanB 5x Blations 


~ ~~ 2 
1—tanatanB 1-6x (i) x=5, y=3 and xy =15>1. Therefore 


Therefore 


6x°—5x—-1=0 Tan '(5)+ Tan '(3)=2+ Tan" (3) 
(6x + 1)(x-1)=0 ji 
‘ou a : =m —Tan'| — 
The solution is x=1, —1/6. We can verify that 7 
x =—1/6 is not a solution. Therefore x = 1 is the only 
solution and it satisfies the given equation. Tan (5) + Tan (3) — Cot? (=) 
Answer: (B) q 
(iii) Put Sin’x=@ so that -1<x<1 and sin@=x. Sesh peat 4 ‘Cort 4 
Therefore 7 7 
2x = sin30 = 3sin@ — 4sin’ 6 = 3x -4x° gee ge 
= 4x°-x=0 2 2 
Answer: (A) 
1 
>x=0,+- 1 1 1 
7 (ii) 3Tan™ (5) + Tan? (=) + Tan" (sass) 
Answer: (D) 4 20 1985 
' (tr 
2. Passage: Tan” x + Tan” y= Tan-( i ) + Am where ~ 3/16) 0 
~ xy 
‘Goe) (as) 
+ Tan “o< 
0 ifxy<1 1985 4 3 


A= 5-1 ifxy>land x<0 
1 ifxy>land x>0 


Worked-Out Problems 


-ta(2 i 1 rei( 1) (A) (P+1)Q"-1)=0 GB) (*-1)O"+1)=0 
1985 (C) @-1)G°-1)=0 (D) ¥+y=Vv2 
(iii) If a=2, b =2, then (x, y) satisfies the equation 
| (47/52) er 2 2 = 
i 1 (A) @ - Dy -1)=0 
1- eC 1985 (B) (4x°-1)(y’-1) =0 
(C) (4x°-1)(y°-2) =0 
2 Tan"( 2 )-+Ta m'(e : (D) (x°-2)(4y*-1) =0 
vue yee Solution: 
= Tan 1— (1/1985) 4a ( 1 (i) When a= 1 and b = 0, the given equation reduces to 
1+ (1/1985) 1985 e 
Sin'x+Costy=0 |+: Cos'(0)=— 
1 1 2 
= Tan” (1)- Tan” (sass) + Tan” (zs) 
1985 1985 
Therefore 
2% 
4 Sin’ x = Cos" y=—Sin™ j1—- 
Answer: (D) This oi 
(iit) —J2 <x < V2 > x°-1<1. Therefore seca 
3 g=5/1=y of x +y'=1 
-1 
Tan '(x +1)+ Tan“ (x -1)=Tan™ =] Resor 
al ated (8 (ii) When a = 1, b = 1, the equation is 
= Tan” | ———,—__ |= Tan | — 1 
1-(v-]) 31 Sin’'x + Cosy + Cos 'xy= 5 
af 2x \_ if 8 
=o gn (= x = ian (= Therefore 
= 2x _ 8 Sin''x + Cos" y= a Cos" (xy) = Sin xy 
2-x? 31 2 
= 8x? + 62x -16=0 xy =sin(Sin”'x + Cosy) 
= 4x° + 31x-8=0 =xy-Jjl-xJ1-y 
= 4x° + 32x-x-8=0 (x’-1)(y -1)=0 
=> (x + 8)(4x-1)=0 Answer: (C) 


iii) When a = 2, b =2, the equation becomes 
Therefore x = 1/4 [since -8 ¢ (-V2, V2)] and one — 4 

can check that x = 1/4 satisfies the initial equation. Sin !(2x) + Cosy + Cos" (2xy) = a 

Answer: (A) 2 

Therefore 
3. Passage: Consider the equation 

Sin'2x + Cosy =~ —Cos* (2xy) = Sin (2xy) 
Sin (ax) + Cos (y) + Cos“ (bxy) = = 2 
2xy =sin(Sin'2x + Cosy) 


Answer the following questions. 
= _ _ 2 aye 
(i) Ifa=1andb =0, then (x, y) satisfies the equation = EX a ey 
(A) x +y=1 (B) x+y =2 (1-4x*)(1- y)=0 
(C) Pry =5 (D) y=a That is 


a ; ’ (4x° -1)(’-1)=0 
(ii) Ifa=1,b =1,then (x, y) isa solution of the equation Anewar: iB} 
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Assertion-Reasoning Type Questions 


In the following set of questions, a Statement I is given 
and a corresponding Statement IJ is given just below it. 
Mark the correct answer as: 


(A) Both Statements I and I are true and Statement II 
is a correct explanation for Statement I 


(B) Both Statements I and II are true but Statement I] is 
not a correct explanation for Statement I 


(C) Statement I is true and Statement II is false 


(D) Statement I is false and Statement I is true 


1. Statement I: Tan{ Cos" (=) + Tan”! 6} = 2 


ce | 
x 


Statement Il: If—1 <x <1, then Cos'x= ran | 


Solution: Statement II is false, because 
Bae (- | 20 
2 3 
whereas 
1- (1/4) 
Tan = Tan! (—J3) = — 
(-1/2) | ( ) 
But, 
tan{ Cos" = +Tan' 2] 
5 3 
= tan{ Tan” 2 + Tan’! =| 
4 3 
=tan(a+ B) 
where 
a=Tan" 2 and B=Tan' = 
4 3 
Now 
imierh\= tana+tanB — (3/4)+(2/3) _ 17 


—tanatanB 1-(3/4)-(2/3) 6 


Answer: (C) 
2. Statement I: Cos” (2) + Cos” & =) + Cos (2 )- a 
5 13 65) 2 


Statement II: If 0<x, y<1, then Cos'x+Cos'y= 


Cos" (xy —.J1-x° /1-y’) 


Solution: Put Cos'x = aand Cos y= so thatO<a< 
m2 and 0 < B< 7/2 and hence 0< a+ B< a. Also 


cos(a@ + B) =cosacos B — sinasin B 
=xy-Jj1—-x,/1-y 
> a+ B=Cos"(xy-J1-xJ1-y’) 


Therefore Statement II is true. Now 


~~ Cos” {shee (3) 
5 13 65 


SCpe| 2 a a Ne +005'(3) 

5 13 = 169 65 
= Cos” es 2 5|+005"( 2) 

65 5 13 65 
= Cos” (2) + Cos” i 

5 65 

2, 
=Sin™,/1- cs + Cos! (=) 
5 65 

= Sin" (= +Cos* (= 

5 65 
aoe 
“2 

Answer: (A) 


3. Statement I: sin'( 2) + Sin" (= 5 ) sin" (2 )- u 
? 13 65) 4 
Statement I: Ifx>0,y>0andx’+y’<1, then Sin’ x + 
Sin y =Sin'(xJ1- y + y 1-2) 


Solution: 


Put Sin“ x = wand Sin" y = B. Therefore 

0<a<4, O0<p<= 
2 2 

So 

2 2 1 

x+y a 

sin(a@ + 8) =sinacos B + cosasin B 

=x/l-y + yJ1- x 


0<at+p<l>at+p 


= Sin"(x,/1- y t+ yJ1- x) 


Therefore Statement II is true. 


Hence Statement I is false. 
Answer: (D) 


4. Statement I: Ifx>y>z>0, then 


Cot" aves + Cot" cS + 
x-y yr-z 


1 _ Cot 'x, ifx>0 
Statement II: Tan” 


x -m+Cot'x, ifx<0 


Solution: Let Cot™'x = @so that 0 < @< mand Cot 0=x. 


Therefore 
Tan@= Z 
x 


Tan? (=) = 
x 


if0<a<7 


—-m+0 if > <0<n 


o 


if 0< Cot” eee 


1 
-m+Cot'x, if 5 <Cotlx<a 


Cot'x, ifx>0 
—m+Cot'x 


Therefore Statement II is true. 


ifx<0 


Integer Answer Type Questions 
1. If cos(2 Sin“ x) = 1/9, then the value of 3|x| is ___ 


Solution: Put Sin'x = 6@ so that sin @= x. 


Worked-Out Problems 


Now x>y>z>05x-y>0, y—z>0 and z-x<0. 
Therefore 


cor! [2+1) + cor: #1) co “(e) 

x-y y-z ee 
Tan) 44 Tan 2 | ee | 2 
xy+1 yzt1 zxt1 


=(Tan'x — Tan“ y) + (Tan y-Tan™z) + 


(Tan'z-Tan'x)+7 
= 


Therefore Statement I is also true and Statement II is a 
correct explanation of Statement I. 


Answer: (A) 
5. Statement I: For x > 14, if Sin '(14/x) + Sin '(2V15/x) 
= 7/2, then x = 16 
Statement II: If 0<x <1, then Cos’x =Sin™/1—x° 


Solution: Statement II is obviously true. 


Sin? (“) =" ~sint (2) 
x 2 x 
Cos" (2) 
x 
Seni 
Xx 


a a(x’ — 60 
x 


Therefore 


x 
=> x°-60=196 
=x = 256 
=>x=16 


Therefore Statements I and II are true and Statement II 
is a correct explanation of Statement I. 


Answer: (A) 


Now, 


57 00820=1-2Sin? @=1- 22" 
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Therefore 
pq 8 
9 9 
ee 
9 
goes 
3 
or 3|x|=2 


Answer: 2 


2. 1+ cos[Cos (—V3/2) + (/6)] is equal to 


Solution: 


1+cos} Cos™ -v3 eee = 1+ 005( 3 + 2) 
2 6 6 66 


=1+cos(z)=0 


Answer: 0 


3. Number of values of x satisfying the equation Sec! x + 
Sin 'x = 7/2 is__ 

Solution: Sec''x is defined for |x| > 1 whereas Sin'' x is 

defined for |x| <1. Therefore Sec'x + Sin'x is defined 

when |x| = 1 in which case their sum is 7/2. 


Answer: 2 


4. If x > 1, then the value of 


—sin 1 tant 2s = |-Tan‘x 
2 1-x 


is 


Solution: 


—sin Ayan gE = |-Tan‘x 
2 1-x 


= -sin{ 5 (-x + 2Tan™' x) -Tan™ x) 
= -sin{ =] =1 
2 


5. 21+ Tan ‘(tan5) is 


Answer: 1 


Solution: 5 does not lie between —7/2 and 7/2. But 
5-27 =5- (+) = 5 — (6.28) = —(1.28) 


lies between —7/2 and 77/2. Also 
Tan '(tan5) = Tan '(tan(5 — 22)) =5 — 2 
Therefore 


2x+ Tan '(tan5) =5 
Answer: 5 


| 


Inverse Trigonometric Functions 


2.1 Definition of Sin''x or arcsinx: The function f: 
|. | > [-1, 1] defined by f(x) =sin xis a bijection 


and hence it has unique inverse function g:[-1, 1] > 


Hr 


such that sin(f(y)) = y for all -l < y<1 


and g(sinx) = x for all 5S This function 
aml. . . 
g:[-l, |-2,2] is called the inverse of sine 


function and is noted by Sin” x or arcsin x. 


1. For-1 <x<1,and-4 sys, Sin'x=y e siny=x. 


2. Domain of Sin™x is the closed interval [-1, 1] and 


; : 7 1 
range is the closed interval ea oll 


3, sin(Sin'x) =x for all x € [-1, 1] and Sin“(siny) = y 


for all ye[-2.2 : 
22 


4. Sin’x=00.x=0. 


5. Sin’xe -2. 0| © yeé[-1,0] and Sin'x [o. | So 
x € [0,1]. 


2.2 Table showing the domains and ranges of inverse 
trigonometric functions 


Function Domain Range 
Sin" x [-1, 1] ees 
[| 2 2] 
Cos x [-1, 1] [0, zr] 
Tan ‘x R so 
[| 2 2] 
Cot "x R [0, x] 
Cosec™! x —oo, —1] U [1, ma U 0. 
Canis) [2 i 
Sec! x —oo, —1] U [1, 0Z)u | 
c~-nvis) — oZu[Z 


2.3 Fundamental Identities: 


(1) Sin'x + Cos'x= 5 for all-1<x<1 
(2) Tan'x + Cot! x= 5 for all real x 


(3) Cosec''x + Sec’ x= . for all x € (-0, -1] U [1, 9) 


sin(Cos™x) = ,/1 — x* and cos(Sin"'x) = ,/1- x? 


x 1 
Vlt+ x 1+ x? 
x 
J1—-x 


(4 


~~ 


(5) sin(Tan™' x)= and cos(Tan"' x) = 


(6) tan(Sin"'x) = for-1<x<1 


Rea 
(7) tan(Cos™x) = re for 0#x €[-1, 1] 
4 1 
(8) tan(Cot’x)=— forx#0 
x 
. =i 1 
(9) sin(Cot x)= 


1+ x? 
x 
Jl+x 


(11) Sin'x=Cos'(,J/1-x?) for0<x<1 


(10) cos(Cot™x) = 


(12) Sin’ 


= Cort =Tan'x 
Xx 


for all x > 0 

(13) Sin™'(—x) =—-Sin™x and Cos”'(-x) = 1 — Cos'x 
for-l<x<1 

(14) Tan™'(-x) =-Tan™'x 


2.4 Useful Formulae: 


Z  ifx>0 
(1) Tan?x + Tan? (=) =j2 


x) | itxe<o 
2 


(2) (a) If x and y are positive real numbers, then 


Tan'x+Tan'y=(2+Tan" 2) if xy>1 
1-xy 
1 : 
— if xy=1 
>) y 


(b) If x and y are negative real numbers, then 


id 
2 


2.5 (a) Ifx and y are positive reals, then 


Tan 'x —Tan‘y=Tan' same ) 
14+ xy 
(b) Let x, y be reals and xy #-1. Then 


Tan ‘x —Tan'y 


tan (2-2 
14+ xy 


= n+ tan'( 2-2) if x >0, y<Oand xy<-1 
xy 


if xy>-1 


n+ Tan [ 222) if x <0, y>Oand xy<-1 
+ Xy 


2.6 Ifx>0, y>Oandx°+y° <1, then 


Sin'x + Sin“ y= Sin "(x J1 -y+ yl -x’) 


2.7 If-1 <x, y<1,xy<Oandx’+y’>1, then 


Sin x + Sin y= Sin“"(x,/1 -y t+ yl —x’) 


2.8 If-1<x,y<Oandx*+y>1, then 


Sin'x + Sin“ y =-2 - Sin "(x1 -y+ yl -x’) 
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2.9 If-1<x,y<landx*+y’<1, then Cos (2x? - 1), if0<x<1 
ee ee ; ; 2.19 2Cos "x= 
Sin 'x — Sin y = Sin '(x,J1- y’ — y,/1— x") 2x —Cos'(2x’-1), if-1<x<0 
2.10 If0<x,y<landx’+y’>1, then 1 
| 3 . 
Sin“'x -Sin"y=Sin"'(x/1— y’ — yl? Cos” (4x° — 3x), if><xsl 
x —Sin”y=Sin (x y-y x) 
1 1 
é 2.20 3Cos'x =42m-Cos'(4x°-3x), if-<x<x 
2.11 If0<x<1,-1<y<Oandx’+y’>1, then BS Ea ne a ae eG 
Sin x - Siny = -Sin"(x,J1- y’ - yJ1- x’) 2n + Cos! (4x? — 3x), if-I<x<-5 


2.12 If-1<x<0,0<y<landx’+y’>1, then 


sy wa-l<s<l 


Sin'x — Sin y =-a - Sin"'(xJ1 -y- yl —x’) 


2.13 If-l<x,y<landx+y20, then 2.21 2Tan'x = if x>1 


Cos ‘x + Cos" y=Cos"(xy —,/1-x’ J/1-y’) 


2? 
Xx 


1+ Tan" | =} if x<-1 
1 
2.14 If-l1<x,y<landx+y<0, then 


Cos'x + Cosy =22 - Cos '(xy-./1-x° 1-y’) ; 2x Tee | 


2.15 If-l1<x,y<landx<y, then 


x sin"[ 24) ifx>1 
+X 


2.22 2Tan'x = 
Cos™x — Cos" y=Cos"'(xy+.J1—x? /1- y’) 


2.16 If-l<y<0,0<x<1, then 


Cos "x — Cosy =—Cos" (xy —,J1—x? J1—-y’) 


1 1 
Sin Gxy1—2-), if-—=<xs—— 
etn cee EE pp 


2.23 2Tan'x = 


2.17 2Sin'x = 4a -Sin'(2x,J1- x’), if psxsl 


-m—Sin"(2x,J1-x*), if-l1<x<- : 


S| 


: . 1 1 
Sin’ (3x—4x*), if a <x< > 2.24 3Tan x= 


2.18 3Sin x = —Sin'(3x — 4x°), itS<rsl 


—m — Sin" (3x —4x°), if oe <x< — 
2 2 


Exercises 
| EXERCISES 


Single Correct Choice Type Questions 


41. Sin”'[sin(337/7)] is equal to 41. Tan™'(1/7) + Tan '(1/3) is equal to 
33% 1 —1 20 1 4 ;] 1 
ania py * fo, yd pe Ay rat = By 
w= wt oF w (A) £4 Tan{ 5 8) = 
4 ' 1 afl si 2 
2. Tan” [tan(27/3)] is equal to (C) i 5 (D) Tan Z 
20 t —i 20 
A) = B) = Cc) — D) — 
“) 3 8) 2 () 3 ©) 3 12. If Tan‘ x =2Tan '(2/3), then x is equal to 
4 7 9 11 12 
3. Ifp< Tan [(1 -x)/(1+x)] <q for allO <x <1, then (A) 5 (B) 5 (C) 5 (D) 7 
1 -1 
(A) p=O,a-7 oe ere 
13. If Sin'x + Sin'y + Sin' z = 32/2, then the value of 
(C) p= 34-5 (D) p=s59=0 sin[(2/2)(x + y + z)] is 
A) 0 B) -1 C) 1 D) — 
(A) (B) (C) (D) a 


4. The value of Cos™(cos10) is 


(A) 4x-10 (B) 27-10 (C) 2x+10 (D) 10 14. Suppose that Cos'x+Cos'y+Cos'z=3a and 


eal 4 ‘ 1 a= sin[m(x + y + z)] + icos[mx + y + z)], then Arg ais 
5. Tan (1/2) + Tan” (1/3) is equal to (ay (B) 3n (C) en (D) = 
WE @F Of OF 7 


15. Sin™'(sin5) is equal to 
(A) 5 (B) 5-22 (C) 2a-5 (D) z-5 


16. If u,=Cosec™ /(k’ + 1)(k? +2k +2), then) u, = 


6. 2Tan (1/5) + Sec'(5/2/7) + 2Tan“(1/8) = 
1 T —t —1 
(A) 4 (B) a (C) a (D) o% 


7. Tan'(1/4) + Tan"'(2/9) = 


(A) Tan*(n+1)-2 (B) Tan“(n+1)+~ 
1 1 1 1 4f3 4 4 
(A) 3 (B) q (C) ra (D) a 5 e 7 
(C) Cot*(n+1)-2 (D) Cot"(n+1) += 
4 4 
8. If x =(\2-V3)/2, y=V12/4 and z = V2, then the 
value of Sin“ {cot(Sin™ x + Cos y + Sec” z)} is 47. If 
1 1 1 
(A) 0 Sys (C) 5 YS (Sin x)'+(Cos* x) _ 
(Tan xeCot xy ~ 
9. Tan'(1/21) + Tan“ (1/13) + Tan(-1/8) = then the value (s) of x is (are) 
1 1 1 
A) = B) — C) = D) 0 1 1 
ee Nae Wy A+ Bl OF @W-; 
1 ae, ; 
“a 2 er F 18. The value of x satisfying the equation 
10. >| _, Tan fe ke a is equal to fying q 
if x41 afx-1)\_ cae 3 
(A) Tan'(n+ +2 (B) Tan"(n +1) -4 ae (224) Tan ( ; )-n+Tan ) 
(C) Tan" (n +2) + 7 (D) ran"{ | # a is 


2 BF ©2 WF 
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19. Domain of the function 22. If0<x<1, then 
1 1-x 1-x 
x)=, [Sin (2x me T ies 2 
ave — 6 a (= 2x - ae 
is = : 
a a Ao BS OF Ox 
«@) [23] @|4| o|$5] m |S) 
23. If 
20. If 
_) 
r x x! a=2 Tan’ i+ | and p-sin'[ =] 
sin'(r-S +24 te] 1-x 1l+x 
2 4 8 
vo 2.8 #2 Ps where 0<x <1, then @+ Bis equal to 
+ Cos” Se ee +a)=% g 
[: Sas 2 (A)2 Bt OO OFZ 


for 0 <|x|< V2, then x is equal to 


1 —1 n 4 vk Vv 
A> B®! OF OA 2 5,sin( Se 


21. The equation 2Tan™ x = Sin™'[4x/(1 + 4x’)] is valid if (A) Tan! Vn + la (B) Tan’ Jn+1+ ze 
x belongs to the interval . - 
= Tan? Vn -= D) Tan” 
a) (F.°] @) (-- >] ) MEG epee? 
11 
i= Dye 
© [+5] (D) [1.1 


Multiple Correct Choice Type Questions 


1. Which of the following are integer pair solutions of 5. If f(x) =Sin™'x and g(x) = Cos" x, then 
the equation Tan 'x + Tan™'(1/y) = Tan (3)? 


rae 
(A) (1,2) (B) 4-13) (C) 6-8) () @7) oe 
2. Let y = (2/2) + Cos ‘(cos x). Then the values of y such (B) f(x) < g(x) if -1l<x< 
that y=|tanx|(0 <x < 27) are B 
1 1 5a 30 ‘et 
A) x+— (B) x+ C) -x+ D + (C) g(x) 2flx) if =sxsl 
(A) +2 (By x+Z (© -x+% (D) -x+4 5 
: 1 
3. Ifx and yare real numbers such that Tan ' y = 4Tan‘' x, (D) g(x) sf(x)if-lsxs 7) 
then 
oe 4x —4x° oe 4x + x° 6. Which of the following statements are true? 
Lo 22° Leta ax (A) x=1 is a solution of the equation Cos '(1 — x) + 
“4 
1° dx —-x? Sin"x=7 
(C) ee Tan? a rere (B) If Cos'x + Cosy = 7/3, then x?— xy + y= 3/4 


(C) Tan™(4/3) = Tan“'(1/7) + (2/4) 
4. If Sin'x + Sin y + Sin''z = 37/2, then 


(A) x+y+z=xyz (D) For 0<x<a.2Tan" | =Cos"( $=) 
(B) x+y+z=3xyz : oe 
(C) 1+ w*’* =2, where w #1 is a cube root of unity 


(D) w+ w” +w* =0, where w is a nonreal root of 
3 
x -1=0 


Matrix-Match Type Questions 


In each of the following questions, statements are given 
in two columns, which have to be matched. The state- 
ments in Column I are labeled as (A), (B), (C) and 
(D), while those in Column IT are labeled as (p), (q), 
(r), (s) and (t). Any given statement in Column I can 
have correct matching with one or more statements in 
Column II. The appropriate bubbles corresponding to 
the answers to these questions have to be darkened as 
illustrated in the following example. 


Example: If the correct matches are (A) — (p), (s); (B) > 
(q), (s), (t); (C) > (1); (D) > (x), (t); that is if the matches 
are (A) — (p) and (s); (B) > (q), (s) and (t); (C) > (1); and 
(D) > (1), (t) then the correct darkening of bubbles will 
look as follows: 


a: oe a 
@OO0@ 
COOCe 
CO@O 
OOBO 


1. Match the items in Column I with those in Column II. 


@O@O|- 


0 9O BD Ft 


Column I Column IT 
(A) Sin“(1/2) + Cos“(-1/2) is equalto — (p) a 
(q) = 
(B) Tan! V3 + Cot'(—V3) is equal to ar 
1 
(r) 3 
(C) Sin(-1/2) + Cos™(1/2) is equal to (s) In 
6 
(D) Cos"'[cos(77/6)| + Sin“[sin(27/3)] = (t) = 


2. Match the items in Column I with those in Column II 


Column I Column IT 
(A) If Sin x — Cos! x= a then x = (p) 6 

V5 
(B) IfTan'x + Tan'3=Tan'8, thenx= (4) es 
(C) If Tan(Sec'x) =Sin(Tan‘2) and —(r) : 


x > 0, then x is equal to 
(s) 


(D) If Tan‘(4/x) + Tan“'(9/x) = 7/2, 
then x= (t) 


3. Match the items in Column I with those in Column II 


coor Column IT 
(A) sin( 2 Sin” (5) = és 3 ee 
24 

(B) cos Co [=| a z) - (q) —s 

2 6 ; 

5 > 
- an oes" ah (6) = 
(D) -tan[ 2 Sint | 7 i l 


4. Match the items in Column I with those in Column II. 


Column I Column IT 
3+ 
(A) If Cot'x+Cot'2x= 32/4, then (p) al 
x= 
j (q) 0 
(B) If Tan” x = Cot” x, then x = (r) 1 
(C) If Cost x — Sin! x = Cos" (V3x), (s) iL 
then x = 2 
(D) If Tan?x + Tan“(1 — x) = (t) - 


2Tan'./x— x’, then x= 


5. Match the items in Column I with those in Column II. 


Column I Column IT 
(A) If f,(x) = Cos" x + Sin'x + 3x 5x 
Cot™'x, then f,(x) belongs to (Pp) 4° 4 


(B) If f(x) =Tan'x + Cot'x + 
Cosec'x, then f,(x) belongs 
to 


(q) [0, x] - {2/2} 
un 30 
(C) Range of the function f,(x) = (r) . =] 


Cot! x +Tan'x+Cos'x 
lies in the interval 


(D) The range of f,(x) = 
Cot’x + Tan“ x + Sin'x 
lies in 
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Comprehension-Type Questions 
1. Passage: Ifx>Oand y>0 


Tan! x — Tan’ y=Tan'! ass 
1+xy 


Answer the following questions. 
(i) Tan '2 —Tan"'x = 7/4 implies that the value of x is 


A2 B85 © ws 


(ii) If x and y are positive, then 


is equal to 

1 —1 1 —1 
(A) 4 (B) — (C) = (D) a 

(iii) If 

a eee Ce ere 
3Tan [| Tan (=) Tan (5) 
then x is equal to 

1 

(A) 2 Bs (C) 1 (D) -1 


2. Passage: Ifx>Oandy>0 


Tan’ x — Tan” y=Tan" a 
1+xy 


Answer the following questions. 


Assertion-Reasoning Type Questions 


In the following set of questions, a Statement I is given 
and a corresponding Statement II is given just below it. 
Mark the correct answer as: 


(A) Both Statements I and IJ are true and Statement II 
is a correct explanation for Statement I 


(B) Both Statements I and II are true but Statement II is 
not a correct explanation for Statement I 


(C) Statement I is true and Statement II is false 
(D) Statement I is false and Statement IJ is true 


1. Statement I: Ifa =Tan™'(1/7)andB = Tan‘'(1/3),then 
cos2a@= sin 4p. 


(i) Sum to n terms of the series 


a1 + 1 * 1 x 


> + Tan 7 + Tan” ———, +: 
1+2x 1+ 6x 1+12x 


is 
(A) Tan"'(n +1) - Tan'x 
(B) Tan“nx — Tan" x 


(C) Tan (4) —Tan'x 
n+1 


(D) Tan (n(n+ 1)x) — Tan x 
(ii) Sum of the first 2010 terms of the series 


Tan!x + Tan? - 


a x 
——, + Tan” ——_, 
1+1-2x 1+2-3x 


<Tan ste 
14+3-4x 
is 
(A) Tan™“(2011x)-—Tan™ x 
(B) Tan“(2010x) —Tan™ x 
(C) Tan™'(2010x) 
(D) Tan™“(2009x) 
(iii) If the sum of the first n terms of the series 


Tan" a + Tan! 2 + Tan! = fo 
13 73 241 


is Tan ‘((n + 1)(n +2))— Tan‘ x, then x is equal to 
(A) 1 (B) -2 (Cyt (D) 2 


1 _ 2 
Statement II: cos26= ee 
1+tan°@ 
sin26 = es 
1+tan‘“@ 


. Statement I: If B= Cot' /cosa —Tan'./cosa@, then 


sin B = Tan’(a/2) 
Statement II: Cot™x=Tan' (1/x) for any x >0 


. Statement I: If Tan’x+Tan“y+Tan™z=a/2 and 


x+yt+z=Vv3, thenx=y=z 


+ 
Statement II: Tan” x +Tan™ y= Tan(# Z : 
ifxy <1 ed 


4. Statement I: Tan™'x + Sin ce m forx>1 5. Statement I: Sin™ (2) + Sin” (=) = Sin” (Z) 
ee 5 17 85 
Statement I: For-1<x<1.-m/2 <Sin2x<ni2 Statement II: For 0< x <1, Sin™'x =Cos™,/1— x’ and 


Cos’ x =Sin™,/1— x’ 


Integer Answer Type Questions 


The answer to each of the questions in this section is a 3. If 2Tan (1/2) + Cos (4/5) = 2/K, then k is equal to 
non-negative integer. The appropriate bubbles below —s 

the respective question numbers have to be darkened. 

For example, as shown in the figure, if the correct answer 4. If 2Tan (1/5) + Tan‘(1/4) = Tan” k, then the inte- 
to the question number Y is 246, then the bubbles under gral part of k is 
Y labeled as 2, 4, 6 are to be darkened. 


5. Cot '(cot4) =k — , where k is equal to 


6. If Sin”'(4/5) + Sin (3/5) = 2Tan'k, then k is equal to 


7. 1 sin( 20a" (=) +cos(Tan"' ev] — 


8. J + Tan| Cos™ () + Tan’ (5) = . 
6 5 3 


9. If x satisfies the equation Tan '(x + 3)—Tan‘'(x—3) = 
Sin’'(3/5), then |x| is 


O/@|@|O©/|@|@|@/O|O/O|s 


©/@|Q|O©|@|@|@|O|/O/E|n 


©|@/Q|E/@|@|@|E|O|E}* 
©|©|Q|@|@|@|@/@\O/©) < 


PD 2D 


1. 4Tan“(1/5) — Tan“'(1/239) = a/K, where kisequalto 10. If Sin'x+Sin'y+Sin'z=a, then x'+y'+z'+ 
: 4x’ yz? =k(x’y'+ yz’ + zx’), where k is equal to__. 


2. Sin(1/2) + Cos*(1//2) = km/12, where k is equal to 


| 


Single Correct Choice Type Questions 


1. (D) 13. (B) 
2. (C) 14. (D) 
3. (A) 15. (B) 
4. (A) 16. (A) 
5. (B) 17. (A) 
6. (B) 18. (C) 
7. (D) 19. (A) 
&.(A) 20. (B) 
9. (D) 21. (D) 
10. (B) 22. (C) 
445:(C) 23. (B) 


12. (D) 24. (D) 
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Multiple Correct Choice Type Questions 


1. (A), (B), (C), (D) 
2. (B), (C) 
3. (A), (C) 


Matrix-Match Type Questions 
1. (A)>(q), (B)> (8), (C)>@), (DB) >) 


2. (A)>(s), (B)>@), (O)>@), ()>(@) 
3. (A)>@), @B)>), Or), O)>-@ 


Comprehension-Type Questions 


1. (i) (D); Gi) (A); (at) (A) 


Assertion—-Reasoning Type Questions 


Integer Answer Type Questions 
4 


Pe IN 


5 
2 
0 
4 


-~\ 


ao 


N 


SO ONO 


—= 


- (B), (C), (D) 
- (A), (B) 


- (A), (B), (C), (D) 


-(A)~() Be, (> @),(),, (D)>() 
-A-(), Be@O, (O>), MO) 


- @) (A); Gi) (©); itt) (D) 


» (A) 
. (A) 
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Angles with a Given 
Trigonometric Ratio 
3.2 General Solution of 
Equations of the Form 
SiINX =a 
3.3 Solutions of Simple 
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Equations 


Worked-Out Problems 
Summary 

Exercises 

Answers 


A trigonometric equation 
is one that involves one or 
more of the six functions 
sine, cosine, tangent, cotan- 
gent, secant, and cosecant. 
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Consider a polynomial equation of the form a,x" + a,x"! + +++ +a,x + a,=0, where a), a), ..., a, are real numbers. 
If ais a real number such that 


-1 
a,a@'+4a,_,a@" ++-+aa+a,=0 


then a is called a root or a solution of the equation a,x" + a, x"! +--+ +a,x+a,=0. If atleast one a, is nonzero, then 
the equation has at most n roots. Note that if all the a,’s are zero, then every real number is a root of this equation. If 
we consider a quadratic equation, then we know from Chapter 4 of Vol. 1 that the equation has at most two roots. In 
trigonometry, we come across equations such as 


sin@ = 1/2 
acos@ + bsin@ =1 
acos’ @ + bcos@ +c =0, etc 


where a, b,c are given real numbers. Equations of this type are called trigonometric equations and an angle @ satisfying 
a trigonometric equation is called a root or solution of this equation. 

Unlike polynomial equations, any trigonometric equation has infinite number of solutions, if at all there is a solu- 
tion. The trivial reason is that each trigonometric function is periodic and 27ris a period. Therefore, if @is a solution of 
a given trigonometric equation, then 0+ 2n7zis also a solution of the same equation for every integer n. In this chapter 
we discuss trigonometric equations and their solutions. 


DEFINITION 3.1 _ The solutions of a trigonometric equation lying in the interval [0, 27) are called principal 
solutions. 


Example 


m6 and 57/6 are the principal solutions of the equation sin x = 1/2. 


3.1 | The Least Positive Angles with a Given Trigonometric Ratio 


For any trigonometric function f and for any real number a, we explore the possibility of the existence of a real 
number x such that f(x) =a. If fis a sine function or a cosine function and a is a real number such that |a|> 1, then 
clearly there is no real number x for which f(x) =a, since the range of sine or cosine function is the interval [-1, 1] 
and hence any real number outside this interval is neither sinx nor cosx for any x eR. However, if |a| <1, we have 
infinite number of real numbers x for which sinx =a. Among these, there must be least positive x (recall that each 
trigonometric function is having a minimum period). In the following, we construct such least positive real numbers, 
represented by angles, between 0 and 27. 


3.1.1 Construction of Least Positive Angle whose Sine is Equal to a, |a| < 1 


Let a be a given real number with |a| <1. If a=0, then clearly z is the least positive real number x satisfying the 
equation sinx =0. If a=1 or a=-1, then a/2 or 32/2 are, respectively, the least positive reals x for which sinx = 1 or 
sinx =—1. Therefore, we can assume that 0 < |a| <1. 

Consider a rectangular coordinate system OXY. Let A be a point on OY such that OA =a (if a is negative, the 
point A has to be chosen on YO produced, as shown in Figure 3.1). 

Draw a circle of unit radius with O as the centre. Draw a line parallel to the X-axis through A meeting the circle 
at P. Draw line PB perpendicular to the X-axis through P meeting the X-axis at B. Let @ be the angle [BOP. Then 
BP =a and OP = 1 and hence 


BP a 
in @ = sin|BOP = —-=—= 
sin @ = sin OP 1 a 


Therefore 6 is the required angle. 


3.1 | The Least Positive Angles with a Given Trigonometric Ratio 


Y Y 


FIGURE 3.1 


3.1.2 Construction of Least Positive Angle whose Cosine is Equal to a, |a| < 1 


Let a be a real number with |a| < 1. Now 7/2 is the least positive real x such that cos x = 0. We can suppose that a #0. 
Along the X-axis, let A be a point such that OA =a. (If ais negative, then A has to be chosen on the left part of the 
X-axis). Draw a circle of unit radius with the origin O as the centre. Draw a perpendicular to X-axis at A meeting the 
circle at P and P’, with P on the semicircle above the x-axis (Figure 3.2). Then @=|AOP is the required angle, since 


OA a 
cos@ =cos Op 4 a 
Y 
>) 
X 
p’ 
FIGURE 3.2 


3.1.3 Construction of Least Positive Angle whose Tangent is a Given Real Number a 


Let a be a nonzero real number. Let A be a point on the X-axis with OA as unit length. Draw a perpendicular to 
X-axis at A and choose a point P on the perpendicular such that AP =a. If a is negative, then we have to consider P’ 
in the lower part of the plane (Figure 3.3). Then 9 =|AOP is the required angle, since 

a 


AP 
tan@ = tan|AOP = —— =" = 
an an 1 a 
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FIGURE 3.3 


3.2 | General Solution of Equations of the Form sin x= a 


As we have discussed earlier, for any real number a with |a|>1, there is no real number x satisfying sinx =a or 
cos x = a. However, if |a| <1, there are infinite number of solutions of the equation sinx = a or the equation cosx = a. 
In the following, general forms of solutions of such type of equations are discussed. 


3.2.1 General Solution of the Equation sinx = 0 
For x € [0, 27), we know that 
sinx=O@x=0 or 2 


Now, for any x ER, we have sinx = sin(x — 2kz), where k = [x/2z], the integral part of x/2z. Also, x —2kme [0, 27). 
Therefore 


sin x =0 
© sin(x — 2k) =0 
@x-2kr=0 or a 
Sx=2kn or (2k+1)a 


Since k is an integer, it follows that sinx = 0 < x =nzfor any integer n. Therefore, the general solution of the equation 
sinx =0 is x =nz,n &Z, or the solution set of the equation sinx = 0 is {na|n € Z}. 


3.2.2 General Solution of Equations cosx= 0 and tanx=0 
For any real number x, we have 
cosx=0.sin[ x-2]=0 


1 : 
Ox- = nx for some integer n 


2n+1 
X= 
2 


mx for some integer n 


Therefore, the solution set of the equation cos x = 0 is 


(25 ‘}e ne Zh 


3.2 | General Solution of Equations of the Form sinx =a 


Also 


tanx=Oesinx=0@x=n7,neZ 


Note that sinx = 0 implies that cosx # 0 and hence tanx is defined. On the other hand, tanx is defined; also tanx = 0 
implies that sinx = 0 and cosx # 0. Thus, for any real number x, tanx = 0 = x =nz for some integer n. 


3.2.3 General Solution of the Equation sinx =a 


We can assume that |a| <1; for, otherwise sinx =a has no solution. Then -1 <a<1. Let @ be a solution of sinx =a; 
that is, sin @=a. Now, for any x, 


sinx=a@sinx =sin@ 


© sinx —sin@ =0 


2 2005(*£9)sin{ =?) 0 
2 2 


x+0 x-@ 


& COS 


Now two cases arise: 


Case 1: =(2n+ yt (by Section 3.2.2) 


Case 2: — =n (by Section 3.2.1) 
For Case 1: 
x=(2n+1)r-O,neEZ 
@&x=(2n+1)r+(-1y""'0,neZ 
For Case 2: 
x=2nr+0,nEeZ 
© x=2nn + (-1)"0,neZ 
Combining both conclusions for Cases 1 and 2 we get 
x=mqr + (-1)"0,meZ 


m 


Thus the general solution of the equation sinx = ais mm+ (-1)” 0,m € Z, where Gis any real number such that sin 0 = a; 
for example, using Section 3.1.1 we can take the least positive angle 6 such that sin 9 =a or we can take Sin‘‘a for 6. 


Note: For any real number a such that |a| > 1 (i.e., a € (ee, -1] U [1, -)), general solution of the equation cosecx =a 
is mz + (—-1)”" 6, where @ is such that cosec 0= a. 


Example eu 


Find the general solution of the equation Solution: The smallest positive angle whose sine is 
a /2 is 60° or 7/3. Therefore, the general solution of the 
V3 equation sin x = /3/2 is mm+ (-1)" 713, me Z. 


sin x = — 
2 
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3.2.4 General Solution of the Equation cosx=a 


If |a|>1, then the equation cosx =a has no solution. Suppose that |a| <1 and @ is a solution of cosx =a; that is, 
cos 0= a. Now, for any real number x, 


cosx =a&cosx =cos@ 


© cosx —cos@=0 


wot) 
= th 


2 
a8 ee or one 


0 


‘ Xx+ 
© sin 


ex=2nrt+0,neZ 


Thus, if @ is any angle such that cos @ =a, then the solution set of cosx =a is {2nz+ 6|n € Z}. We can take 9= Cos" a. 
Note: If |a| = 1, the general solution of the equation secx =a is 2na+ 0,n € Z, where @is any solution of sec.x = a. 


Example 


The general solution of the equation cos x =—1/2 is 2nm + (22/3), n €Z since 120°(=27/3) is a solution of cosx =—1/2. 


Example Ee] 


Find the general solution of the equation sin’ x = 1/4. Also, since sin(—7/6)=-—1/2, the general solution of 
sinx =—1/2 isna+ (-1)"(—a/6). Thus the general solution 

Solution: The given equation can be written as of sin’x=1/4is 

sinx =+1/2. Since sinz/6=1/2, the general solution of in 

sinx = 1/2 is nm+ (-1)"(7/6), n €Z. WEEN ee 


3.2.5 General Solution of the Equation tanx= a 


Let a ER be fixed and @ be any solution of tanx = a; that is, 9 is a real number such that tan @= a. Then, for any real 
number x, 


tanx =a © tanx=tan@ 


sinx _ sin@ 


cosx cos@ 
© sinx cos@ — cosx sind =0 
© sin(x - 0) =0 
@ex-O=nr,neZ 
Sox=nnr+O,neZ 


Therefore, the general solution tanx = aisnz+ 0,n € Z,where 6 is a solution of tan. x = a;here also, we can take @= Tan‘ a. 
Note: For any a €R, the general solution of the equation cotx = ais nz+ 0,n € Z, where Ois a solution of cotx =a. 


3.2 | General Solution of Equations of the Form sinx =a 


Example 


The general solution of the equation tan x = 1/ V3 isna+ (7/6), n € Z, since tan 2/6 = 1/V3; that is, 2/6 is a solution of 
tanx =1/V3. 


3.2.6 General Solution of the Equation sin’ x= sin’ @ 
For any given real number @, let us find the general solution of the equation sin’ x = sin’ @. Note that, for any real number x, 


2 ecg 1-—cos2x 1-cos20 
sin’ x = sin oS a 


© cos2x = cos20 
©&2x=2nr+20,nEeZ 
Sx=nrtdneZ 


If x is a solution sin’x = sin’ 6, then —x is also a solution of the same equation. Therefore, the general solution of the 
equation sin’x = sin’ 0 is nt+ 0,n€Z. 
Note: The general solution of cos*x = cos’ @ and tan’x = tan’ @ are nzm+ 0,n EZ 


Example 


The general solution of the equation tan’x = 1/3 is nw+ 7/6, n € Z; for, tan(/6) = 1/V3 and hence tan’(z/6) = 1/3. 


Example [ee] 


Find the general solution of the equation sec’x = 4/3. © cos?x = cos?(30°) = cos? - 


Solution: We have 


1 
a area 


a ; 
sec x=—©C0S x=-—-=| — 
3 4 


Example Ea 


Find the general solution satisfying both the equations 
sinx = 1/2 and tanx =1/V3. 


Solution: Consider the equation sin x =—1/2. The only 
angles between 0 and 27 that satisfy sinx=-1/2 are 
x = 330° = 1172/6 and x = 210° = 72/6. Also, the only angles 


between 0 and 27 that satisfy the equation tan x = 1/J3 
are x = 30° = m/6 and x = 210° = 77/6. Therefore, the only 
angle between 0 and 27 that satisfies both the equations 
sinx =—1/2 and tanx=1/V3 is 210° =77/6. Hence, the 
general solution of these two equations is 2nz+ (77/6), 
neZ. 


Example [ee] 


Find the general solution of the combined equations 
cotx =—¥3 and cosecx =-2. 


Solution: The general solution of the combined equations 
cot x =—3 and cosecx =-—2 is 2na-(/6),n € Z because 


and cosee( = =—2 
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3.3 | Solutions of Simple Trigonometric Equations 


DEFINITION 3.2 Equations involving trigonometric ratios of an unknown angle are called trigonometric 
equations. 


An equation is not completely solved unless we obtain a general expression for all angles which satisfy it. In this 
section, we solve certain elementary types of trigonometric equations. 


3.3.1 General Solution of an Equation of the Form asinx + bcosx=c 
Let a, b and c be any given real numbers such that a # 0 or b # 0. Consider the equation 


asinx + bcosx=c 


Put r=,/a° +b’. Then r > 0 (since a #0 or b #0). Suppose that |c/r| < 1. Choose a real number 6 such that 


A a 
sin@ =— 


and cos@ = 


(oO 


Then the given equation can be written as 
rsin@ sinx + rcos@ cosx =c 


that is 


cos(x — 9) = = 
j 


This can be solved for x, since |c/r| < 1. 
We can choose a@€[0, 2] such that cosa~@=c/r. Then x =2naz+ a+ 0, n€Z is the general solution of the given 
equation asinx + bcosx =c. 


Alternate Form 
The alternate form of the general solution of the above equation can be obtained as follows: Let r=./a°+b° and 
suppose that |c/r| < 1. Then we can choose @€ R such that 


cos@=a/r and sin@=b/r 


Then the given equation can be written as 


‘ . Cc 
cos@ sin x + sin@ cos x =— 
; 
that is 
. Cc 
sin(x + 6) =— 
r 


This can be solved for x. Since |c/r| <1, there exists a [—m/2, /2] such that sin a= c/r this a is precisely Sin”'(c/r). 
Then x =nz+ (-1)"a- 0,n €Z is the general solution of the given equation. 


Example ea 


Solve sinx + 3 cOsx = af : Therefore we have 


Solution: The given equation can be written in the r=yl +(v3) =2 
form asinx + bcosx =c. Now ris given by 


‘=e 


Dividing both sides of the given equation by 2, we get 


4 2 V3 
sinx + CcOsSx = 
a 5 


V2 


Since sin 7/6 = 1/2 and cosz/6 = V3/2, the equation can 
be written as 


IG rt 1 
sin —sin Xx + COS— COS X = —= 
6 6 ale. 


that is 
cos{ x = : = cos” 
6) 2 4 
Therefore 
1 1 : 
ear eae neZ (by Section 3.2.4) 
Pe ean ae neZ 
6 4 
This gives 
gata neZ 
12 
or x=2nn-—., neZ 
12 


3.3 | Solutions of Simple Trigonometric Equations 


Alternate Solution 

As mentioned in the note “Alternate Form”, the 
given equation can be solved as follows also. Since 
sinz/3 = J3/2 and cosz/3= 1/2, the given equation can 
be written as 


ee . 0 1 
cos—sinx + sin —cos x =—= 
3 3 2. 


that is 


Therefore 
1 1 : 
x+ : = nm + (-1)" t neZ (by Section 3.2.3) 


sone Cy 2-2, neZ 
4 3 


It can be seen that both the solution sets obtained above 
are equal. That is, 
ne z} 


nn 1 
{mes Ea 


neZe= gH se 
6 4 4 3 


Example ea 


Solve 2sin?x — cos2x =0. 
Solution: Since cos2x = 1—-2sin’x, we have 
2sin’ x — cos2x =0 


© 4sin’ x=1 


; 1 
©2snx=t— 
2 


Sx=nnrt 2 (since sin =>) 
6 6 2 


Therefore nz+ 7/6, n €Z is the general solution of the 
given equation. 


Example [28] 


Solve sin 5x = cos 2x. 


Solution: We have 


sin 5x = cos2x 


© sin5x= sin( 3 — 2x | 


o5x=nn+(-ty(Z-24), neZ 


5x +(A)"2x=na+ (A'S, neZ 


= (FEE ner 
Se0C1y /2 


Therefore 


2n+(-1)" \a neZ 
54 Oty | 2 


is the general solution of the equation sin 5x = cos 2x. 
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| WORKED-OUT PROBLEMS 


Single Correct Choice Type Questions 


i . . . 2 = ): 
1. The general solution of the equation 11 sinx + 2cos°x Beenge = and Se p=dna , neZ 


Tis 

(A) Qn (7/3) TU TU ‘ 

(B) 2nn+(-1)'(ni6),n eZ &x=2nt+ 6 and y= = 2nz,n € Z or vice-versa 
(C) (Qn+1)a+ (-1)"(a/6), n €Z Answer: (B) 


(D) n+ (-1)"(a/6),n eZ 
3. If0 <x < a/2 and sin(x + 28°) = cos(3x — 78°), then the 


pollution: possible value(s) of x is (are) 
11sinx + 2cos’x =7 (A) 8° or 35° (B) 9° or 36° 
€ 2(1-sin’ x) + 11sinx =7 (C) 18° or 45° (D) 28° or 55° 
as eens Solution: Suppose that sin(x + 28°) = cos(3x — 78°). Then 
Sint) Sine) sin(x + 28°) = sin( % — (3x - 78°)| = sin(168°— 3x) 
©Ssinx=5 or sinx=1/2 
1 Therefore 
© sin x = — (since sin x = 5 is impossible) 
2 x + 28°=2nz + 168°-3x,nEeZ 
© x=nr+(-1)"(2/6),neZ or x= —(168°- 3x) + 2n7,neEZ 
Answer: (D) Hee 
2. The values of x and y, when x+y =27/3 and cosx + 4x =2nn +140°,neZ 
cos y = ¥3/2, are respectively 
(A) 2nn + and = -2naz,neZ id aa 
2 This gives 
1 1 
(B) neon or ee x= 35°+n(90°) 
(C) nn +7 and —nn,neZ or x =8°—n(180°), neZ 
(D) nm + and —~2nn,neZ Now 0 <x < 90° = x =35° or 8°. 
3 3 Answer: (A) 
Solution: 
B 4. Suppose that cos3xcos2xcosx=1/4. If 0<x< 7/4, 
xty= ana cos.x + eosy= >> then the value of x is 
1 1 1 1 
re Al BF OF ws 
ee pe and cg .eggs= = 
3 2 2 2 Solution: Itis given that cos3xcos2x cos x = 1/4.Therefore 
exty=— and ocos = cos 7 = 83 4cosx cos2x cos3x =1 
3 3 2 
: B (2cosx cos3x)2cos2x =1 
exty=— and 2-—cos~—» =*= _ 
zi 2 2 2 (cos4x + cos2x)2cos2x =1 
exty= 2m and cos oo cos 2cos’ 2x + 2cos2x cos4x —1=0 


cos4x + 2cos 2x cos4x =0 


ext cus and —— Ha 
= 3 2 6 cos4x(1+2cos2x)=0 


This gives 
cos 4x =0 
or 1+2cos2x =0 
Therefore 
jg EE 5 cg 
2 
or cos2x = — 
2 
Hence 
v-(“2 nner 
8 
or 2x=2nntZnez 
or xen = nez 


If0 <x < 7/4, then x= 7/8. 
Answer: (C) 


5. General solution of the equation cos 5x = —1/2 is 


(A) na + (-1)" =. neZ 


(B) 2s neZ 


(Coe ez 
5 15 


(D) ann ae neZ 
5 15 
Solution: 


cos5x = = 
2 
20 
© cos5x =cos— 


5x=2nn ts nez 


Answer: (D) 


6. A principal solution of the equation tanx +cotx = 
2 cosec x is 


az wo ©F MOF 


Worked-Out Problems 


Solution: 


tan x + cot x = 2cosec x 


sinx cosx 2 
+ = 


cosx sinx sinx 


=> sin’ x + cos’ x =2cosx 


1 1 
=> cosx = — = cos— 


3 
= x= Int = neZ 
Hence 7/3, 27 — (2/3) (= 5a/3) are the principal solutions. 
Answer: (C) 


7. General solution of the equation tan x + tan(7/3 + x) + 
tan(27/3 + x) =3 is 


(A) n+ neZ (B) n+ ne 
(C:) +4 nez (Dy 42, ne7 
3. 12 3 4 
Solution: 


T 20 
tan x + tan ai +tan — =3 


tan(z/3)+tanx | tan(27/3)+tanx _ 
1—tan(z/3)tanx 1—tan(2z/3)tanx — 


V3 +tanx _ov3 + tanx = 


=> tanx + 


=> tanx+ 3 
1-J3tanx 1+ V3tanx 
8tan x 
=> tanx + —_—— =3 
1-3tan’x 


= tanx —3tan*x + 8tan x = 3(1— 3tan’ x) 


3(3tan x — tan*x) _ 
1-3tan’x 


1 
=> tan3x =1=tan— 


x ie + Mt . neZ 
3 12 
Answer: (C) 
8. The general solution of the equation sinx + sin3x + 
sin5x = 0 is 
(A) ar ned (B) (Bn£1)7,neZ 
4nnt 


Cc) neZ D) ss neZz 
5 3 
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Solution: 
sinx + sin3x + sin5x =0 
=> (sin5x + sinx) + sin3x =0 
=> 2sin3x cos2x + sin3x =0 
=> (sin3x)(2cos2x + 1) =0 


This implies that either 


sin3x = 0 
or 2cos2x+1=0 
Therefore 
3x =n, ne Z 
-1 20 
or cos 2x = — = cos— 
2 3 
From these we get 
X= * neZ 
3 
or 2x= Inn +(72).nez 
which further implies that 
x= oe neZ 
3 
4 
or A-One ee 
Hence 
nt . 
ae ae (since 3n + le Z) 


Answer: (D) 


9. The general values of @ satisfying the equation tan’ 6 + 
sec2@= 1 are 


(A) (Qn+1)n,nnt* neZ 
(B) nn, nn t=, neZ 

(C) ne ne 

(D) net” neZ 


Solution: 


tan’ @ +sec20=1 


14+ tan’@ 


= tan’ 6+ ——_=1 
1—-tan‘°d 


=> tan’@-tan'@+1+tan?@=1-tan’d 
=> tan’@ =3tan’@ 
= tan’ @(tan’ — 3) =0 


This implies that either 


tan’@=0 
or tan’ @=3 
which further gives 

tan@=0 
or tang =4V3=tan{ +2) 
Hence 

O=nr,nEeZ 

or O=nrt - neZ 


Note that for tan@ to be defined, we must have 04 
(2n+1)z/2 and for sec2@ to be defined, we must have 
204 (2n + 1)a/2 or 0# (2n + 1)a/4. Therefore, the general 
values of @ satisfying the given equation are 


nt, nm + “ neZ 
3 
Answer: (B) 


10. General value of x for which the sets P = {sin x, sin2x, 
sin3x} and Q = {cosx, cos2x, cos 3x} are equal is 


(A) 24 wez (B) 24 nez 
4° 2 8 


2 


(GC) 2 ez 
12 2 15. 2 


Solution: Since P=Q, the sum of elements in P and 
sum of the elements in Q are equal. Therefore 


sin x + sin2x + sin3x = cosx + cos2x + cos3x 
(sinx + sin3x) + sin2x = (cosx + cos3x) + cos2x 
2sin2x cosx + sin2x =2cos2x cosx + cos2x 


sin2x(2cosx + 1) =cos2x(2cosx + 1) 


If cosx=—1/2, then x =2nm+ (27/3) in which case P# Q. 
Hence sin2x=cos2x which gives that tan2x=1 and 
hence 2x =n + (7/4) or x = (n7/2) + (7/8) and these values 
of x satisfy the condition that P = Q (check this). 

Answer: (B) 


11. If the angles A and B of AABC satisfy the relations 
3sinA +4cos B =6 and 4sin B + 3cosA = 1, then the 
third angle C is 

1 20 1 5a 
A) = B) — C) = D) — 
At BF OF wz 

Solution: 

tions we get 


Squaring and adding the two given equa- 


24sin(A + B)+25=37 
Therefore 
sin(A + B)=1/2 
A+ B=30° or 150° 
This gives that either C=30° or 150°. If C=150°, then 


A<30° so. that 6=3sinA + doosB <3 4 4=—=5- 
which is impossible. Therefore 
C=30° 
Answer: (C) 
12. General solution of the equation sin°x = 1 + cos’ 3x is 
(A) 2K +1)7,KeZ (B) = Kez 
1 Kn 
(C) @K+)5,KezZ (D) Kez 


Solution: 


sin°x<1 and 1+cos*3x>1 


=sin°x=1 and cos*3x=0 
=sin’x=1 and cos3x=0 
Therefore 
cosx=0 and cos3x=0 


which gives 

x=(2K+1)a/2 and 3x=(2K +1)a/2 
Hence 

x=(2K+1)a/2 and x=(2K+1)z/6 


All solutions of the form x = (2K + 1)z/2 are included in 
the solution set 


\ox+ p32 Ke z} 


which is the solution set. 
Answer: (A) 


13. General solution of the equation tanx+tan2x + 
tanxtan2x =1 is 


Worked-Out Problems 


kx 1 
A) —+4+—,keZ B) (2k+1)—,keZ 
(A) +t ke (B) 2k+1)2 ke 


kx 


Ki? (Dj = kez 
6 3 


C) —+—,keZ 
5 * 38 


Solution: The given equation can be written as 
tanx + tan2x 
1—tanx tan2x = 
that is 
tan3x=1 
Therefore 


3xakn+ 7 keZ 


Answer: (A) 


14. The number of solutions in the interval [0, z] of the 
equation sin’* x cos 3x + sin3xcos°x = 0 is 


(A) 7 (B) 6 (C) 5 (D) 4 

Solution: The given equation can be written as 
(= - sn )cos3x ey (3cosx + cos3x) _ 0 
which is equivalent to 
sin x cos3x + sin3x cosx =0 
Therefore 
sin4x =0 
or x= lca neZ 
4 
Answer: (C) 


15. The general solution of the equation 2sinxcosx + 
5cos’x =4 is 


(A) n+ Tan (454), nn — Tan'( B=) neZ 
4 4 


V3 + 1) Tan B= ne Z 


(B) o + Tan"[ 


2/2 } 2 2V2 
(C) (2n+1)r+ Tan( 23" | 
enif B22), 
(2n+1)a-Tan (e--2 | eZ 


(D) (2n+ NF + Tanr(¥S+1) 


(2n+1) 2+ Tar'{ 3-1) 
2 4 
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Solution: 
2sin x cosx + 5cos’ x = 4(sin’ x + cos’ x) 
Asin’ x — 2 sin x cosx — cos’ x =0 
Atan’ x —2tanx-—1=0 


(since cos x = 0 is not a solution of the original equation.) 
Therefore 


tan x 


_ 24/20 145 
8 4 


xX=nt+ Tan(8+1), nt — Tan( = 1), neZ 
4 4 
Answer: (A) 


16. The number of solutions of the equation ,/1+ sin2x = 
V2 cos3x belonging to the interval [7, 37/2] is 


(A) 5 (B) 4 (C) 3 (D) 2 
Solution: Squaring both sides of the equation we get 
1+sin2x =2cos’3x =1+cos6x 
Therefore 


cos6x =sin2x = cos{ = - 2x) 


6x =(2nm) + ( = 2x 


nm 1 mn 


(i) nadooxa tela] 
16 2 


When x = 177/16, the left-hand side of the original 
equation is positive while the right-hand side is 
negative. Hence x = 177/16 is not a solution. 


(ii) n=Saox= 2h e[ nt] 
16 2 


Answer: (D) 


17. General solution of the equation sin10x+cos10x = 
V2 sin 15x is 


(ot ge 1 
10 = 20 25 100 
(B) LLL LS 


+—,x= 
20 10 50. 50 


nw T nim T 


(C) x=—+2—,x=—+ 
15 20 20 100 


(D) fe Fe ge 1 
15 20 25 50 


Squaring both sides of the given equation we get 


Solution: 
(sin10x + cos10x) = 2sin* 15x 
Therefore 


1+sin20x =1-cos30x 


cos 30x = —sin 20x = cos{ = + 20: 
1 
30x =(2nm) + ( + 20% 


10x = 2nn +=, 50x =2nn -= 
2 2 


25 100 
Answer: (A) 


18. General solution of the equation sin’ x — 5sinx cosx + 
6cos’x = 0 is 
(A) (2n+1)a + Tan''2, 2nz + Tan‘ (1/2) 
(B) nz +Tan'2, na +Tan'3 
(C) nz +Tan"(1/2), nz + Tan''(1/3) 
(D) 2nm + Tan" V2,2na+Tan'3 
Solution: Clearly cosx = 0 is not a solution of the equa- 


tion. Therefore by dividing the given equation with cos’ x, 
we get 


tan’ x —5tanx+6=0 


Solving this we get that tanx =2 and tanx =3 are solu- 
tions. Therefore the general solution is 


x=nn+Tan'2 
and x=na+Tan'3 


Answer: (B) 


19. The equation 


2 
[2e08 sin’ x = (: sa ‘), x<2/9 


x 


has 

(A) no solution 

(B) one solution 

(C) more than one real solution 
(D) cannot be said 


Solution: We have 
2 
2o0s"( * sin’ 29 and ~ - Z >2 
2; x 
and x #0, x < 2/9. Therefore 
2 
2oos'( sin’ =o and = . = 2 
2 x 


which gives 
(1+cosx)(1—cos’x)=2 and x=+1 
cos\x+cos*x—cosx+1=0 and x=+1 


which is impossible. Therefore the equation has no real 
solution. 


Answer: (A) 
20. The number of solutions of the equation sin(e*) = 
S* +5“ is 
(A) 0 (B) 1 (C) 2 (D) infinitely many 
Solution: We have 


sin(e’)<1 and 5°+5°*22 
Therefore the equation has no solution. 


Answer: (A) 


21. The general value of @ satisfying the equation 
2sin’ 6 —3sin 0-2 =Ois 


nT i Tb 
(A) na + (-1) 6 (B) na +(-1) 3 


(C) na +(-1)" “ (D) naz +(-1)" = 


Solution: The given equation can be written as 
(2sin@ + 1)(sin@ — 2) =0 
Therefore 


2sin6+1=0 


sin 8 = = = sin{ 7) 
2 6 


6=nr + (-1)" a 
Answer: (D) 


22. The number of roots of the equation cos’ x + sin’x =1 
in the open interval (—z7, 7) is 


(A) 4 (B) 3 (C) 2 (D) 1 


Solution: The given equation is 


cos’x +(1—cos’x)/=1 


Worked-Out Problems 


Therefore 
7 4 ae 
cos’ x + cos’ x —2cos°' x =0 
2 5 2 
cos x(cos’ x + cos’ x —2)=0 


Now cos’x =0 which means x =(2n+1)z/2 or cos’x + 
cos’x —2=0 which implies that x =2nz. Therefore the 
roots which lie in (—z, 2) are —7/2, 0, m/2 corresponding 
ton=-1, 0. 


Answer: (B) 


23. The values of @¢€ (0,22) for which 2sin* @- Ssin 0+ 


2 >0 are 
wy (og)-(Bae)  (E8) 


© as)(E) (9) 


Solution: We have 


2sin’@ —5sind+2>0 
© (2sin@ — 1)(sin@ — 2) >0 


©2sin@-1<0 (. sin@<2) 


nn 
2 


1 5a 
0<0<— —<0<2 
So 6 or 6 <O0<2n 
Answer: (A) 


24. Number of roots of the equation sin2x +2sinx — 
cosx —1=0 in the range 0 < x < 2771s 


(A) 1 (B) 2 (C) 3 (D) 4 
Solution: The given equation can be written as 
2sin xcosx +2sinx—cosx—1=0 
(2sinx—1)(cosx+1)=0 
Therefore 
sinx=1/2 or cosx=-1 
which implies 


6° 6” 


x 


are the roots of the equation in the range [0, 27]. 
Answer: (C) 


25. In AABC, angle A is greater than angle B. If 
the measures of the angles satisfies the equation 
3sinx —4sin?'x —k=0,0<k <1, then the measure of 
the angle C is 
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1 BY 1 2 Solution: We simplify the left-hand side of the given 
(A) 3 (B) a (C) 2 (D) 2 equation: 
Solution: By hypothesis |3(sin* x + cos* x) — 2(sin® x + cos° x) + y[? 
ns Ab eae = |3[1 — 2sin* x cos” x] — 2[1— 3sin’ x cos’ x] + y 
= 2 
Therefore ae 
3A+3B . (3A-3B) This is equal to the right-hand side (=9) when y = 2 or -4. 
2cos sin 5 =0 Answer: (A) 
3(a+B)=" A=B 
> i) ~ 28. The number of values of x in the range —7/2 <x < 
eT a) The number of values of x in the range —/2 /2 
and satisfying the equation sin’x + sin’x + sinx— 
But A > B, which implies sin x sin 2x — sin2x —2cosx =0 is 
Ange (A) 0 (B) 1 (C) 2 (D) 3 
3 Solution: The given equation can be written as 
1 
=m-C= 3 sin x(1+ sin x + sin’ x) — (1+ sin x + sin’ x)2cosx =0 
cult (1+ sin x + sin’ x)(sin x — 2cos x) =0 
Therefore 
Answer: (D) 


sinx —2cosx=0 (-" 1+sinx+sin’x>0 for all real x) 
26. General solution of the equation sinx —3sin2x + 


‘ : tanx=2 
sin3x =cosx — 3cos2x + cos 3x Is 


x t p) "4% as cos x = 0 is not a root of the initial equation. Therefore 
Se a 8 (B) 778 x = Tan‘? is the only solution in (—7/2, 7/2). 
2 Answer: (B) 
(cer oa ¥ 7 (D) 2nm + Cos" > 


29. If 2sec2a@= tan B+ cot B, then a+ B may be 
1 1 1 
A) = B) — C) = D) 0 
Art Bt OF © 


Solution: We have 


(sin x + sin3x) — 3sin2x = (cos x + cos3x) — 3cos2x 
2sin 2x cos x — 3sin2x =2cos2x cos x — 3cos2x 
sin2x(2cos x — 3) = cos2x(2cos x — 3) 


Solution: 


2sec 2a = tan B + cot B 


This gives _ sinB |, £08 B 
sin2x=cos2x ( 2cosx #3) cosB sin 
ee) 2 
ere me ae a 
4 sin B cos B 
That is = 1 
“nm on sin B cos B 
A Te = 2cosec 28 


Answer: (B) 


27. The equation |3sin‘x — 2sin°x + y —2cos°x + 3cos’x/’ = 


9 is true 

(A) for any value of x and y=2 or y=-4 
(B) only for x = 7/4 or wand y =-2 or 4 
(C) only for x = 7/2 or mand y =2 or -4 
(D) only for x =0 or a/2 and y= +2 


Therefore 
sec 2a =cosec 2B 


Now 2a = 28 = 7/4 is possible. Therefore 


1 
a+ B=— 
Bao 


is a possible value. 
Answer: (B) 


30. General value of 6 satisfying the equation sin60= 
sin46— sin26 is 


(A) ane (B) nn” neZ 


(C) ™ orntt=,neZ (D) nm nel 
4 6 2 


Solution: The given equation can be written as sin60 + 
sin26= sin40. Therefore 
2sin 46 cos26 = sin 40 
sin 46(2 cos20 — 1) =0 


Now either 
40 =n 
or 20=2nr+ Z 
3 
Therefore 
g- 4 
4 
or O=nrt 


Answer: (C) 


31. Which of the following statements (only one) is true 
with regard to the solutions of the equation tan’ x — 
VStanx+1=0? 

(A) No solution exists in the range 0 <x < 7/2. 


(B) There exist two solutions o and fin the interval 
[0, 2/2] such that a+ B= 7/2. 


(C) Two solutions a, B exist in [0, 2/2] such that 
at B=_7/4. 

(D) Two solutions a, B exist in [0, 2/2] such that 
a- p=a/4, 


Solution: From the given equation we have 


V541 
2 


tanx = 


Let 


V5-1 


tana ut and tanB= a 


Clearly a, B € [0, 2/2] and also 


tanp= Pot = 2 cota =tan( Za] 
2 ook 2 
Therefore 
1 
=—-a@ 
B 2 


Worked-Out Problems 


1 
at+ B= = 
B 2 
Answer: (B) 


32. The set of values of @ which satisfy the equation 
cos2@= sin 8+ cos @ is 


(A) 0=nr+ (a/2),neZ 

(B) 0=2nzor O=nzl4 where ne Z 

(C) 6=0 

(D) @=2nz or 2nx — (na/2) or =n - (1/4), nEZ 
Solution: The given equation, cos20 = sin 6+ cos 6, can 


be written as 


(cos@ + sin @)(cos@ — sin@ — 1) =0 


Therefore 
cos@ + sin@ =0 
or cos@-—sin@=1 
Hence 
tan@=-1 
or cos{ 0 + *) = ae 
4 2 
This implies that 
O=nn -— 
1 1 
6+ —=2nn + — 
or ri 4 
Hence 
0=nr - a 
4 
or 0=2nn 
or 0=2nn — as 
2 


Answer: (D) 


33. General solution of the equation sin’ 6x + 8 sin’3x = 0 is 


(A) neZz (B)  neZz 
3 a 
(C) ne (D)  nez 
Solution: We have 


sin? 6x + 8sin’ 3x =0 
4sin*3x(cos’3x + 2) =0 
Therefore 


sin? 3x =0 
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and hence sin3x = 0. This gives 
3x=nn, ne Z 


nn 
x=—,neZ 
3 


Answer: (A) 


34. The equation sin(cos x) = cos(sinx) has 
(A) only one real solution 
(B) infinitely many solutions 
(C) no real solution 
(D) two real solutions 


Solution: We have 
cos[(z/2) — cos x] = cos(sin x) 
Therefore 
(7/2) -—cosx=2nm +sinx,neZ 


cosx + sin x = (2/2) —2na =cosx —sinx 


Hence sinx =0 and cosx = (a/2) — 2nz which is impos- 
sible, because sinx = 0 implies cos x = +1. 


Answer: (C) 


35. The value of x satisfying the equation 2 cos*(x* + x) = 


2° +2 is 
(A) 0 (B) -1 (C) x=2nn (D) x=na 
Solution: The given equation can be written as 


1+cos(2x*+2x)=2"+27 

Left-hand side is <2 and right-hand side is >2. Therefore 

cos(2x°+ 2x) =1 
and 2*+27%=2 
Now 

P42" =2e 2% =1 
2ex=0 
x=0=> c0s(2x*+ 2x)=1 


Therefore x = 0 is the only solution of the equation. 
Answer: (A) 


36. The number of solutions of the pair of equations 
2sin°@—cos20=0 and 2cos’@—3sin@=0 in the 
interval [0, 27] is 


(A) 0 (B) 1 (C) 2 


The first equation is 


(D) 4 
Solution: 


-1+4sin’@ =0 


Therefore 
eee 
2 
which implies 
g-2 5x 7m 110 
6° 6°6° 6 


The second equation is 
2sin’ 6 + 3sin@ —2=0 
(2sin6 — 1)(sin@ + 2) =0 


which implies 


or Q= 


Therefore 7/6 and 5z/6 satisfy both equations. 
Answer: (C) 


37. The number of solutions of the equation 1G t+ 
16° *=10 in the range 0 < x < 277s 


(A) 4 (B) 6 (C) 8 
We have 


(D) 10 
Solution: 
16" 3 4 16° x 10 

16 


16°" * + ——__ = 10 
16°" x 


Substituting t= 16%" * we get 


tf —10t+16=0 
(t —2)(t-8)=0 
>t=2,8 


Case 1: When t= 2 we have 
16" *=2 
Asin’ x _ 1 

=> 4sin? x=1 

> sagas 

2 


na Sn Tx 110 
>=, 


66°’ 6° 6 
Case 2: When t = 8 = 2? we have 
16" * = 2 
asin?’ x i 23 


=> Asin’ x =3 
‘ 3 
> sinx = +— 
2 


gate Ae Ot 
233° 3 
Therefore there are total eight solutions in [0, 27]. 
Answer: (C) 


38. General solution of the equation 4cot26+ tan’ @= 
cot’ 0 is 


(A) nn” neZ (B) nn neZ 


(C) 2nn+ ned (D) 2nn +t neZ 


Solution: The given equation can be written as 
2(1-tan*@ 
At) ente= 
tand tan°é 


2(1-tan’@)+tan*@_ 1 
tang tan’@ 


Therefore 
2(1 — tan’@)tan@ + tan*@ -1=0 
(1 — tan’ 6)[2 tan — (1+ tan’6)]=0 
(1 — tan*@)(1—- tan6y =0 
(1+ tan 6)(1 —tan@)(1— tané)’ =0 
(1-tan@)*(1+ tan@) =0 


This gives 
tan@=+1 
O=nn+~,0=nn- 
4 
O=nn+— 
4 


Answer: (A) 


39. The number of distinct real roots of the equation 


sinx cOSx cosx 
cosx sinx cosx/=0 


cosx cosx sinx 


in the interval —7/4 <x < 7/4 is 
(A) 0 (B) 2 (C) 3 


Given equation is 


(D) 1 
Solution: 


(sin x + 2cosx)(sinx — cos x) =0 


Worked-Out Problems 


Since —7/4 < x < 7/4, sinx + 2cosx # 0. Therefore 
sinx—cosx=O or tanx=1 


Therefore x = 7/4 is the only solution. 
Answer: (D) 


40. The number of values of @ in the range 0 < @< 360° 
satisfying the equation cos*26 + 2sin°20= 17(sin @+ 


cos 6)* is 
(A) 4 (B) 6 (C) 2 (D) 8 
Solution: Given equation is 


(1 — sin? 20) + 2sin* 26 = 17(1+ sin 26)" 

Put x = sin20. Therefore 

(1—x°) + 2x7=17(1+ x)’ 
x*+1=17(14+ x) =17(1+ 2x42) (3.1) 
Clearly x =sin26@=0 is not a solution of the given equa- 
tion. Therefore dividing both sides of Eq. (3.1) by x we get 
2 
er aa(x4te2) 
x x 


Putting x + (1/x) = y, we have 
y —2=17(y+ 2 
l6y’ + 68y+70=0 
8y' + 34y+35=0 
(4y+7)(2y+5)=0 


From this we get 


Case 1: If y=—-7/4, then 4x° + 7x + 4 = 0 has no real roots. 
Case 2: If y=-5/2, then 


2x°+5x+2=0 


os 
2 


Now sin 26 = x = —2 is not possible. Therefore 
sin26 =x =-1/2 
=> 6 =(n/2) + (-1)"(72/12) 
Now 


n=0= 0=7x/12 =105° 
n=2=> 60=27+(7n/12) = 285° 
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n=3= 0=(3a/2) -— (72/12) = 165° 
n=5=> 60= (52/2) - (7/12) = 345° 


Therefore there are total four roots. 
Answer: (A) 


41. If x is not a multiple of z and satisfies the equation 
sin 5x cos 3x = sin 6x cos 2x, then x is 


(A) 24 neZ (B) 4 neZ 
6 3 3 6 
(C) ft nn, neZ (D) n+ ne 


Solution: From the given equation we have 
iv : ile ‘ 
5 sin 8x + sin2x) = 5 (sinx +sin4x) 


Therefore 
sin 2x = sin4x 
2cos3x sinx =0 
Now 


x#nmt,neZ>cos3x=0 


= 3x=(2n+1)5 


Answer: (A) 
42. General solution of the equation 
x ; : _ x 
[cost - 2sin.x sin + (1 + a - 2081 Joos: =0 
iS 


(A) (4n+1)a,neZ (B) (4n+1)2a,neZ 
(C) (Qn+1)2a,neZ (D) (2n+1)az,neZ 


Solution: Given equation can be written as 
: x Aes 9 2 
ee, + cos x 7 — 2(sin’ x + cos’ x) + cosx =0 
. x 
a 2=0 


Since maximum values of sin5x/4 and cosx are 1, it 
follows that sin5x/4 = 1 and cosx = 1. Therefore 


La eee ee 7 
4 2 
and x=2kn,keZ 


Therefore 
— ld ad and x=2ka 

5 5 
which gives 

Qknt = (=) 20 

5 5 
so that 
a 4m+1 
5 


Since k is an integer, we can take m =5n + 1. Therefore 
x =2n + 82n=2n(4n4+1),neEZ 
Answer: (B) 


43. General solution of the equation sin*2x + cos*2x = 
sin 2x cos 2x is 


(A) (Qn+1),neZ (B) (4n+1)7,neZ 

(C) (Qn+1)7,neZ (D) (4n+1)",neZ 
Solution: We have 

(sin? 2x + cos’2x) — 2sin’2 x cos’2x = sin2x cos2x 


2sin? 2x cos?2x + sin2x cos2x —1=0 


Put sin2xcos2x = t. Therefore 


2° +t—-1=0 

(2t—1)(t+ 1)=0 
ol 

2 


Case 1: When t=—1 we have 
sin2x cos2x =-1 
=> sin4x =—2 


which is impossible. Therefore ¢ = —1 is to be rejected. 
Case 2: When t= 1/2 we have 


sin4x=1 
=> 4x =2nr + (2/2) 
Sg es ane 
2 8 8 
Answer: (B) 


44. The number of values of x in the range 0O< x <27 
satisfying the equation tan x + tan[(z/4) + x] =2 is 


(A) 2 (B) 4 (C) 6 (D) 1 


Solution: We have 


tan x 
tanx + 1+ ——— = 
1-tanx 


tan’ x —4tanx+1=0 
tanx=2+3 


x =15°, 75°, 195°, 255° 
Answer: (B) 


45. Number of solutions of the equation 


sin’ x cosx + sin’ x cos’x + cos*x sinx =1 
in the interval [0, 27] is 
(A) 0 (B) 2 (C) 4 


The given equation can be written as 


(D) 8 


Solution: 

sin x cosx(sin’ x + cos x) + sin’ x cos’ x =1 

Substituting ¢ = sinxcos.x in this equation, we get 
FHitie0 


The equation f° + f+ 1=0 has no real roots. 
Answer: (A) 


46. The number of solutions of the equation 3 sin’ x — 
7sinx + 2=0 in [0, 52] is 


(A) 0 (B) 5 (C) 6 (D) 10 


Solution: 
3sin’ x — 6sinx —sinx +2 =0 
3sin x(sin x — 2) — 1(sinx — 2) =0 
(3sin x — 1)(sinx — 2) =0 
This gives sin x = 1/3 (since sinx #2). Therefore 


x=nn+(-1)"Sin"(1/3) forn=0, 1, 2, 3, 4,5. 
Answer: (C) 


47. For the following equation 
3(sin 6 + cos@) — 2(sin*@ + cos’) =8 
exactly one of the following statements is true. Which 
one is it? 
(A) The equation has no real solutions. 


(B) The equation has exactly one solution. 


(C) The equation has exactly two solutions in the 
interval [0, z]. 


(D) The equation has infinitely many solutions. 


Worked-Out Problems 


Solution: The equation can be written as 


3(sin’ 6 + cos’ 6)(sin 6 + cos@) — 2(sin*@ + cos’ 0) = 8 
sin’ 6 + cos’@ + 3sin’@ cos@ + 3sin@ cos’ 6 =8 
Therefore 
(sin@ + cos@)’ = 8 =2° 


Therefore sin @+ cos @= 2. Hence sin@=1 and cos @= 1, 
which is impossible and so the initial equation has no 
real roots. 


Answer: (A) 


48. If real numbers x and y satisfy the equations 4tanx = 
tany and 5sinxcos y = 1, then 


(A) x+ y=(2n+(-1)")a/2 and x-y= 
km + (-1)‘ Sin" (-3/5) 
(B) x+ y=(2n+1)a/2 and x — y=kn + Sin (3/5) 
(C) x+ y=(n4+1)a/2, x- y=nn/2 
(D) x+y=2nn,x- y=(k +1)Sin'(3/5) 
Solution: 


tanx _ 1 


tany 4 


sin x cos y 


cosx sin y 


= 
4 
=> cosx siny= = ( * sinx cosy= :) 
Bek YS 
Therefore from sinxcosy=1/5 and cosxsiny=4/5, 
we have 
sin(x+y)=1 and sin(x—- y)=-3/5 


Therefore 


x+y=nn+(-1)'= 


and x-y=kn+(-1)Sin" = 
Answer: (A) 


49. The number of solutions of the equation 
1+ V3 tan’ = (1+ J3)tan@ 


in [0, 37/2] is 


(A) 2 (B) 3 (C) 1 


The given equation is 


(D) 4 
Solution: 
1+ V3 tan’9 — (1+ V3)tan@ =0 

(/3 tan@ — 1)(tan@ — 1) =0 


Chapter 3 | Trigonometric Equations 


Therefore 


Hence 


belong to [0, 32/2]. 
Answer: (D) 


50. If tan*(x + y) + cot(x + y) =1—2x— x’, then 
(A) xelysnnt7—1 


(B) xa-Lysnrt? +1 


nm TU 
C) x=-ly=—+—-1 
(C) x a tae 


ni 4 
D) x=1ly=—+~-1 
(D) x=Ly ha 


where n €Z. 


Solution: Left-hand side is greater than or equal to 2. 
This implies 


1-2x-x>2 


Multiple Correct Choice Type Questions 


1. Ifx and y are solutions of the equations 


: : 3 3 
sinx siny=— and cosxcosy=— 
4 4 
then some of the values of x, y (in degrees) are 
(A) x=60°, y =30° (B) x =30°, y=60° 
(C) x=—30°, y= —60° (D) x=—60°, y=—30° 


Solution: Adding and subtracting the equations, we have 
cos(x + y) =0 
and cos(x — y) = 3/2 
Therefore 
x+y=(2n+1)a/2 
and x-y=2nrt (2/6) 
Now 


x+y=90°, x- y=30°> x =60°, y=30° 
x+ y=90°, x — y=-30°=> x =30°, y=60° 
x+y=-90°, x- y=30°> x =-30°, y=-60° 


(x+1)/ <0 
=>x=-l 
Hence the given equation is 
tan’*(y—1)+cot?(y-1)=2 


Substituting tan(y — 1) =a, we get 
pe 
a+ ~-2=0 where 
a 


which gives 
(@-1P=0>a=1 
=>a=H+1 
=> tan(y-1)=+1 


=>y-l=nttnl4 


1 
>y= +—|+1 
y G =| 


Therefore 


Answer: (B) 


x+ y=—90°, x — y=—30°=> x =-60°, y=—30° 
Answers: (A), (B), (C), (D) 


2. Some of the common roots of the equations cos 2x + 
sin 2x = cotx and 2cos’x + cos’2x = 1 are 


1 32 —1 1 
oO; 7, Cf Oe 


Solution: We have 


cos2x + sin2x =cotx 
; cOSx 
=> cos2x + 2sin x cos x — —— = 
sin x 


et 


=> cos2x —cosx - 
sin x 


=> cos2x(1-—cotx)=0 (3.2) 


The second equation is 


2cos’ x + cos’2x=1 


=> cos’2x + cos2x =0 


=> cos2x(cos2x + 1) =0 (3.3) 


From Eqs. (3.2) and (3.3), the common roots are given 
by the equation cos 2x = 0. Therefore 


I= (Ont 1)— 
2 
or x=(Qnt1t 


Answers: (A), (B), (C) 


3. Let 
1 
i= tan’x—1 
g(x) =1+cos2x 
and h(x) =2**" -8 
Then 


©) #(F)=6( Sana n(=)>0 


Solution: Consider the equation f(x) = g(x). First, we 
have that cosx #0. Domain of f(x) is the set of all real x 
for which tanx # +1. 


F(x) = g(x) 
1 


—3 7 = 1 + cos 2x 
tan°x-1 


2. 
—cos’ x 
=1+cos2x 


cos2x 


-(1 2 
mn (1+ cos 2x) 


=1+cos2x 
2cos2x 


=> (1+ cos2x)} 1+ = 
2cos2x 


=>cos2x=-l1 or cos2x= ~ 


= 2x =2nn tn, 2x = Inns 


1 
ele eS 


wa 


Worked-Out Problems 


x=nm+(m/2) implies cosx=0 so that we can reject 
this value. Therefore x =n + (z/3) satisfy the equation 
fix) = g(x). But 
h(x) =2°"-8>0ex>2 
Therefore all (A), (B), (C) and (D ) are true. 
Answers: (A), (B), (C), (D) 


4. The values of 6 (0, 7/2) and satisfying the equation 


1+sin°@  cos’@ 4sin 40 
sin’'@ 1+cos'@ 4sin4@ |=0 
sin’ @ cos@ 14+4sin4@ 
are 
7 5a 11x 1 
A) — B) — Cc) — D) — 
(A) 24 (B) 24 cc) 24 (D) 24 
Solution: Adding column 2 to column 1 we get 
2  cos’@ 4sin 40 
2 1+cos’@ 4sin4e |=0 
1 cos@ 14+4sin4@ 


Now R, — R,, R, — R, implies 


2 cos’@ 4sin4@ 
0 1 0 
—l 0 1 


=0 


=> 1(2+ 4sin 46) =0 
=> sin 40 = = = sin( =] 
2 6 
-H 
=> 40=nn+ (1y'(2).ne Z, 


Therefore 


p=" aye 
4 24 


is the general value of 6. Therefore 


end (when n= 1) 
24 
and 6= ae (when n= 2) 
24 


Answers: (A), (C) 


5. Solution of the equation sinx + cosx — 2V2 sinx cosx = 
Ois 


(A) x=ne+(A)'T, neZ 


B) 2nn+ = ,neZ 
6 
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(C) nn— 7 neZ 


1 1 
D) na-—+4+(-1)"'—,neZ 
(D) me-Z+ (ay 


Solution: Put sinx + cosx = y. Therefore 
2sinxcosx=y—1 


The given equation is 
y-V2(y’-1)=0 
= V2y-y-2=0 
= (y—V2)(V2y +1) =0 


Therefore we get 


-1 
JN 


Case 1: When y= V2 we have 


sinx + cosx = V2 


sin{ + *) =1 
4 


= xenn+(l)'2neZ 


Therefore 


Case 2: When y= -1/V2 we have 


; -1 
sin xX + COS xX = —= 
v2 


Therefore 


=x=ne- 2+ Cy" nez 
4 6 
Answers: (A), (D) 
6. If x is a solutions of the equation sin’ x(tanx +1) = 
3sin x(cosx — sinx) + 3, then x is 


A nt+jneZ B nn—neZ 
( 2 4 


(C) nt+—,neZ 


(D) nt-=,neZ 
3 3 


Solution: The given equation can be written as 


sin’ xtanx + sin’x — 3sinxcosx + 3sin’x —-3 =0 


Dividing by cos*x (clearly cos x #0), we have 
tan’x + tan’x — 3tanx-3=0 


(using sec’x = 1 + tan’x). Clearly tanx =—1 is a root and 
hence 


(tanx + 1)(tan’x —3)=0 
Therefore 

tanx =-l,tan x= +3 
From this we get 


1 
ea ae 


1 
and sles iat 


Answers: (B), (C), (D) 


7. Solution of the equation 1 + sinx + cos3x =cosx + 
cos 2x + sin 2x is 


(A) x=na,neZ 
(B) x=2nr+(m/3),neEZ 
(C) x=2n7+ (2/8) 
(D) x=nn+ (-1)"(n/6),n€Z 
Solution: Given equation is 
1+sinx + cos3x =cosx + cos2x + sin2x 
Solving this we get 
1+ sinx —sin2x =cosx — cos3x + cos2x 
14+sinx —2sin xcosx =2sin2xsinx +1—2sin’ x 
sin x(1— 2cosx) =4sin’ xcos x — 2sin’ x 
sin x(1 — 2cos x) =—2sin’ x(1 — 2cosx) 


sin x(1—2cosx)(1+2sin x) =0 


Therefore 
sinx =0 

or cos x=1/2 
or sin x =—1/2 
Hence 

x=nn,neZ 
or x= Int neZ 
or xennt+(-l" 2 neZ 


Answers: (A), (B), (D) 


Worked-Out Problems 


8. Let abe a solution of tanx + sin2x = sec x. Then Gens ae 
4 > 


(A) a#2nn+ > neZ 
and O=nn—"=(4n-1)7,neZ 


(B) a=nm+(-1)'Sin 3-1 neZ 
2 If tanx # +1, then the given equation reduces to 


(C) o=2nn+>.neZ 1—tan’x =1+ tan’ x 


Therefore 
v3-1 neZ : 
2tan’x=O0>x=n0 


2/2 


Solution: The given equation can be written as 


(D) @=nr +(-1)" sin 


Hence 


: : 2 O=nr,nEeZ 
sinx +2sinxcos x =1 
Answers: (B), (C) 


sinx + 2sinx(1-sin’ x)=1 


eee 10. Ifcos(x + 1) sin2(x + 1) =cos3(x + 1) sin4(x + 1), then 


nn nn 
(sin x —1)(2sin’ x + 2sinx —1)=0 (A) a ee (B) iam 


Now (C) rt+1=" neZ (D) x+1=(2n4 1) 
sinx =1=>cosx=0 


: Solution: The given equation can be transformed to 
so that tanx and secx are not defined. Therefore g q 


sin 3(x + 1) + sin(x + 1) =sin7(x + 1) + sin(x + 1) 


x #(2nn) + = 
2 sin3(x + 1) =sin7(x + 1) 


and hence sin 7(x + 1)-sin3(x + 1)=0 
143 2cos5(x + 1)sin2(x+1)=0 
sinx = 
2 This gives 
mnie 5(x+1)=(2nt 1), neZ 
ane 7 
5 <= or 2(x+l=nt,neZ 
Answers: (A), (D) 
we have 
aoe =I #4; Ti 
ee) ai sds 
1+ tan’ (x/2) 
.4(V¥3-1 
or x =Sin™ | ——— 
2 then (x, y) can be 
Answers: (A), (B) (A) ( ™ 2) (B) (= 2] 
2° 2° 
9. Let @ be a solution of the equation (1 —tanx) 
(1 + sin 2x) = 1+ tanx. Then (C) (n+ %.2}.nez (D) (.-2}.nez 
(A) @=(4n+1)~ (B) 6=(4n—1)~ 
: . Solution: Given equation is 
1 
(C) @=nt (D) Oe ret Ce sinx = y’—4y +5 
Solution: Clearly tanx = 1 is not a solution while tanx =-1 y —4y+5=(y-2/ +121 


is asolution. Therefore 
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(equals to 1 if and only if y=2). Therefore the minimum 
value of right-hand side is 1, whereas the maximum value 
of sinx is 1. 


sinx=Les x=(4n41)> 


and in such a case y=2. 
Answers: (A), (B), (C) 


12. If 


1 1 1 
cos2x cos 3x 


cos xcos2x cos 3x cos 4x 


then possible values of x are 


1 1 
(A) = (B) = 


(C) not = neZ (D) nee 


Solution: Suppose sinx #0. Then 


sin x sin(2x — x) 


ae arr 
sinxcosxcos2x  sinxcosxcos2x 


= : [tan2x — tan x] 


sin x 


C= Z [tan 3x — tan 2x] 
sin x 


T,= . [tan4x — tan x] 
sin x 


Therefore 
T,+T7,+T7;, =0 
=> tan4x —tanx =0 
=> sin3x =0 


=>3x=nn,neZ and n¥#3k,keZ 


nu, ‘ 
=P gS 7s ANIC oh CZ 


eg oe keZ 
Answers: (A), (B), (C) 


13. If 


cos’ 2x 


cosx + (1/V2) 


= COs x 


1 
V2 


then x is equal to 


(A) 2nnt 7 ne (B) nn +7 
(C) not neZ (D) nn 


Solution: Given equation is 


cos’ 2x =cos’ x — + 
2 
= 2cos’ 2x = cos 2x 
=> cos2x(2cos2x —1)=0 
Case 1: cos2x = 0. Therefore 
cosx =+1//2 
But cosx # 12. Therefore cos x = 61 /f 2. So, 
x=2nt+ em neZ 
4 
Case 2: 2cos2x — 1=0. Therefore 
cos2x = 1/2 


= cosx =+V3/2 
=>x=2ntt 7/6 
Answers: (A), (B) 
14. The values of @ in [0, 27] satisfying the equation 


(sin20 + V3 cos20) = 5 + cos(20 — 2/6) 


are 
7h 3% 
A) 0=— B) @=— 
(A) 0-2 (B) 0=~ 
5a 197 
Cc) — Dy) = 
Me) a9 Oe 
Solution: Given equation is 


1 3 . 
4| —sin20 + —cos26 =5+cos(20- 2) 
2 2 6 


2, 
asin sin 20+ cos %c0s20 | =5+ cos{ 20 _ 4 


Therefore 


Acos’ & - 4 =5+ cos{ 26 - 4 
6 6 


Substituting 20 — (2/6) = a we get 
4cos* a —cosa—5=0 
(4cosa — 5)(1+ cosa) =0 


Now, one solution is cos ~=—1. Then 


20-7 =a=2nntn 


70 
20 = 2nn + — 
eG 
or 0=2nn - of 
6 
Therefore 
O=nr+ th 
12 
or 0=nr - ae 
12 
Hence 


6-7 (n=0) and 6-2 (n=1) 


Answers: (A), (D) 
15. If sin’x + cos*x + sinxcosx = 1, then x is equal to 
(A) 2na,neZ (B) nz,nEeZ 
(C) ann + =,neD (D) 2nn —~,neZ 


Solution: Given equation can be written as 
. ees . 2 

(sin x + cos.x)(sin’ x — sin xcosx + cos’ x) 
—(1-sinxcosx)=0 


(sin x + cos x)(1— sin xcosx) — (1—sinxcosx) =0 


(sin x + cosx —1)(1—sin xcosx) =0 


Therefore 

sinx +cosx =1 
or 1-sinxcosx =0 
This gives 


or sin2x =2 


Worked-Out Problems 


But 
sin2x #2 
Therefore 
x- a 2na + z 
4 4 
x=2nt + ze 
2 
or x=2n7r,neZ 


Answers: (A), (C) 


16. Let f(x) =tan’x + cos 2x — 1. Then f(x) =0 has 
(A) four solutions in (0, 57) 
(B) two solutions in (0, z) 
(C) two solutions in (7, 32/2) 
(D) one solution in (0, 2/2) 


Solution: 
f(x)=0 
=> tan’ x - 2sin?x =0 
= sin’ x(1—2cos* x) =0 
=> sinx =0,cosx =+ 1/2 


1 32 
=>x=nn or Po AUN es 


Answers: (A), (B), (C), (D) 


17. If 2(cosx + cos2x) + (1 + 2cosx)sin2x =2sinx, then 
some of the values of x in the interval [—z, z] are 


1 1 1 —T 
MAl @t oF oF 


Solution: Given that 
2cosx + 2cos2x + sin2x +2cosxsin2x —2sinx =0 
2cosx +2cos2x+2sinxcosx+4sinxcos’ x —2sinx =0 
2cosx + 2cos2x + 2sinxcosx + 4sinx(1—sin’ x) 
— 2sinx =0 
2cosx +2cos2x + 2sinxcosx + 2sinx —4sin’ x =0 
2cosx + 2cos2x + 2sinxcosx + 2sinx 
— (3sin x —sin3x)=0 
2cosx + 2cos2x + 2sinxcosx + sin3x — sinx =0 


2cosx + 2cos2x + 2sinxcosx + 2cos2xsinx =0 
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cos x(1 + sin x) + cos2x(1+ sin x) =0 


(1+ sin x)(cosx + cos2x) =0 


(1+ sinx)2{ cos cos] =0 
2 2 


Therefore 


n+1 a 


1+sinx =0>5x=nz7 + (-1) pee 


cos = 0 x=202n+1)2 = (n+ ImneZ 
eos ies ne) er 
2 3 
The values 7/3 and —7/3 correspond to n=0, -1. When 


n=Oin 


x=nn+(-ly'= 


then x =—7/2. 
Answers: (A), (C), (D) 


18. If the equation cos2x + asinx = 2a — 7 has solutions, 
then 


(A) 0<a<2 
(B) 2<a<6 


(C) x=nn+(-l)" £,neZ, ifa=5 


(D) x =—2/6 is a solution, if a =3 


Solution: The given equation is equivalent to 
(1-2sin’ x) + asinx =2a-—7 
2sin’ x —asinx —8+2a=0 
Therefore 
; at.Ja’ —8(2a-8) 
sin x = 
4 
_aty(a- 8) 
7 4 
_at+(a-8) - a—(a-8) 
4 4 
=o 2 or 2 
2 


But sinx # 2. Therefore 


: a-4 
sin x = 


provided 


Therefore equation possess solution if 2 <a<6. 
Case 1: When a= 5, then sinx = 1/2 so that 


xX=nt+ Cy 


is the general solution. 


Case 2: If a=3, then sinx =—1/2 and hence x =—z/6 isa 
solution. 


Answers: (B), (C), (D) 


19. If a#nz, ne Z, then the equation sin3a@=4sina 
sin(x + of) sin (x — @) has 
(A) a solution in the first quadrant 
(B) no solution in the second quadrant 
(C) a solution in the third quadrant 


(D) no solution in the fourth quadrant 


Solution: a@#nxz=>sina# 0. Therefore 
sin 3a ‘ : 
——— = A(sin’ x — sin’ @) 
sina 


3 -—4sin’? a = 4sin’ x — 4sin’a 


V3 


sin x = +— 
2 


Therefore, x = 60°, 120°, 240° and 300° are solutions of 
the equation in each of the quadrants. 


Answers: (A), (C) 


20. The equation cos’x + sin*x = 1 has 
(A) exactly two solutions in 0 <x < 7/2 
(B) exactly one solution in 7/2<x<a 
(C) exactly one solution in 7< x < 32/2 
(D) no solution in 37/2 <x <2 
Solution: Clearly x=2nz, neZ is a solution of 


the given equation. Also x =(2k+1)a/2, k €Z is also a 
solution. Further, the equation can be written as 


cos’ x(1— sin’ x)’ =(1— sin’ x)(1+ sin’ x) 
(1 - sin’ x)(cos’ x — 1-sin’ x) =0 


siix=+1 @ cos x4 145i’ x) 
Answers: (A), (C), (D) 


Worked-Out Problems 


Matrix-Match Type Questions 


1. Some trigonometric equations are given in Column I (C) cos3x +sin2x —sin4x =0 


and some of their solutions are in Column II. Match . 
=> cos3x—2cos3xsinx =0 


them. 
=> cos 3x(1-—2sin x) =0 
Column I Column II Scosax=0 or smx=1/2 
(A) sinx +cosx = 2 (p) _ Case 1: cos3x =0. Then 
1 
On 3x =(2n+1)—,neZ 
(B) A seek ent (q) 4 
2 2 ie 
1 >x=(2n+1)— 
(r) Zz 6 
(C) cos3x + sin2x — sin4dx =0 132 Nown=1>x=772. 
(s) e Case 2: sinx = 1/2. Then 
(D) sin 5x cos 3x = sin6x cos 2x (t) . x =n + (-1)" - 
ee Answer: (C) — (p), (s), (t) 
_ os ‘ (D) sin5x cos3x = sin6x cos2x 
(A) geo = sin 8x + sin2x = sin8x + sin4x 
7 1 => sin4x — sin2x =0 
sin{ x+Z)=1=sin = 2cos3xsin x =0 
Therefore Therefore 
ée! See ey = neZ x=nn,x=kn/3+ 1/6 
4 Be Answer: (D) = (p), (s), (t) 
Now 2. Match the trigonometric equations of Column I with 
: 1 some of their solutions in Column II. 
=> 
n x ri rr er re 
i” Bx Column I Column IT 
n=2>x=2n+—= Se ae eae 
= (A) sinx + cosx =1+sinx cosx (p) = 
Answer: (A) — (q), (r) 2 
1 
(B) 1= ae ee + ae = sin{ x ~ =) (B) 2sin~cos?x —2sin~ sin? x = cos2x (q) 6 
2 2 3 2 2 
Therefore (r) a Sa 
7 e (C) sin?x + sin?2x =1 4 3 
ie ele ek a (s) 0 
1 1 
24 40 
Now (D) sin" x — cos’ x = . (t) a 
0 qn oD 
jie tak ae Solution: 
nr 132 (A) sinx +cosx =1+sinxcosx 
n=2>x=20+ SG Put sinx + cosx = y. Therefore 


y-1 
2 


Answer: (B) — (p), (s) y=1+ 
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y—2y+1=0 
(y-1)°=0 
y=l 


Hence 


sinx + cosx=1 


For n=0, we have x = 77/2, 0. 
Answer: (A) — (p), (s) 


(B) We have 
. x 
2sin ae 2x =cos2x 
Pee 
[2sin% - 1 }oos2x-=0 
ames or cos2x=0 
2. 2. 


Case 1: We have sin(x/2) = 1/2. This implies 
x =2nn +(-1)" _ 


For n=1,x =577/3. 
Case 2: We have cos 2x = 0. This implies 


1 
x=(2n+1)— 
Qn+1% 


For n=0, x= 7/4. 
Answer: (B) > (r) 
(C) sin’x + sin?2x = 1. Therefore 
1—cos2x % 1—cos4x 7 
2 2 
cos4x + cos2x =0 


1 


2cos3x cos x =0 
rant, x=(2n+1)> 
But 
v={2n+1)Z,ne z} 
is a subset of 


x=4(2n+1) 2 neZ 
[oneng ner} 


Therefore, the general solution is 


1 
=(2n+1)— 
x=(Qn4 IF 


Now n=0,1=> x= 7/6 and x= 77/2. 
Answer: (C) > (p), (q) 
(D) We have 


sin’ x — cos x =1/2 


whi nie ne 
2 
Pe eee 
2 
erga 
3 
>x=nt+ 2 
3 


Therefore n=0 > x =+77/3. 
Answer: (D) —> (t) 


3. Column I consists of trigonometric equations and 
Column IJ consists of their solutions. Match them. 


Column I Column IT 
(A) cos3x + sin5x =0 (p) = 
(q) 
(B) sinxcos 5x = sin9xcos3x 
1 
(r) 3 
(C) cos2x — cos 8x + cos 6x = 1 (s) 4 
8 
ee : : 3% 
(D) 4sinxsin2x sin 3x = sin 4x (t) Fi 
Solution: 
(A) We have 


cos3x + sin5x =0 


cos3x + cos( = - sx =0 


2eos{ 3** @) - ** Jeos{ = e+e) —0 


2. 
cos{ 4 - x eos{ 4x- 2} =0 
4 4 
Therefore 
1 1 
x—-—=(2n+1)— 
4 ( 5 


or 4x—-" =(2n+1)=,neZ 
4 2 


which gives 


37 nn 30 
x=nt+— or x=—+—,neZ 
4 4 16 
When 
n=0>5x=32/4 or 32/16 
Answer: (A) > (p), (t) 
(B) The given equation is sinx cos 5x = sin 9xcos 3x. Solving 
it we get 
sin 6x —sin4x = sin12x+sin6x 
sinl2x+sin4x =0 
2sin8xcos4x =0 
Now two cases arise. 
Case 1: sin8x =0. Then x =n7/8. 
Case 2: cos4x =0. Then x = (2n + 1)7/8. 
Also 
n=6>x=30/4 
n=8>x=1 
Answer: (B) > (p), (q) 
(C) The given equation is cos2x — cos 8x + cos6x = 1. So 
2sin 5x sin3x = 1—cos6x =2sin’ 3x 
sin 3x(sin5x — sin3x) =0 
sin 3x(—2 cos 4x sin x) =0 
Three cases arise. 
Case 1: sinx =0. Thenx=nz,neZ. 
Case 2: sin3x =0. Then x =n7/3,n €Z. 
Case 3: cos4x =0. Then x = (2n + 1)7/8, ne Z. 
Therefore x = 7, 2/3, 7/8 are solutions. 
Answer: (C) — (q), (r), (s) 
(D) We have 
4sin xsin 2x sin3x = sin4x = 2sin2x cos2x 
sin 2x(2sin xsin 3x — cos2x) =0 
sin2.x(cos2x — cos4x — cos2x)=0 


sin2xcos4x =0 


Therefore 
go or x=(n41)— 
2 8 


Hence x = zor x = 7/8 are solutions. 
Answer: (D) — (q), (s) 


Worked-Out Problems 


4. Match the entries of Column I with the entries of 
Column II. 


Column I Column IT 
(A) If tan x +sinx + tan x-sinx= (p) 0 
,/3tanx then sinx value is mi 
(= 
(B) If1+|cosx| +cos*x +|cosx|* + --- +0 2 
is 2(0 <x < 7/2) then cosx is equal to te 3 
T ———— 
T 1 e 
(C) If tan) —+x }+tan| —- x |=2, 
: : 6) 5 
then tanx is equal to 2 
(D) If 7cos’@+3sin?@=4, thensin@is (t) > 
Solution: 
A) Squaring both sides, we have 
(A) Squaring 
tan x =2,/tan’ x — sin’ x 
4sin* 
tan’ x = 4(tan’ x — sin’ x) = a * 
cos’ x 


sin’ x(1 — 4sin’ x) =0 
sinx=0 or +1/2 


Answer: (A) = (p), (s), (t) 


(B) 0<x< 7 = |cosx| #1. Therefore the given sum equals 


1 

1—|cosx | 7 

1-|cosx|=1/2 

|cos x|=1/2 
cos x = +1/2 
Answer: (B) = (s), (t) 
(C) We have 
tan{ = + x] + tan( = - x] =2 
4 4 
Therefore 


1 1 
tan{ = + x] + cot( 4 + x] =2 
4 4 
The left-hand side is > 2. Therefore 


tan 54 *}- 1 
4 


tanx =0 
Answer: (C) — (p) 
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(D) We have 


7(1—sin’ 6) + 3sin°@=4 


Comprehension-Type Questions 


1. Passage: Using trigonometric transformations, answer 
questions (1), (ii) and (iii). 


(i) If sinSxsin 4x + cos 6x cos 3x = 0, then x is equal to 


(A) {E+ nezhulZ+enkez| 
4 2 2 


(B) {ne nezbuf +2 neal 


3 4 
(C) {inst cezhu{ +2 neg} 


(ii) If sin 2x sin 6x = cos xcos 3x, then x can be 


un 1 a 1 
A) =,— B) —, — 
” 8 4 e 12 10 
nT an 0 
C) —,— D) —,— 
~ 10 6 () 12 4 
(iii) General solution of the equation cos 2x — cos 8x + 
cos6x = 1 is 


(A) {ne + Zhu fans ne} neg 


(B) {(2n+ pe hu{ th ne Z 


(D) {(2n+ v2 U {=}. neZ 
Solution: 
(i) We have 


sin5xsin4x + cos6x cos3x =0 


cos x — cos9x % cos9x + COS3x _ 
2 2 
cosx + cos3x =0 


2cos2xcosx =0 


Two cases arise. 


Case 1: cosx =0. Therefore 


x=(2k +17, keZ 


Therefore 
Asin’ @ =-3 


sin’ 6 = 


ENS es) 


Answer: (D) — (q), (r) 


Case 2: cos2x = 0. Therefore 
2x=(2n+1)~ 
2 
From both cases we get 
v= (tee nezbuline® cea] 
2 4 2 


Answer: (A) 
(ii) We have sin 2x sin 6x = cosxcos3x. Therefore 


cos4x—cos8x _ cos4x + cos2x 
2 7 9 


cos8x + cos2x =0 


2cos5x cos 3x =0 


Two cases arise. 
Case 1: cos3x = 0. Therefore 


1 
x=(2n+1)— 
Qn+1= 
Case 2: cos5x = 0. Therefore 
1 
= (2k +1)— 
x=( Fr 
From both cases we get 
1 1 
x=|Qn+ l)—,ne Zu (2k+ l)—,ke zh 
6 10 


Ifn=0 and k =0, then x = 7/6, 7/10, respectively. 
Answer: (C) 
(iii) We have cos 2x — cos 8x + cos 6x = 1. Therefore 
2sin 5xsin3x = 1—cos6x = 2sin*3x 
sin 3x(sin 5x — sin3x) =0 
sin 3x(2cos4x sin x) =0 


This gives either sinx = 0 or sin3x = 0 or cos 4x = 0. 
Case 1: sinx = 0 implies sin3x = 0. Therefore 


x= 


3 


Case 2: cos4x =0. This implies x =(2K + 1) 


Hence 


r={2k+2kez}u{ neg} 
8 3 
Answer: (D) 

2. Passage: When the equation is of the form R(sinx + 
cosx, sinxcosx) =0, where R is a rational function of 
sinx + cosx and sinxcosx then substitution ¢= sinx + 
cosx can be used, so that sinxcos x = (f — 1)/2. Answer 
the following questions (i), (ii) and (iii). 


(i) Ifsinx + cosx + sinxcosx = 1, then the general value 
of x is 


(A) \en+)%.nez] tke, kez) 
(B) (2kn, ke Z)U{2ne+ = nez} 
(C) (S.kez}ufne +2. neg} 


(D) {ok+n3.ce2| [2m +4,nez| 


(ii) Which of the following values of x satisfy the equa- 
tion sin x + cos x — 2V2 sin xcos x =0. 


m —1 —m —-1 
A) .=— B) —,— 
Oo oo aa 

mu —-S0 un 
Cc) —,—_ D) —,— 
(| 12 ©) 63 


(iii) The set of all solutions of the equation sinx + cosx — 
2sinxcosx = 1 is 


(A) 


{i — ke zhu {an Ne +t (ne 2)| 
(B) inst kez]Ujnm+ ned 
(C) {(@x+ D5. kez}u{ne+%,nez 


(D) Pk, keZ}Ufnm+.nez} 


Solution: 
(i) Wehavesinx + cosx + sinxcosx = 1.Putsinx + cosx =t. 
Therefore 
P-1 
t+ =1 
2 


+2t-3=0 


Worked-Out Problems 


(t—1)(t+ 3)=0 
t=1,-3 
Case 1: t=1. Therefore 


sinx + cosx=1 
: 1 1 . 0 
sin ae =—~=sin— 


x4 =k + Cy 
4 4 


1. If kis even, then x =2mz, m €Z. 
2. If k is odd, then so that x = 2n7m+ (7/2). 
Therefore the solution set is 


(enn, nez}u{rke +2, k ez} 


Case 2: t=-3. That is sinx +cosx =—3. This equation 
has no solution, because 3> V2. Recall that asinx + 
bcosx =c is solvable only if 


walle 324 
Ja +B? 
Answer: (B) 
(ii) We have 


sinx + cosx = 2V2 sin xcosx =0 


Substituting sinx + cosx = ft we get 


t— 2(P-1)=0 

V2? -t-/2 =0 

(J2t + 1)(t — V2) =0 
t = J2, -1//2 


Case 1: t= 2. Therefore 


sinx + cosx = /2 


1. 1 
—sin x + —cosx=1 


V2 V2 


. 1 2 IE 
sin] x + —}=1l=sin— 
( 4 2 


xt ennt (1), neZ 
4 2 


when n= 0, then x = 7/4. 
Case 2: t=—1/ 2. This implies 


sin x + cosx = 


V2 V2 2 
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Therefore 


: ( =| = (=) 
sin| x +— |=— =sin 
4 2 6 


xt = kn+(1)! (=) 


When k = 0, then x = —57/12. Therefore x = 7/4, 57/12 
are solutions. 


Answer: (C) 
(iii) We have 


sinx + cosx —2sinxcosx =1 
Substituting sin x + cosx =f we get 
t-r=0 
t=0,1 
Case 1: t= 0. Therefore 


sin x + cosx =0 


sin( + *) =0 
4 


Assertion-Reasoning Type Questions 


In the following set of questions, a Statement I is given 
and a corresponding Statement IJ is given just below it. 
Mark the correct answer as: 


(A) Both Statements I and IJ are true and Statement II 
is a correct explanation for Statement I 


(B) Both Statements I and II are true but Statement II is 
not a correct explanation for Statement I 


(C) Statement I is true and Statement II is false 
(D) Statement I is false and Statement IJ is true 
1. Statement I: The solution set of cos’ x — sin’ x =1 
is {nz,n € Z}. 
Statement Il: -1 <cosx <1 for all real values of x. 
Solution: We have 


cos” x —sin'’ x =1 


=> cos” x=14 sin! x>1 
=> cos x=1 
> sinx=0 


>x=nn,neZ 
Answer: (A) 


1 
eg eee 


x =n 7 =(n yn+2" 
4 4 


ete 
4 


Case 2: t= 1. Therefore 


sinx + cosx =1 


sin{ x4) = sin 
rt an | 


xt enn+(-1),neZ 
4 4 
1 1 1 1 
= + (-1)”"—=(4n-1)—+ (-1)" 
xann- 24 (Ay P= (n-)24(ay7 


Therefore the solution set is 


{ens *® cezhufean—y 2+ (Cay 4,nez| 
4 4 4 


Answer: (A) 


2. Statement I: If 2x is not an odd multiple of 7/2 and 
(tan 4x — tan 2x)/(1 + tan4xtan2x) =1, then x = (ka/2) + 
(2/8), k €Z. 


Statement II: General solution of the equation tan = 


tanaisO0=nrt+a,neZ. 
Solution: Statement II is true (see Section 3.2.5). Now 


tan 4x — tan2x _ 
1+tan 4x tan2x 


= tan2x=1= tant 
= 2x=kn+ = 
4 


ey rae 
2 8 


Answer: (A) 
3. Statement I: The equation sin x = e* has a solution for 
x20. 
Statement I: —1 <sinx <1 for all real x. 


Solution: Since e* > 1 forallx >Oand|sinx| < 1, the equa- 
tion sinx = e” has no solution (see the following figure). 


Therefore Statement II is true, but Statement I is false. 
Answer: (D) 


Note: Since e* > O0as x > —, the graph of y = sin x inter- 
sects the graph of y = e* at infinitely many points for x < 0 
and hence sinx =e" has infinitely many solutions when 
x <0. 


4. Statement I: The general solution of the equation 
cosx + secx = 2 when x is not an odd multiple of 2/2 
is x =2n7,neZ. 


Statement II: cosx + secx = 2 for all real values of x. 


Solution: Since the maximum value of cosx is 1 and 
|secx| > 1, cosx + secx =2 if cosx=1 and secx = 1. 
Therefore 


x=2nn,neZ 


Hence Statement I is true. 


Integer Answer Type Questions 


1. The number ofsolutions of the equation sin 3x + cos3x = 
0 in the interval [0, z] is 


Solution: As cos3x =0 is not a solution of the initial 
equation, the given equation is equivalent to the equa- 
tion tan 3x =—1 = tan(—7/4). Therefore 


3x2 + nn, neZ 


x= + aly neZ 
12 3 
When n=1, 2, 3, respectively, then x = 7/4, 7/12 and 
117/12. 


Answer: 3 


2. If the general solution of the equation cosx= 
2sin*(x/2) is given by x =2nm+(a/k), ne Z, then the 
value of k is ___ 


Worked-Out Problems 


Statement IT is false because cos x + sec x < 0 for infinitely 
many values of x. 


Answer: (C) 

5. Statement I: General solution of the equation 5 tan*x — 
sec’x —29=0 is x=nm+(m/3),n eZ. 

Statement Il: The equation asinx+bcosx=c has 


solutions if |c|<.fa°+b’. 


Solution: 
Now 


According to Section 3.3.1, Statement II is true. 


Stan‘ x — sec’ x — 29 = Stan* x — (1+ tan’)’- 29 
4tan‘ x — 2tan’ x - 30=0 
2tan* x — tan’x -15=0 
(2tan’ x + 5)(tan’ x — 3) =0 


tan’? x =3 


tan.x = £45 =tan( +7) 
x=nwt = 
3 


Statement I is also true, but Statement II is not a correct 
explanation of Statement I. 


Answer: (B) 


Solution: We have 


Therefore 
cos x = 2sin*(x/2) =1—cosx 
= 2cosx=1 
=> cosx =1/2 
=>x=2nn+(7/3),nEeZ 
Therefore k =3. 


Answer: 3 


3. The general solution of the equation 


tan2xsin x + V3(sin x — 3 tan 2x)= a4 


is x = (3n—1)alk,n €Z where k is equal to 
Solution: The given equation can be written as 


tan2x(sin x — 3) + ¥3(sin x — 3) =0 
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As sinx # 3, 
tan2x = a5 = tan( ==] 


Therefore 


2x=nn- =~ =(3n-1)2 
3 3 


1 
=(3n-1)— 
x=@n-12 
This implies k = 6. 
Answer: 6 


4. The equation 3sinx + 4cosx = cis solvable if |c| value 
is less than or equal to ____ 


Solution: It is known that (see Section 3.3.1) asinx + 
bcosx = cis solvable if |c|< ,fa’+ b’. Therefore 


\c|< 3? +4 =5 


Answer: 5 


tan?x—1+ 


2 seor( 2 xJ=3 
cos’ x 2 


then the number of values of tanx is 


Solution: Given equation can be written as 
tan’ x —1+sec* x —3tanx-3=0 
tan’ x + tan’ x — 3tanx —3=0 
(tan x + 1)(tan’ x — 3) =0 


tanx =—-1, +3 
Answer: 3 


6. The number values of x belonging to interval [0,27] and 
satisfying the equation sin*x + cos*x = cos 4x is 


Solution: Given equation can be written as 


(1 — 2sin’ x cos’ x) — cos4x =0 


1- sin’ 2x —cos4x =0 


1 ae) cos4x =0 
4—1+cos4x —- 4cos4x =0 
3cos4x =3 
cos4x =1 

xe! nee 


When n = 0,1,2,3 and 4, then x = 0, 2/2, 2,3/2 and 27. 
Answer: 5 
7. For 0<x, y<a, the number of ordered pairs (x, y) 


satisfying the equations sinx +cosy=0 and sin’x + 
cos’ y= 1/2 is. —__., 


Solution: We have 
sinx + cosy =0 (3.4) 
sin’ x + cos’ y= : (3.5) 
O<x<a and O<y<az (3.6) 


Substituting cos y = —sinx in Eq. (3.5) we get 
2sin’ x = . 
Therefore 
sinx =+ : 


xenn+ (AE neZ 


vane +(-t)"(=),nez 


Now sinx = +1/2 => cosy = F1/2. So 


sin x =—=> cos y= — 
2 2 
= y=2nn se 


ay- ( O< y<z) 


Between 0 to z, sinx cannot be —1/2 so that cosy # 1/2. 
Therefore the ordered pairs (x, y) are 


(z =) (= =) 
—,—]| and | —,— 
6 3 6 3 


8. The number of roots of the equation (1 — cos 2.x)sin 2x = 
3 sin°x which lie in the interval [—z, 7/3] is 


We have 


Answer: 2 


Solution: 
(1 - cos2x)sin 2x = V3 sin? x = a — cos 2x) 


Therefore 


(1- cos2)|sn2s - 3 =0 


Two cases arise. 


Case 1: cos2x = 1. Then 2x = 2nz or x =nz. This implies 
x=- 17,0 whenn=-1,0. 


Case 2: sin2x = J3/2 . Then 


2x=kn+ (A Fin keZ 


or gl eee 
2 6 


When k = -2, -1, 0, 1, respectively, the 


x= > 9 9 
6 3 6 3 
—5a -20 nn 
x= 2 | , 0, > 
6 3 6 3 


Answer: 6 


9. If x=Tan''(-k) is a solution of the equation cos*x — 
2cosx = 4sinx — sin2x, then the value of 2k is 


Solution: The given equation can be written as 
cos x(cos x — 2) = 2sin x(2 — cos x) 
Therefore 

(cos x — 2)(cosx + 2sinx) =0 


Now cosx #2 implies cosx + 2sinx =0. Clearly cosx =0 
is not a solution of the initial equation. Hence tan x = —-1/2. 


Therefore 
x=Tan'! (=) 
2 


is the principal solution. Hence 
1 


k== 
2 


so that 2k = 1. 
Answer: 1 


10. The number of values x lying in the interval (7/9, 47/9) 
satisfying the equation 1 +cos10xcos6x =2cos’8x + 
sin’8x is 


Solution: We have 

1+ cos10xcos6x = 2cos*8x + sin’8x 
=cos’ 8x+1 

Therefore 


1+ cosl6x 
2 


cos 10x cos6x = cos’ 8x = 


2cos10xcos6x =1+cos1l6x 
cos 16x + cos4x = 1+ cos16x 
cos4x =1 
4x=2nn,neZ 
x=nr/2,neZ 


Therefore for any value of n, 


Therefore the number of values of x € (2/9, 47/9) is zero. 
Answer: 0 


| 


Trigonometric Equations 


3.1 Principal Solution: Solutions of a trigometric equa- 
tion belonging to the interval [0, 27] is called prin- 
cipal solution of the equation. 


3.2 (a) General solution of the eqution sinx = K where 
-1<K<1isx=nz+(-1)"awhere sina = K and 
neZ. 

(b) General solution of the equation cosx = K (-1< 
K<1)isx=2na+ awhere cosa= K andneZ. 


(c) General solution of the equation tanx = a where 
‘a’ is any real number is x = 7+ 0 where tan 0= a. 


3.3 If a, b and c are real numbers, then the equation 


asinx + bcosx =c is solvable only when |c| < ./a’ + b* 
and the general solution is x = (2na7+ a) +0 


where 


and cos@= 
a+b a+b 


sin @ = 


and we [0, z] such that 


cosa = 


or x =nz+ (-1)"a—- 0 where 


‘ a 

cos = ————— 

Ja +b 
b 


C+b° 
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; 1 
and sina@= ee Ses 


Nia 


b 


Note: Writing 


: 2tanx/2 
sin x = ——_,—_~ 
1+ tan’ x/2 
1—tan’ x/2 
and cos x = —_—_,—— 
1+ tan’ x/2 


we can solve the equations. 


3.4 Useful substitution: In some trigonometric equa- 
tion, the substitution sin.x + cos x = ¢ will be useful. 


Example: Solve sinx + cosx =1+ sinx cosx. 


3.5 If a trigonometric equation is a rational function 
of sinmx, cosnx, tanpx, etc. and equals zero, where 
m,n, p, etc. are positive integers, then the formulae 


: 2 tan (x/2) 
s4=—_. —_— 
1+ tan‘ (x/2) 
1 — tan’ (x/2) 
cos x = ————*"_* 
1+ tan*(x/2) 

tage 2tan(x/2) 


~ 1-tan?(x/2) 


etc. will be useful for substitution. 
Example: The equation 


(cos x —sinx) (2tanx+secx) +2=0 


can be solved by substituting tan(x/2) =¢. 


| EXERCISES 


Single Correct Choice Type Questions 


1. The number of roots of the equation 


cot2x  cotx 
+ 2=0 


cotx  cot2x 


in the interval [0, 27] is 


(A) 1 (B) 2 (C) 3 (D) 4 
2. General solution of the equation sin 6x + 2 = 2cos 4x is 
(A) ned (B) n+ = ne 


(C) * neZz (D) 2nn += ne 


3. The number of solutions of the equation tan*x- tan’3x 
-tan4x = tan’ x — tan’3x + tan 4x in the interval [0, z] is 


(A) 0 (B) 2 (C) 3 (D) 4 


4. General solution of the equation 


(sin 19°)°'**°°3* = sin?(2 — x) — cos( — x) 


a) 
x sin| — + x 
2 


is 

(A) xa neZ 

(B) x=" ne Zand n# 4k, keZ 
(C) x= ne 


(D) x=" neZandn#2k,keZ 


5. General solution of the equation 


+3 a Hees 
sin” (x/2) 608 (x/2) 2 De 
2+ sinx 


is 
(A) x=(4n+I)5.neZ (B) x=(2n+1)2,neZ 
(C) x=(2n+1)n,neZ (D) x=" neZ 

6. General solution of the equation tanxsinx — cosx = 
(1/2) secx is 
(A) (Qn+1)7,neZ (B) (nt 1) ,neZ 


(C) (4n+ 1), neZ  (D) (Qnt1)7,neZ 


7. If cos’3x + sin’[(2/2) + 5x] = cos’(7x) + cos*(9x), then 
12x is equal to 


(A) 4nz,n€Z (B) 3na,neEZ 
(C) 2na,n eZ (D) na,neZ 


8. The number of solutions of the equation 1 — 2sin x — 
2cosx + cotx=0(0<x<2z) is 


(A) 4 (B) 6 (C) 2 (D) 1 
9. If cos3x + sin[2x — (77/6)] =-2, then x is of the form 


(A) (4m+1)7,meZ (B) (6m+1)7,meZ 


(C) (3m+1)7,meZ (D) (Qm+1)7,meZ 


10. General solution of 1 + sin’ x + cos*x = (3/2) sin 2x is 


(A) {((2n+la,neZ}u {Ca Tk ez 


(B) [na neZ}U{2k-1)2, kez} 


(C) {(4n4+ 1a, ne Z} U{2kn, k € Z} 
(D) {(3n + 1a, ne Z} VU (ka, k € Z} 


11. If (V3/2)sin x = cosx + cos’ x, then x is equal to 
(A) nz or Qnt1)7,neZ 
(B) (2n+ 1)wor (6n+1)7,neZ 
(C) For Qn-1F.neZ 


(D) 2nz or n+ ne 


12. The general value of x satisfying the equation 
sin2x + Ssinx + Scosx + 1=Ois 


(A) Gn+1)F,neZ (B) (Qn+1)4,neZ 


(C) (4n-1)7neZ (D) (6n+1)7,neZ 


13. The number of solutions of the equation 2sin°x = 
cos x in the interval (—7, 57) is 


(A) 4 (B) 6 (C) 5 (D) 2 


14. General solution of the equation sinx + cosx = V2 
(sin*x + cos*x) belongs to 


(A) {en IF .ne z} fms Cy un ez 


(B) 
‘= + asin) ne z} {oon + i ne z} 


(C) \2n + cos"( 3 ae z} L{ Qn +)5,ne z} 


(D) 


15. Ifa>0, the number of solutions of the equation sin x = 
(|x|/2) + a in the interval (—2, 0) is 


(A) infinite (B) 4 (C3 (D) 0 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


The number of solutions of the equation 
co 2 +1 xpoo( 21) =1 
2 2 


in the interval [—z, z] is 


(A) 0 (B) 1 (C) 2 (D) 4 


The number of solutions of the equation 


1 (4 
tan] —+x |=tan}| —-x 
(3 ) (| 


in the interval (—»e, o) is 


(A) 0 (B) 2 (C) finite (D) infinite 


If the pair (x, y) satisfies both the equations sin*x + 
sin’ y = 1/2 and x — y = 47/3, then 


(A) conn y= nnned 
(B) xenn+, yonn-F,nez 


(C) xann-2 yonn+ 2 ned 


(D) xenn—72, yann+E,nez 


If (x, y) satisfies the system of equations tanx + tany = 4 

and cotx + coty =5, then 

(A) x=nm+Tan™[(10 + 4V5)/5], y=ma+Tan'[(10 F 
4,/5)/5], n and me Z (either both have upper 
signs or both have lower signs) 

(B) x=(nw2)+ Tan" [2 + (0.8)V5], y=(mm2)+Tan™ 
[2 $(0.8)V5], n,me Z 

(C) x=2nn+Tan'(+4/V5), y=2mn+ Tan (44/5), 
n,meZ 

(D) x=[(2n+1)m/2] + Tan (2+ V5), y=[(2m+1) 
ni2| + Tan! (2 V5), n,meZ 


The number of solutions in the interval [—z, z] of the 
equation 4 sin 3x + sin5x — 2sinxcos2x = 0 is 


(A) 8 (B) 7 (C) 6 (D) 4 
The number of values of x such that tan[(2zx)/(1 + 
x+2x’)] =-v3 is 


(A) 8 (B) 7 (C) 5 (D) 6 


The general solution of the equation cos2x + sin2x = 
cosx + sinx belongs to 


(A) (2nn,neZ} O(n I)eme z} 


(B) {nz,neZ} Lm I)E,me z} 
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(C) {nz,neZ} | (d+ pE.mez] 
(D) {ne zh U {ams pZ.mez| 


23. The number of solutions of the equation V2 sinx + 
cotx =0 in the interval (—7, 27) is 


(A) 6 (B) 4 (C) 3 (D) 2 


24. The number of solutions of the equation 2(sin* x + 
cos*x) — 3(sinx + cosx) = 8 in the interval (—, 7) is 
(A) infinite (B) 4 (C) 2 (D) 0 


25. The equation sin°x + cos°x =a has a solution if and 


only if 
1 1 
A) lsas2 B) =Sa<s= 
(A) Isa (B) esas; 
1 1 1 
C) —<a<l D) —<a<— 
(C) Zsa (D) 3<asz 


26. The number of solutions of the equation cos’x + 
sin*x = 1 in the interval (—z, z) is 
(A) 2 (B) 3 (C) 4 (D) 5 


Multiple Correct Choice Type Questions 


1. Solution of the equation 1 + sin*2x = cos” 6x is 
(A) n7/3,neZ (B) nz/2,n eZ 
(C) na,nEeZ (D) (2n+1)7/4,neZ 


2. If 7cos’*x + cosxsinx — 3 =0, then x is 
(A) nz+ Tan '(4/3),n eZ 
(B) nz+ (37/4),n eZ 
(C) (nm/2) + Tan (4/3), n €Z 
(D) (na/2) + 3mi/4), ne Z 


3. If 2°?*+1=3,.2""*, then x may be equal to 
(A) na (B) 2na 
(C) na/2 (D) (2n + 1)z/2(n €Z) 


4. If z= (3 + 2isin 6)/(1 — 2isin 6), then 
(A) zis pure real, ifO=nz,neZ 
(B) zis pure real, if@=2nz,neZ 
(C) zis pure imaginary, if @=nz+ (7/3), n eZ 
(D) zis pure imaginary, if @=nz-(z/3),neZ 


5. If a and B are smallest positive values of x and y satis- 
fying the equation 2(sinx + sin y) — 2cos(x — y) =3, then 
(A) sin[(@+ B)/2] =1 
(B) cos[(a— B)/2] = 1/2 


27. The smallest positive value of x (in degrees) for 
which tan(x + 100°) = tan(x + 50°)tanx tan(x — 50°) is 
(A) 30° (B) 45° (C) 55° (D) 60° 


28. The smallest positive value of p for which the equa- 
tion cos(p sinx) = sin(pcosx) has a solution is 


4 TU 
A es 


(D) 7h. 


a 
aT, a 


29. The number of integral values of k for which the 


equation 7 cosx + 5sinx = 2k + 1 has a solution is 
(A) 4 (B) 8 (C) 10 (D) 12 


30. The number of solutions of the equation sinx + 
sin 5x = sin3x in the interval [0, z] is 


(A) 6 (B) 5 (C) 4 (D) 3 


31. The number of solutions of the equation tan’x = 
cos 2x — 1 in the interval [—z, z] is 


(A) 6 (B) 5 (C) 4 (D) 3 


(C) the number of pairs (a, 8) is 2 
(D) the number of pairs (a, f) is 4 


6. For the equation sin’ x + (1/4) sin? 3x = sin x sin’ 3x 
(A) x= 137/6 is a solution 
(B) x=0, z are the solutions 
(C) the number of solutions in the interval [—z, z] is 5 
(D) x= 7/2 is not a solution 


7. For the equation tanx-tan4x = 1 
(A) the number of solutions in [0, z] is 5 
(B) x =3z/4 is a solution 
(C) x =112/4 is not a solution 
(D) x =(2n+1)z/10 is the general solution 


8. For the equation cosxcos[(2/3) — x] cos[(7/3) + x] = 1/4, 
(A) the number of solutions in [—z, z] is 3 
(B) the number of solutions in [0, 67] is 10 
(C) the sum of all the solutions in [0, 67] is 302 
(D) the general solution is x = 2n7/3,n €Z 


9. Let f(x) =,/sin'x+4(1-sin’x) — J/cos'x+ 4(1-cos’x). 
Then 


(A) general solution of f(x) =Oisna,neZ 

(B) the number of values of x belonging to [—7, a] 
satisfying f(x) =0 is 4 

(C) general solution of f(x) =0 is 2nz,n €Z 


(D) the sum of all the solutions of f(x) = 0 belonging 
to [-27, 2a] is 0 


10. The region S consists of all the points (x, y) such that 
x+y < 100 and sin(x + y) > 0. Then 


(A) S is cut by the lines of the form x + y=kz for 
some k eZ 


(B) if (x, y) belongs to the region S and lies between 
two lines of the form x+y=ka, then either 
sin(x + y) >0 or sin(x + y) <0 

(C) the area of the region S is 507 square units 

(D) the area of the region S is 1007 square units 


11. Consider the equation 


V3-1 V3+1_4 5 


sin x cosx 


For this equation 

(A) x=2/12,n &Z, is a solution 

(B) x = 117/36, n €Z, is a solution 

(C) the number of solutions in (0, 2/2) is 2 
(D) 2x =nm+ (-1)"(x + 77/12) 


12. In triangle ABC, the angles A and B satisfy the rela- 
tions 3sinA + 4cos B = 6and 3cosA + 4sin B = 1. Then 


Matrix-Match Type Questions 


In each of the following questions, statements are given 
in two columns, which have to be matched. The state- 
ments in Column I are labeled as (A), (B), (C) and 
(D), while those in Column IT are labeled as (p), (q), 
(r), (s) and (t). Any given statement in Column I can 
have correct matching with one or more statements in 
Column II. The appropriate bubbles corresponding to 
the answers to these questions have to be darkened as 
illustrated in the following example. 


Example: If the correct matches are (A) > (p), (s); 
(B) > (q), (s),(t); (C) > (1); (D) > (1), (t); that is if the 
matches are (A) > (p) and (s); (B) > (q), (s) and (t); 
(C) > (1); and (D) > (7), (t), then the correct darkening 
of bubbles will look as follows: 


p t 


q  s 
OCO®WO 
CleCee 
OOBO 
CO@O 


o.oo & > 


(A) A+B=30° 
(C) A+ B=150° 


(B) C=150° 
(D) C=30° 


13. Consider the following two statements: 


I. If0<x< a/2 and log’ + log®** = 2, then x = 7/4. 


COS X sin x 


II. If wand Bare any two angles such that sin @ = sin B 
and cos a@=cos f, then a- B=2nz,n eZ. 


which of the following are correct? 
(A) Lis true (B) IL is false 
(C) Lis false (D) IL is true 


14. Consider the following statements 


P: The equation cos x + cos 3x = cos 2x has two solu- 
tions in the interval (0, 7/2). 


Q: If 1+sinx-sin2x = cosxcos2x, then x = 2n7/3,n € Z. 
which of the following are correct? 

(A) P is true 

(B) Qis true 

(C) Pis true, but Q is false 

(D) P is false, but Q is true 


15. Consider the equation 2/2|cos x|= cosec x. 
(A) This has four solutions in [0, 271] 
(B) This has two solutions in [7/2, 71] 


(C) Solutions of this equation belonging to [0, z] 
form an AP in some order 


(D) This equation has no solutions in (z, 37/2) 


1. Match the items in Column I with those in Column II. 


Column I Column IT 
(A) If cos3x — cos 2x = sin 3x, (p) al ald 
then some of the values of . 2 
x can be (q) -7, 2,27 
(B) If sin3x —4sinxcos2x = 0, 
mn St 
then x can be (r) —,— 
(C) If sec*x — tan*x + ie: 
cot(m/2+x)=cos2xsec’x,  (s) 2nz,neZ 


then x can be 
(D) If tanx + sin(a+x) = 


(t) (4n- Nan eZ 
2sin’x/2, then x is 


2. Some trigonometric equations are given in Column I 
and some or whole of their solutions are given in 
Column II. Match these. 
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Column I Column IT 
(A) If0 <x, y<2mand wand B pre 
are solutions of the equation 3 
sinx + siny = 2, then a+ Bis (q) Sa 
(B) If 4cos*x + 4cosx — 3 =0, then the 3 
value of x in the interval [0, 27] is (x) 2n 
i — 
(C) The solution of the equation 3 
2sin’ x + (4— J3)sin x —2V3 =0 in 1 
the interval [0, z] is (s) 9 
(D) Solutions of the equation (t) x 


V3 - tan x =tan(z/3-— x) are 


3. Certain trigonometric equations are given in Column I 
and some of their solutions are given in Column I. 
Match these. 


Column I Column IT 
(A) sin?x =sin3x + (p) at nel 


cos x(cosx — 1) 
(q) nm, (4k -1)7 


(B) aoe (sin x + cosx)” e 
1—tanx (r) (2n+ ie 


(C) tan3x + cos6x =1 (s) (ak +S 


(D) cos4x + 2cos’x =1 (t) (4k+ . 


Comprehension-Type Questions 


1. Passage: Using trigonometric transformations, answer 
the following questions. 
(i) The number of solutions of the equation sin2x 
-sin 6x = cos x cos 3x in the interval [0, 2/2] is 
(A) 4 (B) 6 (C) 2 (D) 8 
(ii) The number of solutions of the equation tanx + 
tan(x + 7/3) + tan(x + 27/3) =3 in the interval [—z, 
7 is 
(A) 2 (B) 3 (C) 4 (D) 6 
(iii) The number of solutions of the equation sinx + 
sin 7x = sin 4x in the interval [0, 7/2] is 
(A) 2 (B) 3 (C) 4 (D) 6 
2. Passage: Equations of the form acosx + bsinx =c can 
be solved if |c\<./a°+b’, by substituting a=rcos@ 
and b=rsin@ or a=rsin@ and b=rcos@. Based on 
this, answer the following questions. 


4. Certain trigonometric equations are given in Column I 
and their solution sets are given in Column IT. Match 
these. 


Column I Column IT 


(p) Empty set 
(q) 2nz,neZ 


(r) ann + = ne 


(A) 1+sin*x =cos’x 
(B) sin*x =1+cos°x 
(C) sin?2x =1+cos*x 


(D) sin*x =2sin’x +1 (s) (2n+1)a/2,neZ 


5. Match the items in Column I with those in Column II. 


Column I Column IT 
(A) The number of solutions of the (p) 0 
equation tanx + secx = 2cosx in the 
interval [0, 27] is 
(B) The number of solution of the (q) 3 
equation 
tan3x — tan2x 
=1 4 
1+ tan3xtan2x «) 
in [0, 27] is 
(C) The number of values of x in (s) 2 
[0, z] satisfying the equation 
sinx + sin3x + sin5x =0 is 
(D) The number of values of x in (t) 6 


[0, 32/2] satisfying the equation 
sinx(2cosx + 1) =0 is 


(i) General solution set of the equation sin8x- 
cos6x = J3 (sin 6x + cos 8.x) is 


(A) {ne+Zsnezhu fens 2ikez! 
(B) {ne+Zinezhulae ey tikez} 
(C) {ue+E:nezhufensSikez] 


(D) {ons yZ:nezhu{an+yt:kez} 


(ii) The number of solutions of the equation cos 5x + 
sin 5x = 0 in the interval [0, z] is 
(A) 4 (B) 5 (C) 6 (D) 8 

(iii) The number of solutions of the equation sinx + 
cos x = (V3 +1)/2 in [0, 7/2] is 


(A) 4 (B) 3 (C) 2 (D) 1 


Assertion-Reasoning Type Questions 


In the following set of questions, a Statement I is given 

and a corresponding Statement IJ is given just below it. 

Mark the correct answer as: 

(A) Both Statements I and I are true and Statement II 
is a correct explanation for Statement I 

(B) Both Statements I and II are true but Statement II is 
not a correct explanation for Statement I 

(C) Statement I is true and Statement II is false 


(D) Statement I is false and Statement II is true 


1. Statement I: cosx + sinx =2 has solutions. 


Statement II: acosx + bsinx =c has solutions if |c| < 


a+b. 


2. Statement I: sinx +sin2x + sin3x =cosx + cos2x + 
cos 3x has solutions. 


Statement Ik: The sets {sinx, sin2x, sin3x} and {cos x, 
cos 2x, cos 3x} are equal for all real values of x. 


Integer Answer Type Questions 


The answer to each of the questions in this section is a 
non-negative integer. The appropriate bubbles below 
the respective question numbers have to be darkened. 
For example, as shown in the figure, if the correct answer 
to the question number Y is 246, then the bubbles under 
Y labeled as 2, 4, 6 are to be darkened. 
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1. If cos2x + asinx =2a—7 has real solutions, then the 
sum of the minimum and maximum values of a is 


. The number of solutions of the equation e 


. Statement I: cosx = 1/2 > x =2na+ (a/3), ne Z. 


Statement II: sinx = 1/2 > x = km+ (-1)‘(a/6), k € Z. 


. Statement I: tanx=1 x =n7+ (q/4),n eZ. 


Statement II: tang tenes =tanx forallx eZ. 


14 tan3xtan2x 


. Statement I: If y>0O and O0<x<z/2 are such that 


sinx +cosx=.,/y+1/y, then x = 7/4 and y=1. 


Statement II: |sin x + cosx|< J2 and y+(1/y) 22. 


. Statement I: For O<x, y<2z, sinx+siny=2>5x+ 


y=. 


Statement II: |sin @| <1 for all @. 


. The number of values of x in the interval (0, 57) satis- 


fying the equation 3sin’x — 7sinx + 2 =0 is 


. The number of solutions of the equation sin*x — 2sin’x — 


1=0 in the intercal [0, 27] is 


. Let f(x) =2sinx[cosx + cos3x + cos5x + cos 7x + cos 9x]. 


Then the number of values of x satisfying the equation 
f(x) =1 in the interval [0, z] is 


. The number of values of x satisfying the equation 


2[cos*(x/2)]sin? x = x* + (1/x’), x < 1/9 is 


sin.x —sinx __ 


e 
4 is . 


. The number of values of x satisfying the equation 


9°82 4 1 —3.2-S"* in the interval [0, 27] is 


. The number of solutions of the equation sinx + 


2sin2x =34+sin3x,0<x<7is___. 


. Let 0<x, y<a. Then the number of ordered pairs 


Seosec® x — 3sec? y= 1 


(x, y) satisfying the system of equations 
and J2cosecx + V3]sec y| — 64 is . 
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Single Correct Choice Type Questions 


1. (D) 17. (D) 
2. (C) 18. (A) 
3. (D) 19. (A) 
4. (B) 20. (B) 
5. (A) 21. (C) 
6. (B) 22. (A) 
7. (D) 23. (C) 
8. (A) 24. (D) 
9. (B) 25. (C) 

10. (A) 26. (B) 

11. (B) 27. (A) 

12. (C) 28. (D) 

13. (B) 29. (B) 

14. (D) 30. (A) 

15. (D) 31. (D) 

16. (B) 


Multiple Correct Choice Type Questions 


t ().(C) 9. (B), (D) 

2. (A), (B) 10. (A), (B), (C) 

3. (A), (B), (D) 11. (A), (B), (C), (D) 
4. (A), (B), (C), (D) 12. (C), (D) 

5. (A), (B), (C) 13. (A), (D) 

6. (A), (B), (C), (D) 14. (A), (B) 

7. (A), (C), (D) 15. (A), (C) 

8. (A), (B), (C), (D) 


Matrix-Match Type Questions 


1. (A) > (p), (s), (0), (B) > (@), (Ss), (C) >), ©), (8), (BD) > ©), (s) 
2. (A)>(t), (B)>(p),(q), (©) > (p),@), (D) > (Pp), 

3. (A)>(p), (B)>(@q), (C)>(s), (D) > @) 

4. (A)>(q), (B)>(s), (C)>(), (D) >) 
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Triangles are one of the 
most fundamental geometric 
shapes and have a variety 
of often studied properties 
relating to their Interior 
angles (angles on the inside) 
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measurement of the sides 
and angles in a triangle. 


Chapter 4 | Properties of Triangles 


The three sides and the three angles of a triangle are called the elements of the triangle. One important aspect of 
trigonometry is to find all the elements of triangle when some of its sides and angles are known. The process of finding 
all the unknown elements of a triangle with the help of known elements is called solving a triangle and the values of 
the unknown elements are called solution of the triangle. It is known that when all the three angles are known, then 
the triangle is not uniquely determined. For example, each angle in an equilateral triangle is 7/3 and an equilateral 
triangle is determined by its side. In this chapter, we will be proving that a triangle is completely determined (i.e., all 
its elements are known) if any three of the six elements of the triangle, with at least one side, are known. Further, we 
discuss various methods and formulae for solving a triangle. 


4.1 | Relations Between the Sides and the Trigonometric Ratios 
of Angles of a Triangle 


We derive certain important formulae relating the sides of a triangle and the trigonometric ratios of the triangle 
which are useful in solving a triangle. First, let us fix certain notations. A triangle is usually denoted by AABC or 
simply ABC if A, B and C are vertices of the triangle. The letters A, B and C also denote angles |BAC, |ABC and 
|BCA, respectively. The lengths of the sides opposite to A, B and C are denoted by a, b and c, respectively, as shown 
in Figure 4.1. 


FIGURE 4.1 


Since the secondary school level, we are familiar with the following geometrical properties of the sides and angles of 
a triangle ABC. 


1. A+B+C=7=180°. That is the sum of the three angles is 7 radians or 180°. 
2. a<b+c;b<c+aandc<a+b. That is, the sum of any two sides is greater than the third side. 


3. a,b and c are positive real numbers. 


THEOREM 4.1] In any triangle ABC, the sines of the angles are proportional to opposite sides; that is 
(SINE 


FORMULA) snA_sinB_sinC 


: ‘i (4.1) 


Proor]| Consider angle C. We shall prove the theorem using the following three cases: 
Case I: Suppose ABC is a right-angled triangle (see Figure 4.2); say 


C=2=90° 
2 
Then 


“ape”. sinC=1 and sin A=“ 
Cc Cc 
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B a C 
FIGURE 4.2 Case I. 
Therefore 


smA 1 _ sinB_ sinC 


a Cc b Cc 


Case II: Suppose that each of the angles A, B, and C is acute. Then draw a perpendicular to BC 
through A to meet BC at D (see Figure 4.3). Now 


sin B= psd = a 
AB Cc 
and hence 
csinB=AD 
Also, 
sinC = oa a = 
and hence 
bsinC=AD=csinB 
Therefore 
sinC  sinB 
c b 
Similarly 
snA_ sinB 
a b 
Therefore 


sinA_ sinB_ sinC 


a b Cc 


A 


D 


FIGURE 4.3 Case II. 
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Case III: Suppose that one of the angles is obtuse; say Cis obtuse. Then A and B are acute angles 
(Figure 4.4). 


FIGURE 4.4 Case III. 


Draw perpendicular from C touching AB at D and from A touching extended BC at EF. Then 


a Pca ca and sinB- fe - 
CA b CB a 

Therefore 

bsin A=CD=asinB 
and hence 

snA_ sinB 
ab 
Also, 
sin B= AL = Ae 
AB Cc 
and sinC =sin(a —C) =sin a 
AC b 

Therefore 

bsinC =AE=csinB 
and hence 

sinC  sinB 
c b 

Thus 

sinA_sinB_ sinC 

a b 6 Oo 


THEOREM 4.2] In any triangle ABC, 
(Cosine 


b+C-a 590%, 3 
FORMULA)| 1. cos A =————— ora = b' +c —2bccosA 
2bc 
2 2 2. 
at+c—b 
2. cosB= or b° =a’ +c’ —2accosB 
ac 
24 p< 


3. cosc =" orc’ =a’ + b° — 2abcosC 


2ab 
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ProoF)| Consider angle A. If A is a right angle (Figure 4.5), then cos A = 0. Clearly a’ + b* =’ implies 
a=b+c-2bccosA 


Therefore, we can suppose that A # 90°. Now draw a perpendicular to CA through B to meet CA 
at D (extend CA if necessary). Two cases arise: 


Case I: If A is acute (as in Figure 4.6), then 


gees? or AD=ccosA 
BA Cc 

and Gace ee or BD=csinA 
BA Cc 


and therefore 
CD =AC-AD=b-ccosA 
Case II: If A is obtuse (as in Figure 4.7), then 


sin A = sin(z — A) =sin|DAB= BD soe 
AB c¢c 
or BD=csinA 
B 
2 c 
Cc b A 
FIGURE 4.5 


B 
I 
1 
1 
1 
i] 
i] 
i] 
1 
1 
H 
1 


Cc D A 
FIGURE 4.6 Case I. 


FIGURE 4.7 Case II. 
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and 
AD AD 
cos A = —cos(a — A) =—cos|DAB = — —— = — — 
AB Cc 
or AD=-ccosA 
Hence 


CD=CA+AD=b-—ccosA 

From both Cases I and II, we have 

CD=b-ccosA and BD=csinA 
From the triangle BCD, we have 

a =BC 

=CD’+ BD 

=(b—ccos A) +(csin AY 

=b’+c’ cos’ A—2bccosA+c’sin’ A 

=b’+c’(cos A+sin’ A)-2bccos A 

=b’+c’—2becos A 


This prove the formula (1). Similarly, formulae (2) and (3) also can be proved. O 


Try it out Show that 


Ds 2, 2 
at+c—b 
1. cos B=, or b* =a" +c" — 2accos B 


ac 


An ee 
2. cosC == uae or C =a’ +b’ —2abcosC 
2ab 


Example 
If ABC is a triangle, such that a= 36, b=15 and c=39, B 
then verify the sine formula. 
Solution: We have a : 
re b+c-a _ (15) +(39)-(36) _ 450 5 
2bc 2x15~x 39 1170 13 Cc b A 
Cc + a _ b’ (39) + (36) = (15) 2592 12 FIGURE 4.8 Example 4.1. 
cos B= = = = 
2ca 2x 39 x 36 2808 13 CA b_ 15 5 
ea BA ¢ 39 13 
2,742 2 2 os 2 
cose on == Se ra = eps 2 8 
a = — 
AB c 39 13 
That is, Cc is a right angle and ABC is a right-angled es CB_a_36_ 12 
triangle (Figure 4.8). Note that, in this case AB c 39 LB 
sin B= E = a 
c 13 


4.1 | Relations Between the Sides and the Trigonometric Ratios of Angles of a Triangle 


Therefore 


smA 12 1 1 
a 13 36 39 
snB 5 1 = 1 
b 13 15 «439 
sinC 1 
c 39 


which implies 


sinA_sinB_ sinC 


a b Cc 


Hence the sine formula [Eq. (4.1)] is verified. 


Example | 4.2 | 


Let ABC be a triangle such that a=2, b=3 and c=4. 
Verify the sine formula. 


Solution: From the given data we get 
ha eC 
Ey eis 
2bc 
_S+4-2 7 
2x3x4 8 
Dd. 9 
ee, ee ed a a 
2ca 
4°+2°-3' 11 
2x4x2 16 
24 42 2 
cosC = atb-c 
2ab 
_ Y+3-4 as 
~ 2x2x3 «12 


Note that A and B are acute angles and C is an obtuse 
angle, since cos C < 0. Now 


THEOREM 4.3 
(PROJECTION 
FORMULAE) 


In any triangle ABC, 

1. a=bcosC+ccosB 
2. b=ccosA+acosC 
3. c=acosB+bcosA 


PROOF 


sintaieat A, lt -(2) = = 


2: 
sinB=,1 —cos’ B = 1-(3) -+ 


2 
sinC =,/1—cos °C = 1-(S} = 


Therefore 


ie 


ale 
4 


snA_ 15 1_ VI5 
a 8 2 16 
sinB_3V15 1_ 15 
b 16 3 16 


sinC _3V15 1_ V15 


c 122 4 16 


Therefore the sine formula [Eq. (4.1)] is verified. 


We shall prove formula (1) in each of the following three cases. 


Case I: Suppose that C = 90°. See Figure 4.9. 


B 


dq 


a Cc 


FIGURE 4.9 Case I. 
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Then, 


cos B= pee 
AB c¢ 

and hence a =cos B. This can be written as 
a=bcosC+ccosB 


since cosC = 0. 


Case II: Suppose that C is an acute angle. Draw a perpendicular to BC through A to meet BC 
at D (Figure 4.10). Then 


BD BD 
cos B = — =— 
AB c 
and therefore BD =ccosB. Also, 
sate Pe PG 
AC b 


and hence DC = bcosC. 
Therefore 


a=BC=BD+DC=ccosB+bcosC 


2 Reman 


a 
FIGURE 4.10 Case II. 


Case III: Suppose that C is an obtuse angle. Here again, draw a perpendicular through A to 
extended BC meeting it at D (Figure 4.11). Then 


BD BD 
cos B = — =— 
BA Cc 
Therefore 
BD=ccosB 
Also, 
CD CD 
cos| A CD = —~ = — 
ace AC Db 
Now, 


cosC =cos(z —|ACD) 
=-cos|ACD 


Zee 
b 
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Therefore CD =—bcosC. Hence 
a=BC 
=BD-CD 
=ccos B—(—bcosC) 


=ccosB+bcosC 


FIGURE 4.11 Case III. 


Thus, in each of the above cases, a= ccos B + bcosC. 
Similarly we can prove formulae (2) and (3). oO 


Try it out Prove the following: 
1. b=ccosA +acosC 


2. c=acosB+bcosA 


Remark: The above formulae can be proved by using the cosine formulae given in Theorem 4.2. Assuming the cosine 
formulae in Theorem 4.2, we get that 


a+b-c ,ote-b _ 2a _ 
2a 2a 2a 


bcosC + ccosB= 


Similarly the other formulae in Theorem 4.3 can be proved. Conversely, by assuming the formulae in Theorem 4.3, we get 
a +b’ —c’=a(bcosC + ccos B) + b(ccos A + acosC) — c(acos B + bcos A) 
=2abcosC 


and similarly the other cosine formulae can be proved. 
In the following, we derive formulae which give sine of half the angles of a triangle in terms of the sides. If 
s denotes half of the perimeter of the triangle then 


atb+e 
— 2 


or 2s=a+b+c 


We will use the above-mentioned formulae for s in the rest of the chapter. 


THEOREM 4.4} Inany triangle ABC 


A_ |(s—b)(s—c) 
7 bc 


1. sin 
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PrRooF| We have 


cosA=1- 2sin’ = 


and hence 
oan =1-cosA 
2 
DBD 
=1- id (by the cosine formula) 
2bc 
_ 2bc-(b’ +c’ -a’) 
2bc 
_a—-(b’+c-2bc) 
2bc 
_a—-(b-cy 
2bc 
_la+(b-o)]la-(b-o)] 
2bc 
_(a+b—c)(a+c—b) 
2bc 
eco 2) (since 2s=a+b+c) 
2bc 
Therefore 
as A_(s—b)(s—c) oe ah A. [(s — b)(s—c) 
2 be 2 bc 
Similarly, 


sin D> = (s=0)(s= a) ea fi [(s—a)(s - b) 
2 ca 2 ab oH 


Note: The sine of any angle of a triangle is always positive (since sin @>0 for all 0 < @< z) and hence, in the above 
formulae, we have to take positive square roots only. 


THEOREM 4.5] In any triangle ABC, 


1. ee ee 
2, be 
2 V ca 

Cc. js(s=c) 
ab 


3. cos— 
2 


PROOF 


THEOREM 4.6 


PROOF 
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Since 
cos A = 2cos* a 1 
2 
we have 
2cos* + =1l+cosA 


P+0-a 

2bc 
_ 2be+ Pb +C-a 
7 2bc 
_(b+cy-a@ 
7 2be 
_(b+c-a)(b+c+a) 

2be 

_ 2(s—a)-2s 
~ -2be 


=1+ 


(sincea+ b+c=2s) 


Therefore 


2A _s(s—a) _ ee s(s— a) 
be 2 be 


gue = and ieee pis) 
2 ca 2 ab Bo 


cos 


Similarly, 


In any triangle ABC, 


L pete. (s— b)(s—c) 
2 | s(s — a) 


B_ |(s—c)(s—a) 
2. tan 5 ras 


We know that 


2 
_ (s—b)(s—c) | s(s—a) 
be be 
_ |(s—b)(s-c) 
7 s(s—a) 


(Using Theorems 4.4 and 4.5.) Similarly, the formulae for tan(B/2) and tan(C/2) can be 
derived. oO 
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Try it out Show that >) 
1. (an ae) se) 
2 s(s — b) 
2. ae (s—a)(s—b) 
2 s(s —c) 
A 
Example a 
In a triangle ABC, suppose a=6, b=8 and c= 12. Find ce (s—a)(s—b) _ x5 _ [3 
the following: 7= ab Al euee Vag 
se ian eee ee ese cos = HO 9 Bx7 = 
- 2 ie = 2 2 2° V be Y8xi2 V96 
and hence 
B {s(s—b) 13x5 65 
A B Cc OS A ae male! 
tan —; tan—; tan— 2 ca 12x6 V72 
2 2 2 
Solution: Given a=6, b=8 and c=12, we have cos = PE—9 - EEE 
2 ab 6x8 48 
_atb+c_6+8+12_,, 
2 2 Also 
Therefore A A A 5 
tan — = sin — + cos—= 7 
s—a=7,s—b=5 and s-c=1 2 2 2 9 
Now ine Sea 2a = i 
2 2 2 65 
sin 4 = [O“DE-9 5x1 -/2 
2 be 8x12 V96 in a ae as 
2 2 2 13 


sin. [6-969 - 1x7 {2 
2 ca 12x6 V72 


THEOREM 4.7} Inany triangle ABC, 


sin A= = Jo(3 a)(s — b)(s—c) 


sin B= Jo(s a)(s— b)(s—c) 


sinc == js(s—ay(s—Bye—e) 


ProoF]} Since 


sin A = ine oa 
2 2 
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we have 
sae, Sd) pe-9 
s(s —a)(s—b)(s—c) 
Similarly the formulae for sin B and sin C can be derived. ‘- 


Note: From the above formulae for sin A, we have 


snA_ 2 


a abc 


s(s —a)(s — b)(s—c) 


The right-hand side of the above is symmetric in a, b and c and, therefore, 


snA_ sinB_ snc (= 
a b Cc 


2 
ao NS a)(s — b)(s 3) 


which is precisely the sine formulae proved in the beginning of this chapter. 


Coro.ttary 4.1} Inany triangle ABC, 


4./s(s —a)(s—b)(s —c) 


A= 
a b+e-a@ 
Alea ee = 
nape Js(s OG ys c) 
ct+a-—-b 
Ale —olg= = 
‘nee /s(s ae DMs c) 
a+b -c 


Example | 4.4 | 


Suppose that in a triangle ABC, a=8, b=9 and c= 13. ; 2 35 
Then find tan A, tan B and tanC. a Ta x 635 = 
Solution: Given a=8, b=9 and c= 13 we get Hence 
_8+9+13_15 sn A 4/35 35 sinB_ sinC 
2 a 39x8 78 »b c 
s-—a=7,s—b=6 and s—c=2 
Now 
/s(s — a)(s — b)(s —c) =,/15%7 K6%2.=64/35 
a 4,/s(s — a)(s — b)(s—c) 7 4 x 6/35 
Therefore ci pee 4178? 
sin A= a /s(s — a)(s — b)(s —c) — 4x6V35 _ 24V35__ 435 
me P+1F-8 186 31 
2 4/35 
ee tan B= 4X 6N35__ 24V35 _ 6V35 _ 3V35 
iS 137°+8°-9 152 38 19 
3 
ear x 6/35 = 
a a SONS = —/35 


oe 
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THEOREM 4.8] In any triangle ABC, 


B-C b-c A 
tan 7 ot 
2 bt+c 2 
C-A c-a B 
tan = cot 
2 c+a 2 
A-B a-b_ C 
tan = cot 
2 a+b 2 
ProoF] From the sine formulae, we have 
sin B 7 sinC a 


Now consider 


b-c_ (1/K)(sin B—sinC) 
b+c (1/K)(sinB+sinC) 


_ sinB—sinC 
sinB+sinC 


_2eos{ FE sin( 75S) 
[ 


ee (225) aoe) 
2sin cos 
2 2 


(F") (755) 
=cot tan 

2 2 

= cot{ 90 - tan 35 


A (355) 
= tan—tan 
2 2 


) (since A+ B+C=z7) 


Therefore 


(455) b-c A 
tan} ——— |= cot — 
2 bt+c 2 


Similarly, the other formulae can be proved. 


Note: The formulae given above are called tangent rules or Napier analogy. 


THEOREM 4.9} In any triangle ABC, 


(47) at+tb.C 

cos sin 
2 Cc 2 
36) b+c. A 

cos = sin 
2 a 2 
(<4) cta.B 

cos = sin 
2 b 2 


4.1 | Relations Between the Sides and the Trigonometric Ratios of Angles of a Triangle 


Proor} Consider 


a+b sinA+sinB (si sinA sinB sn | 
= since = 7 


Cc sinC a b Cc 
' (4 + 3) (4 - 3) 
2sin cos 
_ 2 2 
eo Cc 
2sin —-cos— 
2 2 
sn{ 90 - < Jeos( 4 . 2) 
= 2 2 
7 . Cc 
sin —-cos— 
2 2 
cos —-COS cos 
2 _ 2 
; 2G 
sin —-cos — sin — 
2 
Therefore 
(4 - 3) a+b .C 
cos = ‘sin 
6 2 
Similarly, 
( 7 4) cta B 
cos = sin 
2 b 2 
(3 eC b+c . A 
and cos = ‘sin 
2 2 2 oO 
The following can be proved similarly. 
THEOREM 4.10] Inany triangle ABC, 
. (4 = 3) a—b C 
sin = cos 
2 Cc 2 
. (3 -C b-c A 
sin = cos 
2, a 2 
: (< - a c-a B 
sin = cos 
2 b 2 
ProoF]! Left as an exercise for the readers. a 


Note: The formulae given in the above two theorems are called Mollweide rules. 


THEOREM 4.11] Inany triangle ABC, 
(b°—c*)cot A +(c’—a’)cot B+ (a — b’)cotC =0 
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PrRooF| We have by sine formula that 


sn A snB  sinC 


= K,sa 
a b y 
Now, 
cosA cosA b4+c’-a 
cot A = — 
sin A ak 2abckK 
Similarly 
De) > FD 2 72. 2 
2abck 2abcK 
Therefore 


(b’—c’)cotA+(c’—a’)cot B+ (a’ — b’) cotC 


= S[(b-C\( + C= @)+(C-a (C40 =P) +(C- PC + 8 -C)) 
anc. 
“a oral f-a@(P-c)+c-a-b(e-a@)+a'-b-e(a¢ -b’)| 

anc. 


THEOREM 4.12) In any triangle ABC, if a, b, c are in Arithmetical Progression, then so are cot(A/2), cot(B/2), 
cot(C/2). 


ProoF| Suppose that a, b, c are in Arithmetical Progression. Then a + c= 2b and hence 
(s—a)+(s—c)=2(s—b) 


Now, 
A C BL s(s—a) s(s—c) s(s—b) 
yg oe “Ss + (ee 2 oo 
; Re 
Te Re pe=o [(s—a)+(s—c)—2(s—b)] 
=0 
Therefore cot(A/2), cot(B/2), cot(C/2) are in Arithmetical Progression. oO 


THEOREM 4.13] Inany triangle ABC, 


(a+ p+0\(tan+ tan )=2ccorS 
2 2 2 


(a+b+ otanZ + tan S = Seeot= 


2 
(a+ b+0\( tan + tan) =2600t5 
2 2 2 
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ProoF}| From Theorem 4.6, we have 


croso(amg tue oe fea ae 


= 2,/s(s —c) eet Jhat 2 


s—a)(s—b) 
=2 anes (since a+ b+c=2s) 
ei 
2 a 
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The three sides and the three angles of a triangle are known to be the elements of the triangle. When any three 
elements with at least one side are given, then the triangle is completely known, in the sense that its other elements 
can be found. When all the three angles are given, only the ratios of lengths of the sides can be found and therefore 
only the shape of the triangle can be found and not the size of the triangle. The process of calculating the values of all 
the elements of the triangle is termed as solving the triangle and the set of values of the elements is called the solution 
of the triangle. In the following, we discuss the solutions of triangles in several cases. 


4.2.1 Solutions of Right-Angled Triangles 


Let ABC be a right-angled triangle with C = 90° (Figure 4.12). Then c is the hypotenuse and A and B are acute angles 
such that A + B = 90°. We need two more elements to solve the triangle ABC, in which one is necessarily a side. 


A 


FIGURE 4.12 


Case 1: Suppose that the hypotenuse and one side are given 


Let b be the given side and c be the given hypotenuse. Since 
: b 
sinB=—<1 (. b<c) 
c 


we have 


a 202) Chapter 4 | Properties of Triangles 


and A= 180° - (B+ C)=90°-B 


Also, a= ccos B. Thus, we can calculate all the three sides and the three angles. 
Case 2: Suppose that the two sides a and b are given 


In this case 


c= Ja+bh 
Since 
tan B= g 
a 
Xe) 
B=Tan™ 2 
a 


Therefore B is known and 
T 
sar la A race 
Thus all the elements of the triangle are known. The hypotenuse c can also be calculated using the formula 
sin B= 2 
c 


Case 3: Suppose that the angle B and the hypotenuse c are given 
Then A = 90° —- B and aand b can be obtained from 


cosB=4 and spel 
Cc re 


Case 4: Suppose that an angle B and one of the sides a are given 


Then A = 90° — B and b is obtained from tan B = b/a. Also c can be found from the relation cos B = a/c. 


Example [25] 


The length of the perpendicular from one vertex A of a D 3 
triangle to the opposite side is 3 cm and the lengths of the 
sides for which A is the common point are 4 cm and 5 cm. 


Solve the triangle. and sinC = AD _3 
AC 5 
Therefore 
B=Sin' = 
4 
C =Sin' 2 
5 
and A=n-(B+C) 
FIGURE 4.13 Example 4.5. Also 


Solution: Let ABCbe the triangle and AD be the perpen- 
dicular from A to BC. We are given that AD =3 cm, AB= 
4cm and AC =5 cm (Figure 4.13). Then 


a=BD+DC=4cosB +5cosC 


Thus, all the three angles and three sides are found. 


4.2 | Solution of Triangles 


Example | 4.6 | 


Solve the right-angled triangle whose hypotenuse is four 
times as long as the perpendicular drawn to it from the 
opposite vertex. 


Solution: Let ABC be the given right angled triangle 
with C = 90°. Let CD be the perpendicular from C to AB. 
Then AB is the hypotenuse. Let CD = x. Then AB = 4x. 
See Figure 4.14. 


FIGURE 4.14 Example 4.6. 


From the triangle ABC, we have 
sin B= = 
4x 
From the triangle BCD, we have 
sin B=~ 
a 
Therefore 


— =" of 4x’=ab 
4x a 


Also, we have 


a+b’=(4x) =4ab (- 4x’ =ab) 


Gs) 1-46) 
Cele 


This is a quadratic equation solving which we get 


a_4t 16-4 4, 
; + 


b 


Now 


Therefore 


tan A=" =2+ V3 


Hence A = 75° or 15° and B = 15° or 75°. 
Without loss of generality, we can suppose that A = 75° 
and B = 15° and we are given that C = 90°. Therefore 


pa tan A=2+ V3 = a=0(2+ V3) 


and c= ae +P =b 8 +43 =2b/24+ V3 


Therefore knowing the value of b we can determine the 
values of a and c. Hence, there are infinitely many trian- 
gles with angles 90°, 75° and 15°, if the altitude from the 
right-angled vertex onto the hypotenuse is one-fourth of 
the hypotenuse. 


Note: In the above example, the triangle can be determined provided one of the sides is given. 


4.2.2 Solution of a Triangle when Three Sides are Given 


Let ABC be the triangle and let the sides a, b and c be given. Then the perimeter a + b + c = 2s and hence s is known. 


Then using the formulae 


wee C2, and ie 
2 YY s(s-a) 2 


(s—c)(s —a) 
s(s— b) 


the angles A and B can be found and the third angle C= 2-(A + B). The angles A and B can also be found using the 


cosine formulae 


b+cC-a 
2bc 


cos A = 


and cosB= 


cta-b 


2ca 
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Example eA 


Solve the triangle ABC if a=2, b = V6 and c= V3 -1. Also 
Solution: We have ee: ete ah (V3 —1)'+2*- (V6) 
2ca 2(V¥3 -1) x2 
dig At ee (V6) + (V3 - 1) - (2° 
Dbe 2x V6 x (3-1) _3+1-2V3+4-6 _2(1-V3)_-1 


64341-0384 4(/3 - 1) AGB 1) 2 


2V2V3(V3 - 1) Therefore B = 120°. 
Now 
__2V3(V3-1) 1 
2/2/3(V3-1) V2 C=n-(A +B) =180° — (45° + 120°) = 15° 


Therstore A = 45° Thus A, B, C are 45°, 120° and 15°, respectively. 


Example 4.8 | 


Solve the triangle ABC if a=2, b= V6 and c= 3 +1. Also 


Crab (3 +1P+2’-(V6y 
2ca 2(V3 + 1)2 


Solution: Consider 


P+e-@ (V6 +(V3+1)-2’ 


cosB= 


RO a 2J6(3 +1) _34+1+2V3+4-6 2043) _1 
4(J/3 +1 4(¥34+1) 2 
_6+34+14+2V3-4 1 ( ) ( ) 
2J2(3+ V3) V2 Therefore B = 60°. Now 
Therefore A = 45°. C= 180° — (A + B) = 180° — (45° + 60°) = 75° 


4.2.3 Solution of a Triangle when Two Sides and the Angle Between Them are Given 
Let ABC be the triangle. Suppose that the sides b and c and the angle A are given. From the formula 


b+cC-a 
2bc 


cos A = 


we can find that 


a= JP + c’ —2bccosA 


Therefore, all the three sides are known and hence we can solve the triangle as in Section 4.2.2. We can also use the 
formulae 


tan( 2 — <) = ues cot = (by Theorem 4.8) 
2 bt+e 2 


to get (B — C)/2 and hence B— C. Also B + C= 180° — A. From these two equations we can find B and C. 
The third side can be found from 


bsin A 
a=— 
sin B 


4.2 | Solution of Triangles 
Erample BRM 


Solve the triangle ABC if a= 3, b=1 and C=30°. Now, 
F 9 God. A 
Solution: From the formula ae b+c-a 
2 be 2 2bc 
a+b -c 
maGn a. _P+P-(W3P _ -1 
2x1x1l 2 
we get that 


Therefore A = 120°. Also 
c= Ja" + b’— 2abcosC B=180° (A + C) = 180° - (120° + 30°) = 30° 


= (V3) + 2 —2V3cos30° 
=,/3+1 5B a 


4.2.4 Solution of a Triangle when Two Sides and an Angle Opposite to 
One of Them are Given 


Let ABC be a triangle in which the sides a and b and the angle A are given. From the formula 


cos A = Dae 
2bc 
we get that 
a =b+c—2bccosA 
Therefore 


c’—2bccosA+b cos A=a—b’ +b’ cos’ A 
=a —b’sin’A 
which gives 
(c— bcos A) =a’ — b’ sin’ A 
c—bcosA= +a’ = b* sin? A 
c=bcosA+ Jab? sin? A 
This is an equation to find the value of c when a, b and A are given. Here we have to distinguish the following four cases: 


Case 1: Ifa < bsin A, then a’ — b’sin’ A < 0 and hence ,/a’ — b’ sin’ A is not a real number. Therefore the above equa- 
tion does not determine the value of c. 


Case 2: If a= bsin A, then there is only one value for c, namely bcos A, and in this case the triangle is a right-angled 
triangle, B being the right angle since 


snB sinA_ 1 


b a b 


and hence sin B = 1. 


Case 3: If a> bsin A, then there are two values for c, that is, 


c=bcosA+ Ja’ —b’ sin? A 
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or c=bcosA-,/a’—b’ sin? A 


However, c must be positive and hence the above two distinct values of c are admissible only when 


bcos A —.ja’—b’ sin? A >0 


That is 


a —b’ sin? A <bcosA 


a —b’sin®? A <b’ cos’ A 


a <b’ sin? A+B’ cos’ A=b’ 


which implies a < b. Thus, when a > bsin A, there is unique triangle if a = b and there are two triangles if bsinA <a<b. 


Case 4: If A is an obtuse angle, then cos A < 0 and hence 


bcos A —.ja’—b’ sin? A <0 


and therefore the value of c must be bcos A + ,/a’ — b’ sin’ A. Moreover this too must be positive, that is, 


a —b’ sin? A >—bcos A 


a—b’ sin? A>b’ cos’ A 


a>b’sin’ A+b’ cos A=" 


which implies a > b. Thus, when A is obtuse, there is no triangle if a < b and there is only one triangle if a> b. 


Example | 4.10 | 


Solve the triangle ABC, given that a=100, c= 100V2 
and A = 30°. 


As in Section 4.2.4, we have 


b=ccosAt Ja —c’sin’ A 


In this triangle we have 


Solution: 


2 
¢ sin’ A= c1004/3)'(3) = 5000 (-. sin30° = 1/2) 
Therefore 


a =(100) >c’ sin’ A 


and ,/a’—c’ sin’? A is a real number. Here 


1 100 
csin A = 100J2 == =—= 
2 2 


Therefore 
csinA <a<c 


From the discussion made in Case 3 above, there are two 
triangles with the given elements. First, we have 


b=ccosAt,Jja’—c’ sin’ A 
2 
=100V2 x - + {10 — (1002)? (5) 


= oo + ¥5000 


v3 
=100*= + 50V2 
V2 


= 50V2(V3 +1) 


Now 
2 2 2 
cos B= ct+a-b 
2ca 
_ (100V2)° + (100) - [50/2(V3 + 1)P 
2 x 100V2 x 100 


_ 143 
te 


4.2 | Solution of Triangles 


Now two cases arise: Thus the two solutions of the triangle ABC are: 


1+ v3 (1) a, =100,b, = 50V2(V3 — 1), c, =100V2, A, =30°, B, = 
1 B= B=15° and C= 135° 1 pe oc ae yer 
= ig 15° and C, = 135° 

1-3 ea apeed — (2) a,=100, b, = 50V2(V3 +1), c,=100-V2, A, =30°, B, = 


Example a 


Is a triangle solvable if a=5, b =7 and sin A = 3/4? Therefore 
ie 
5 


Solution: From the sine formula, we have sin B= De. A= : = = > 
a 
sinA_sinB 


a b 


This is impossible, since sin B < 1 for all real numbers B. 
Therefore, there is no triangle with the given values for 
a, b and sin A. 


4.2.5 Solution of a Triangle when One Side and Two Angles are Given 


Let ABC be a triangle in which side a and angles B and C are given. Then A = 180° — (B + C). Therefore, all the angles 
are known. Also, from the sine formulae, we have 


ie sin B 


sinC 
: a = 
sin A 


and c=— a 
sin A 


4.2.6 Solution of a Triangle when All the Angles are Given 


There is no unique solution in this case. We can only say that the ratios of the sides are determined from the sine 
formulae. That is, 


= = n 
b sinB’ c sinc a sind 


Example eae 


a_sinA b_ sinB c_ sinC 


In a triangle ABC, cosA=17/22 and cosC=1/14. J195 1 17 195 

Find the ratio a:b:c. 39 47> 30 14 

Solution: We have _vV195 x18 V195x9 
22 x 14 11x14 

2 | 
cos A= ual = sin A=,/1— i —_ Therefore 
22 22 22 
1 i905 a_sinA _VvI19 11x14 7 


b smB 22 J195x9 9 
b_ sinB_ v195x9 14 9 


e sinc 1ixl4 ~/195 11 
Thus a:b:c=7:9:11. 


and ee eine 1- 
14 


Also, 
sin B=sin[z -(A+C)] 
=sin(A+C) 


=sin AcosC + cos AsinC 
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Example ae 


It is given that the base angles of a triangle are oS and 


1125 . Prove that the base of the triangle is twice the 
height of the triangle. 


O° 


Solution: Let ABC be the triangle such that A= 225 


and B= M125 (Figure 4.15). Then 


C= 1s0°-(225 + 1125] = 45° 
2 2 


Also 


° O° 


DBC = 180° - 1122 267 
3. 2 2 


1 
2 


BCD =90° 67 =22 


where CD is the perpendicular to AB through C. 


FIGURE 4.15 Example 4.13. 


From the triangle ADC, 


tan 224 = Z 
2 ctd 


where d= BD. Also, from the triangle BDC, 
1° d 
SS =tan|BCD= h 


But 


1° 2tan224 
ae = /2-1]1=tan45°= 2 


1- tan? 2! 
2 


Therefore 
h d 
-—-/2-1 4.2 
ctd h v2 oe) 
= d=h(V2 -1) 


Substituting the value of d in Eq. (4.2) we get 


=v2-1 


h 
c+ h(J2 -1) 
h=c(V2 -1)+h(W2 - 1) 

e(v2 - 1) =Af1- (V2 -1)7] 


c= 


1 
yl (2+1-2V2)Jh 


1 
= wa oe 2V2)h 


_ (v2 =Dh _ 
a ee 


Thus the base AB = c =2 (height). 


2h 


Example | 4.14 | 


If in a triangle ABC, it is given that the angles are in the 
ratio 1:2:7, then what is the ratio of the greatest side to 
the smallest side? 


Solution: Since A+ B+C=180° and A:B:C=1:2:7, 
we get that A = 18°, B = 36° and C= 126°. Therefore a is 
the smallest side and c is the greatest side. Now, 


c_sinC _ sinl26°__ sin54° 
a sinA sinl8°  sin18° 


Recall that 


and sin 54° = cos36° = 


#1 
4 


Therefore 


c_ sinS4°_ J5+1 
a sint8? 5-1 


Thus, the required ratio is V5 + 1:5 -1. 
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4.3 | Properties of a Triangle 


In this section we discuss various properties of triangles, mainly related to the circumcircle, incircle and excircle, using 
the formulae we have derived in the previous sections. 


THEOREM 4.14} The area ofa triangle is given by 
(AREA OF A 1 
TRIANGLE) Area ABO 7 


= Gpein dD 
2 


=a ppt 
2 


= /s(s —a)(s —b)(s—c) 


7 


Q *--------------------- 


D 
FIGURE 4.16 Theorem 4.14. 


Proor| Let ABC be atriangle. Draw a perpendicular to BC through A to meet BC at D. Draw a parallel 
to BC (say EF) passing through A and to EF draw perpendicular BE and CF (Figure 4.16). Let A 
be the area of the triangle ABC. Then, we have 


A= . area of the rectangle BCFE 


-+8C.CF 
2 


2 


= 54-(AB-sin B) 


= acsin B 
2 
Similarly 


Ke pean A= ene 
2 2 
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Also, from Theorem 4.7 we have 


sin A= = a)(s — b)(s—c) 


Therefore 


A= 5besin A= J5(5-a(-B)S=9) = 


Example ae 


Ina triangle ABC, a = 18, b = 24 and c = 30. Find the area Therefore the area of ABC is 


of the triangle. 
{s(s — a)(s — b)(s — c) = 36 x 18 x 12 x6 


= 216 sq. units 


Solution: We have 
2s=at+b+c=18+24+30=72 

Therefore s = 36. Now 
s—a=18,s—b=12,s—c=6 


Example | 4.16 | 


In a triangle ABC, B= 45°, C=60° and a=2(J3 +1). —_ The area of triangle ABC is 
Find the area of the triangle. 1 1 

—absinC = —2(V3 + 1)x 4x sin60° 
Solution: Since A + B + C=180°, we get A =75°. From 2 2 


a___b = 4(/3 +1) x v3 
sinA sinB 2 
we have = 2V3(V3 +1) 
pe asinB | 2(V3 + 1)sin 45° =6+2V3 sq. units 
sin A sin 75° 
_ 203 +1)GN2) fs aso V3 +1 
(J34+1)/2V2 | Af 


=4 


DEFINITION 4.1 The circle passing through the three vertices of a triangle is called the circumcircle and its 
centre and radius are called circumcentre and the circumradius, respectively. 


We know that the perpendicular bisectors of the sides of a triangle are concurrent and the point of concurrence is 
equidistant from the vertices and hence it is the circumcentre. 


THEOREM 4.15} Let R be the circumradius of a triangle ABC. Then a=2RsinA, b=2RsinB and c=2RsinC. 
That is 


7 b c 


sin A ~ sin B ~ sinC 


4.3 | Properties of a Triangle 


ProoF| Let Sbe the circumcentre of the triangle ABC. Consider the angle A. We shall distinguish three cases. 


A 
O 
B C 


FIGURE 4.17 Case I. 


Case I: Suppose that A = 90°. Then S is the mid-point of BC and BC is a diameter of the circum- 
circle (Figure 4.17). Now, 


a= BC=2R=2R-sin90° 


Therefore 


FIGURE 4.18 Case II. 


Case II: Suppose that A < 90°. Let CD be a diameter of the circumcircle, so that S is its mid-point 
and CS = SD = R. Join BD. Then |DBC = 90°, since it is an angle in the semicircle (Figure 4.18). 


Also, |BDC =|BAC (since they are angles in the same segment made by BC). Now, 


GASsnepee = 
CD 2R 


and hence a=2Rsin A. 
Case III: Suppose that A >90°. Draw diameter CD of the circumcircle through C. Then CS= 
SD = R. Join B and D. Then|DBC = 90°, since it is an angle made by a semicircle (Figure 4.19). 


In the cyclic quadrilateral BACD, we have 


BDC +|BAC = 180° 
Therefore in the right-angled BDC, 


eippe= = 
CD 2R 
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Coro.Liary 4.2 


PROOF 


f> 


FIGURE 4.19 Case III. 


Therefore 
‘ : : a 
sin A = sin(180° — A) =sin|BDC = — 
2R 
Hence 
a=2RsinA 
Similarly we can prove that b =2Rsin B and c=2RsinC. O 


Let A be the area of a triangle ABC and R be its circumradius. Then 


abc abc 


are 4,/s(s —a)(s— b)(s—c) 


From Theorem 4.7, we have 


sin A = = Js(s a)(s—b)(s—c) = = 


Therefore 


a 2A abc 
—=— or R=—— 
2R be 4A Oo 


DEFINITION 4.2 Incircle, Incentre, Inradius The circle that touches the three sides of a triangle internally is 


called the incircle or inscribed circle of the triangle. Its centre and radius are called the incentre 
and inradius, respectively, and are denoted by / and 7, respectively. 


It is known from Geometry that the internal bisectors of the angles of a triangle are concurrent and that the point of 
concurrence is equidistant from the sides and hence there is a circle touching all the three sides internally. Therefore, 
the point of concurrence of the internal bisectors of the angles is precisely the incentre / and the distance from / to any 
side is the inradius r. In the following, we express the inradius in terms of the sides of the triangle. 


THEOREM 4.16} LetA be the area of a triangle ABC. Then the inradius r is equal to A/s; that is, 


_A_ 2s(s—a)(s— b)(s—c) 
J Ss a+b+c 


4.3 | Properties of a Triangle 


Proor| Draw internal bisectors of the angles B and C to meet at /. Then / is the incentre. Join A and J. 
Then AJ becomes the bisector of the angle A. Draw perpendiculars /D, [FE and IF to the sides 
BC, CA and AB, respectively (Figure 4.20). Then, since the sides are tangents to the incircle with 
centre J, we have 


ID =I1E=IF =r, the inradius 


Then 
: 1 1 
Area of triangle IBC = Pd = ral 
Similarly, 
: 1 
Area of triangle ICA = Fis 
and triangle Area of triangle JAB = zor 
Hence 
Area of the triangle ABC = Sum of the areas of the triangles JBC, ICA and IAB 
1 1 1 
=rar+—br+—=cr 
2 2 2 
at+b+c 
= SY 
2 
=sr 
Thus 


A=sr or r 


— 2,/s(s — a)(s — b)(s—c) 
os a+b+c 


since A= Js(s —a)(s—b)(s—c) and2s=a+b+e. 


A 


10] 


FIGURE 4.20 Theorem 4.16. Oo 
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THEOREM 4.17) The inradius r of a triangle ABC can be expressed as 


r=(s aytan= = (3 bytan> = (3 tan 


ProoF| Note that in Figure 4.20 we have |JBD=|IBF (since BI is the bisector of the angle B) and 
IDB =90° =|IFD. Therefore the two triangles DB and IFB are equal in all respects and, in 
particular, 


BD=BF and hence2BD=BD+ BF 
Similarly 
AE=AF and hence2AE=AE+ AF 
CE=CD and hence 2CE=CE+CD 
By adding these three equations, we get 
2BD+2AE+2CE=BD+BF+ AE+AF+CE+CD 
=(BD+CD)+(BF + AF)+(AE+CE) 
=BC+AB+AC 
=a+b+c=2s 
Therefore 
2BD+2(AE+CE)=2s 
2BD+2AC =2s 
BD=s-AC=s-—b=BF 
Similarly 
CE=s—c=CD and AF=s-a=AE 
Therefore 
r=ID=BDtan|JBD= BD tan =(s- b)tan> 
r=IE=CEtanUICE =CE tan = (s— tans 
r=IF = AF tanWAF = AF tan =(s- a)tans 


Thus 


r=(s ajtan4=(s bytan= = (3 tans 


THEOREM 4.18} Let ABC be a triangle and r its inradius. Then 


ProoF| Consider Figure 4.20. We have 
a=BD+CD 
= IDcot|JBD + IDcot|ICD 
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B Cc 
=rcot—+rcot— 
2 2 


- cos(B/2) a4 cos(C/2) 
sin(B/2) sin(C/2) 
Therefore 


asin 


B.C ( _C B C.B 
sin — =r| sin—cos— + cos—sin 
2 2, 2 2 2 2 


- rsin( 90° - “| since z + # + £ - 50°] 
2 2 2 2 


Hence 


_ _sin(B/2)sin(C/2) 
aa cos(A/2) 


Similarly, the other formulae can be proved. a 


Coro tary 4.3) If R is the circumradius and r is the inradius of a triangle ABC, then 
r= ii] da aa 
2 2 2 
PROoF| Since 


a=2Rsin A= 4Rsin cos 
we have (by Theorem 4.18) 
_ [4K dee ae “) sin(B/2)sin(C/2) 
2 2 cos(A/2) 
A 
2 


=4Rsin sin 


_ B 
sin 
2 


N|aA 


Example ar] 


Find the circumradius and inradius of a triangle whose = From Corollary 4.2, the circumradius R is given by 


sides are 18 cm, 24 cm and 30 cm. 


Ra Whe _ 18X24 30 _ 5 on 


Solution: Let ABC be the triangle. Let a=18cm, 4A 4 x 216 
b=24 cm and c=30 cm. Then 


From Theorem 4.16, the inradius r is given by 
pat bte _18+24+ 30 _ 
: 2 7 


36 js an 
s 36 


The area of the triangle is 


A= s(s —a)(s — b)(s — c) = 216 sq. cm 
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DEFINITION 4.3  Excircles, Excentres, Exradius Let ABC be a triangle. The circle that touches BC and the 


extended sides AB and AC (as shown Figure 4.21) is called the excircle or escribed circle oppo- 
site to the vertex A. Its centre and radius are called the excentre or escentre and exradius or 
esradius opposite to A, respectively. These are denoted by /, and r,, respectively. Similarly, we 
can define the escentre and esradius opposite to B and C which are denoted by J/,, r, and J,, r;, 
respectively. 


The internal bisector of the angle A and the bisectors of the external angles B and C are known to be concurrent and 
the point of concurrence is equidistant from the three sides. This point of concurrence is precisely the excentre /, and 
the distance from /, to any side is the esradius r,. In the following we derive formulae to find the exradius r,, r, and r, 
in terms of the sides of the triangle. 


THEOREM 4.19 


PROOF 


FIGURE 4.21 Figure to depict excircles, excentres, exradius. 


Let ABC be a triangle with area A and r,, r, and r, be the radii of the escribed circles opposite to 
A, B and C respectively. Then 


A 
s-a s—b oat s-—C 

Produce AB and AC to L and M. Bisect the angles CBL and BCM by the lines B/, and CI. These 
meet at /, and AJ, will be the bisector of the angle A. Draw perpendiculars /,D,, /,F, and IF, to 
the sides BC, AC and AB, respectively. 

The two triangles /,D,B and /,F,B are equal in all respects (since BI, is the bisector of the 
angle |D, BF, and |BFI, =90°=|BD,I,). Therefore /,F, =1,D,. Similarly /,E, = 1,D,. Therefore, 
1D,=1,E, =1,F,. Hence J, is the centre of the escribed circle opposite to A and /,D, = r,. Now, the 
area of the quadrilateral ABI,C is equal to the sum of the areas of the triangles AB/, and ACI, 
and is also equal to the areas of the triangles ABC and B/C. Therefore 


AABI, + AACI, = AABC + ABLC 
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FIGURE 4.22 Theorem 4.19. 


where AABI, denotes the area of the triangle AB/,, AACI,, AABC and ABI,C denote the areas of 
the triangles ACI,, ABC and B1,C, respectively. Therefore 


1 pR-AB++1.E,-CA=A++1,D,-BC 
2 2 2 


where A= AABC = the area of ABC. Hence 


ShctSiD=A+ ona 


A= opal fita a}=n(s-a 
This implies 
A 
qt — 
S-a 
Similarly we can prove that 
h= . and 1= = 
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In the following, the exradii r,, r, and r, are expressed in terms of s and the tangents of the half angles of the triangle. 


THEOREM 4.20] Let 1, r, and r, be the radii of the escribed circles opposite to A, B and C, respectively, for a 
triangle ABC. Then 


A B Cc 
= an 8 h= — and 14= olan 
ProoF| Consider Figure 4.22. Since AE, and AF, are tangents to the circle from the point A, we get that 
AE, = AF, and, for a similar reason, we have 
BF,=BD, and CE,=CD, 
Now, 
2AE, = AE,+ AF, 
=AC+CE,+ AB+ BF, 
=AC+CD,+ AB+ BD, 
=AB+AC+CD,+ BD, 
=AB+AC+BC 
=at+b+c=2s 
Therefore 
AE, =s=AF, 


From the right-angled triangle A/,E,, we have 


A_IE,_f 
tan — = —— = 
2 AE s 
Thus 
A 
= s-tan— 
2 
Similarly 


B Cc 
h=stan— and r=stan— 
2 2 oO 


Coro.tary 4.4} Let r,, r, and r, be the radii of the escribed circles opposite to A, B and C, respectively, for a 
triangle ABC. Then 


B 

r=(s- c)eot > 

Cc 

h=(s- a) cot 

and R=(s- boot 


ProoF| In Theorem 4.20 we have proved that s = AF, and hence 


s-c=AF,— AB=BF, 
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Now, in the right-angled triangle BF,/,, we have 


LE, 
Ae = tan{ 90 - 2) a ae, 
2 2) BE s=¢ 
Therefore 
B 
7,=(s—c)cot a 
Similarly 


n=(s—a)oot S and n= (s—b)eot = 


Example pate 


Ina triangle ABC, a= 13,b =14 and c = 15. Find the area and the exradii are 
and hence the exradii. 


ge agg 
Solution: We have s-a 8 
W=at+b+e=194144+15=42 p= = 819 
+ fob 4 
Hence 
A 8 
s=21,s—a=8,s—b=7 and s-—c=6 an 


Therefore the area is 
A =Js(s —a)(s — b)(s —c) 
= /21x8x7 x6 =84 sq. units 


In any triangle ABC, 


(Meee Nee veer Ae 


: : : == Ae 
s s-as-bs-c WW 


Vite = 


Another formula for the esradius r, is obtained in the following in terms of the side a and the angles B and C. 


THEOREM 4.21] Inany triangle ABC, 
He acos(B/2)-cos(C/2) 


: cos(A/2) 
a bcos(C/2)-cos(A/2) 
7 cos(B/2) 


ccos(A/2)-cos(B/2) 
d = 
“ ‘ cos(C/2) 
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ProoF}| Again consider Figure 4.22. Since /,C bisects the angle |BCE,, we have 


1 
I,CD, = = (180° — C) = 90° - . 


Similarly 


Now, 
a=BC 
=BD,+D,C 
=1,D,-cot|I, BD, + 1,D, -cot|/,CD, 


=f, cot{ 90° - 3) + cot{ 90° - 5 
2 2 
= {tan +tanS) 
2 2 


= sin(B/2) ‘ sin(C/2) 
"\ cos(B/2)  cos(C/2) 


Therefore 


B 
2 


Cc 

2 

in( 3 <) 

=F7,| sin} —+ — 
2 2 
A 


BC , B.C 
acos— cos — = 7,| Sin—cos— + cos—sin 
2 2 2 2 


Hence 


= acos( B/2)-cos(C/2) 
_ cos(A/2) 


Similarly, 


a bcos(C/2)-cos(A/2) 
= cos(B/2) 


_ ccos(A/2)-cos(B/2) 


d 
arate cos(C/2) 


Coro.iary 4.5} Inany triangle ABC, 


7,=4Rsin—cos—cos 


4, = 4Rsin—cos—cos 


and n= 4Rsin 


COS — COS 


NIB NIA wly 
Nile NIB wNIA 


4.3 | Properties of a Triangle 


ProoF| This follows from Theorem 4.21 and from the facts that 


a=2RsinA= dein poe 
2 2 
b=2Rsin B= 4Rsin cos 


and c=2RsinC = 4Rsin Se 
2 a 


Example ae 


I triangle ABC, that 
areas pe re = S(t a= Das 84 B= Dbs ++ C— 209) 
1 1 1 1 @+b+e 
i a, 1 
BOR Bb OG A =a7l4s'—2slat bt cjratb +c] 
Solution: We have 1 
= 47 (4s — 2828+ a+ b' +c’) 


ee oe. _ &=ay _ = by  (s-oy 
r oh A ic ae A A? A? _ a+ b+ Cc 


Na 


Example | 4.20 | 


I triangle ABC, that 
Nac ad Reena [ aRsin’ <4 4Rsin? st 4Rsin’ S| 


7,5 ,6 1 1 = abe 
i i -=Fa- cosA+1-—cosB+1-cosC) 
Solution: We have on 
LL 1 =— [3-(cos A + cos B + cosC)] ayes eo 
es ra ; 7 (an + be + cn) A 4A 
ca ~ ab 


(1+ asin sin sin S E r= ) 
2 2 RY 


B C = 
a: stan +b. stan— +e-stan S| = [3-( 
7 Aen Ae 


1), 
3 2r 
1 


R 


1 
r 2R 


Ss 


<sineenidh 2Rsin Btan > + 2RsinC tan) 
be 


st 
4Rsin = os aa A + dia oe ae 2 r)=2 
= abe 2 2 2 2 2 


+4Rsin & cos a tan <) 
2 2 2 


Example [ey 


In a triangle ABC, if r,=8, r,=12 and r,=24, then find A 
the lengths of the sides. 


Solution: Let A be the area. Then A 


A 


s-a 


A 
=4=8>s8-a=— 
8 
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Therefore Therefore 
3s—(a+b+c)=(s—a)+(s—b)+(s-c) A = 96 sq. units 
1 1 1 A Now 
“AS Tn * 24)" 4 
ge) 5a 
This gives n 4 
A pas 
sae t 8 
sah p25 == 6 
pang gag 542 9255 
Ss L, 24 
Since 


A’ =rrnn (see Quick Look 1) 
=4x8x12x 24 
=(12x 8) 


DEFINITION 4.4 Orthocentre In any triangle, the perpendiculars drawn from the vertices to the respective 
opposite sides are known to be concurrent and the point of concurrence is called the ortho- 
centre of the triangle. Also, the triangle formed by the feet of these perpendiculars on the 
sides is called the pedal triangle of the triangle. 


Let ABC be a triangle and AK, BL and CM be perpendiculars drawn from A, B and C to BC, CA and AB, respec- 
tively. Then the perpendiculars AK, BL and CM are concurrent at a point P. The point P is called the orthocentre and 
the triangle KLM is called the pedal triangle of the triangle ABC (Figure 4.23). 


A 


FIGURE 4.23 Orthocenter and pedal triangle. 


THEOREM 4.22) Inany triangle ABC, the distances of the orthocentre P from the vertices A, B and C are given by 
AP=2RcosA, BP=2RcosB and CP=2RcosC 


where R is the circumradius of the triangle ABC. Also the distances of P from the sides BC, CA 
and AB are given by 


PKk=2RcosBcosC 
PL=2RcosCcosA 
and PM=2RcosAcosB 


4.3 | Properties of a Triangle 


ProoF} First observe that |KAC =90°-—C and hence |BPK =|APL=C and |PBK =90°- C. Now, in the 


triangle APL, 
AL 
cos|KAC = -AP 
and hence 
P= SIKAC = eCENg = cos A =2RcosA 
Similarly 
BP=2RcosB and CP=2RcosC 
Also 
PK = KBtan|PBK 
= KBtan(90° - C) 
= ABcos B-cotC 
= ABcos B. exe 
sinC 
= a cos BcosC 
=2Rcos BcosC 
Similarly 
PL=2RcosCcosA and PM=2RcosAcosB Oo 


In the following, we derive formulae for the angles and sides of the pedal triangle of a triangle ABC in terms of the 
angles and sides of ABC. 


THEOREM 4.23] Let ABC be atriangle and K, L and M be the feet of perpendiculars from A, B and C on the sides 
BC, CA and AB, respectively; that is, KLM is the pedal triangle of the triangle ABC (Figure 4.24). 
The angles and the sides of the pedal triangle are given by 


|[MKL=180°-2A, |KLM =180°-2B, |LMK =180°-2C 
LM=acosA, MK=bcosB and KL=ccosC 
ProoF] Since |CKP = 90° =|CLP, the points K, C, L and P are concyclic and therefore 
[PKL =|PCL=90°- A 
(since |CMA = 90° in the triangle AMC). 


FIGURE 4.24 Theorem 4.23. 
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Similarly M, B, K and P are concyclic and hence 
MKP =|MBP=90°- A 
Now, 


[MKL =|MKP +|PKL=90° — A+ 90° —- A=180°-2A 


Similarly 
KLM =180°-2B and |LMK =180°-2C 
Also, from the triangle MLA, we have 
LM AL 
sinA sin|LMA 
_ ABcosA 
~ cosLLMP 


ccosA 
cos|LAP 


__ ccosA 
~ cos(90° — C) 


7 ccosA 


sinC 
Therefore 


rire enaeos a -( = jin A-cos 4 =acos A 
sinC sinC 


Similarly, MK = bcos B and KL = acosC. Oo 


Note: In any triangle ABC, the angles of the pedal triangle are the supplements of twice the angles of the triangle. 
The sides of the pedal triangle are acos A, bcos B and ccosC. 


DEFINITION 4.5 _ Excentric Triangle Let ABC be a triangle and J,, /, and /, be centres of the escribed circles 
which are opposite to A, B and C, respectively. Then the triangle /,LJ, is called the excentric 
triangle of ABC. 


THEOREM 4.24) Let ABC be a triangle, / its incentre and /,/,/, be the excentric triangle of ABC. Then ABC is the 
pedal triangle of /,,/, and J is the orthocentre of /,/,1, (Figure 4.25). 


ProoF| Let J,, /, and /, be the centres of the escribed circles which are opposite to A, B and C, respec- 
tively. J is the centre of the incircle of ABC. Then JC bisects the angle [ACB and 1,C bisects the 
angle |BCM. Therefore 


ICI, =|ICB +|I,CB 


= 5|ACB +>|BCM 


= 5 ((ACB +|BCM) 


oie x 180° = 90° 
2 
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FIGURE 4.25 Theorem 4.24. 


Similarly |JCI, = 90°. Therefore 


[LCL, =|ICT, + |ICI, = 90° + 90° = 180° 


and hence /,CI, is a straight line to which JC is a perpendicular. Also, since [A and 1,A both bisect 
the angle |BAC, the three points /,, and A are collinear; that is, /,JA is a straight line. Similarly, 
LIB and I,JC are straight lines. Thus /,/,/, is a triangle such that A, B and C are the feet of the 
perpendiculars drawn from J,, /, and J, to 1,1, 1, /, and 1,1,, respectively, and further /is the point 
of concurrence of these perpendiculars. Thus, / is the orthocenter of the triangle /,/,/, and ABC 
is the pedal triangle of /,1,1,. O 


DEFINITION 4.6 Medians and Centroid Let ABC be a triangle and D, E and F be the mid-points of BC, CA 
and AB, respectively. The lines AD, BE and CF are called the medians of the triangle ABC. 
These three medians are concurrent and the point of concurrence is called the centroid of the 
triangle and is usually denoted by G (Figure 4.26). 


FIGURE 4.26 Medians and centroid. 
The concurrency of the medians is proved in Geometry at secondary school level. Also, it is known that 


AG ==AD, BG==BE and CG==CF 


This is to say that the centroid G is the point of trisection of each of the medians. In the following, we derive formulae 
to express the lengths of the medians in terms of the elements of the given triangle. 


THEOREM 4.25} Let ABC be a triangle and D, E and F be the mid-points of BC, CA and AB, respectively. Then 
the lengths of the medians are given by 


1 1 
AD = 20° +20 a =5 Vb’ +c + 2becosA 


1 1 
BE=—4)2¢ + 2a — b* = 5c +a’ + 2cacosB 


and CF = 5 oe +2b?-¢? = xe +b’ + 2abcosC 
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ProoF]| From Theorem 4.2, we have 


AD’ = AC’ + CD’ -2AC-CDcosC 


2 
-h +($) — AC-BCcosC 


2 
=p + 7 —abcosC 


Therefore 
2 
ADP = + a —2abcosC 
a 
=p - ae (b’ + @ —2abcosC) 
a 
=pr= re (2 C=b'+a°—2abcosC) 
Hence 
2 2 2 
1 
Ap a OF ee 
2 4 2 4 
1 1 
or AD = 5y2b +20 - a =P +O +h +e a 
= 56 +c +2bcecosA 
(since b* + c’ — a’ =2bccos A). 
Similarly, 
BE=5\pe+ 20 b = Se +a + 2cacos B 
and CF=5 2a +26 =¢ = 5 Va + 8 + 2abeosC 


THEOREM 4.26} Let AD, BE and CF be the medians of a triangle ABC. Then 


FIGURE 4.27. Theorem 4.26. 


PROOF 


THEOREM 4.27 


PROOF 


4.3 | Properties of a Triangle 


eae 
2b? +2c-a 
. asinC 
sin|CAD= 
2b? + 2c’ -—a’ 
Snape ee 
2b°+2¢ -a 


Put 0=|BAD, @=|CAD and a =|ADC. See Figure 4.27. Then 


sng DC_ a 
snC AD 2AD 


Therefore 
: asinC asinC 
sing = = 
2AD «2B +2 -a 
Similarly 
seine asin B 
2b? +20 -a 
Also 
sina AC_ b 
sinC AD AD 
Therefore 
. 2bsinC 
sina = - —. 
2b°+2c-—a al 


In any triangle, the centroid lies on the line joining the circumcentre to the orthocentre and divides 
it in the ratio 1:2. 


FIGURE 4.28 Theorem 4.27. 


Let ABC be a triangle and O and P be its circumcentre and orthocentre, respectively. Draw 
OD and PK perpendicular to BC. Let AD and OP meet at G. The triangles OGD and PGA are 
similar. See Figure 4.28. From Theorem 4.15, we have OD = RcosA. Also, from Theorem 4.22, 
AP=2RcosA. 
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Since the triangles OGD and PGA are similar, we have 
AG _ AP _ 
GD OD~ 
Therefore, the point G is the centroid of the triangle. Also 
0G _OD_1 
GP AP 2 
Therefore, the centroid lies on the line joining the circumcentre to the orthocentre and divides it 
in the ratio 1:2. L 


DEFINITION 4.7 Nine-point Circle It is known that the feet of the perpendiculars, the mid-points of the sides 
and the mid-points of the line joining the vertices to the orthocentre are all concyclic. The circle 
passing through these nine points is called the nine-point circle. 


Also, it is known that the centre of the nine-point circle lies on the line joining the circumcentre O and the orthocentre 
P and it bijects OP. Therefore, the circumcentre, the centroid, the centre of the nine-point circle and the orthocentre 
all lie on a straight line. 


THEOREM 4.28} Let ABC bea triangle and R its circumradius. Then the distance between the circumcentre O and 
the orthocentre P is given by 


OP = R,/1- 8cos Acos BcosC 


ProoF| Let Fbe the foot of the perpendicular drawn from O to AB. Then 
[FAO = 90° —|FOA = 90° — C 
and from Figure 4.28 
[LAP =90°-C 
Therefore 
[PAO = A-|FAO-|LAP 
= A-2(90° —-C) 
= A+2C — 180° 
=A+2C-(A+B+C)=C-B 
Also, OA = R and, by Theorem 4.22, we have 
PA=2RcosA 
Therefore 
OP’ = OA’ + PA’ -20A-PAcos|PAO 
= R’+4R’ cos’ A-4R’ cos Acos(C — B) 
= R’ + 4R’ cos A[cos A — cos(C — B)] 
= R’ + 4R’ cos A[cos{180 — (B + C)}—cos(C - B)] 
= R’ + 4R’ cos A[—cos(C + B) — cos(C — B)] 
= R’—4R’ cos A[cos(C + B) + cos(C — B)] 


4.3 | Properties of a Triangle 1229, 


= R’ — 4R’ cos A-2cos BcosC 
= R’(1-8cos Acos BcosC) 


Therefore 


OP = R,/1—8cos Acos BcosC 


THEOREM 4.29) Let ABC be a triangle and R its circumradius. Then the distance between the circumcentre O and 


the incentre / is given by 


sin — sin 


or= a) ean B 
2 2 


where r is the inradius. 


FIGURE 4.29 Theorem 4.29. 


ProoF| As above, let OF be perpendicular to AB and JE be perpendicular to AC (Figure 4.29). As in 


Theorem 4.27, we have |OAF = 90° — C. Therefore 
|\I[AO =|FAI -|OAF 


A 
=—-(90°-C 
~~ (90°C) 
-A.c A+B+C 
2 2 
cia 
2 
Also 
A=— ie =— : “dna” sae 
sin(A/2)  sin(A/2) 2 2 
Therefore 


OI = OA’ + IA’ —20A-IAcos|IAO 


C-B 
2 


2 
=R+ [4Rsin sin S| - 2R( 4Rsin 2 sin < Joos 
2 2 2 2 


C-B 
2 


B B 
= R?+16R’ sin’ —sin’ ae 8R’ sin—sin 2g cos 
2 2 2 2 
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B B iB, 
=R Fi + 16sin’ oe a 8sin—sin i cos gee + sin sin 
L 2 2 2 2 2; 2 2 
=R (eda? dae woe cas -sin sin S| 
1 oo ee 
=R/1 San” ain cee bas 
| a) 2 
=R|1 band as an 
| t 5 3 
Therefore 
Ol= Rj 8sin a sin 2 sin g 
2 2 2 
Also 
OF = R’-2R-4Rsin - sin : sin =R’-2Rr (by Corollary 4.3) 
Hence 


OI =.{R(R —2r) 


An argument similar to the above can be used to derive One h Paris al ae B eee Cc Bap Ron) 
formulae for the distances between the circumcentre O 2 2 2 ( 2) 


and the excentres /,, /, and /,. These formulas are as follows. 


OL,=R,/1+ 8sin cos > cos =./R(R + 2n) 


and the exradii. 


THEOREM 4.30) Let ABC be atriangle and AD the bisector of the angle A meeting BC at D. Then 


AD= ao joa 
b+ 2 
A 
and AD =a 
A 
b 
c 
Cc 
D 
B a 


FIGURE 4.30 Theorem 4.30. 


and O1,= r+ Boos cos > sin S =./R(R +27) 


where R, r,, r, and r, are, respectively, the circumradius 


4.3 | Properties of a Triangle 


ProoF| Suppose that D divides BC such that BD=s and DC=t (Figure 4.30). Then, we know from 
Geometry that 


ec 
t C b 
Therefore 
Ss ¢t st+t a 
c b ct+tb ctb 
Hence 
s= aa and t= Be 
bt+c bt+c 


Also, since the sum of the areas of the triangles ABD and ACD is equal to the area of the triangle 


ABC, we have 
Lug Ansa 2 AC dn = AP ACA 
2 2 2 2 2 
Therefore 
A : 
ADsin aby coe 
AD= bc ae _ 2be cae 
b+c sin(A/2) bt+ce 2 
Further, 


ADC =|ABC + BAD=B+* 


Similarly, if BE and CF are the bisectors of the angles B and C respectively, then we have the 
following (Figure 4.31): 


pia oe we “eEAa 4G 
ct+a 2 

= Zap cos— and |CFB=—+A 
+b 2 


FIGURE 4.31 a 
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| WORKED-OUT PROBLEMS 


Single Correct Choice Type Questions 
1. Ina triangle ABC, 


(a+ b)cosC + (b+ c)cosA+(c+a)cos B= 


a+b+c a+b+c 
A B 
(a) (B) > 
(C) ees (D) atbtc 
Solution: 


(a+ b)cosC +(b+c)cosA+(c+a)cosB 
=(acosC + ccos A) + (bcosC + ccos B) 
+ (bcos A + acos B) 
=b+atc 
=at+bt+e 
Answer: (D) 


2. Ina triangle ABC, if (a+ b+c)(b+c-—a) =3bc, then 
the angle A is equal to 


(A) 30° = (B) 60° —s (C) 45° ~— (D) 120° 


Solution: 
(a+b+c)(b+c-—a)=3be 
=> 25(2s — 2a) = 3be 
isa) 


bc 4 


3 
=> cos — =— 
4 


A__N3 
=> cos— = +—_— 

2 2 
A_ 3 E 
5 : 


2 


=> COS 


2 < 50°] 
2 


A 
= < =30° 
2 


=> A=60° 
Answer: (B) 


3. Ina triangle ABC, if 


and tan 


A 5 C 2 
tan— == = 

2 6 2 5 
then the sides a, b and c are 
(A) in GP 


(C) in AP 


(B) in HP 
(D) equal 


Solution: We have 
A GC 52. 1 
tan —-tan—=—-== 
2 2 65 3 
Therefore 
(s—b)(s—c) |(s—a)(s—5)_1 
s(s— a) s(s—C) 3 
eae 
KY 3 
This gives 
3s-—3b=s 
=> 2s=3b 
Therefore 
a+b+c=3b 
>a+c=2b 
Answer: (C) 


4. Inatriangle ABC, if a=6,b=5 andc=9,then angle A 
is equal to 


(A) Cos™ (Z) (B) Cos* 8 


(C) sin"(2) 


(D) Cos (<) 


Solution: From the cosine formula, we have 
Di. (Oi 9 3D 
ee i ta 
2bc 
_5+9-6 7 
2x5x9 9 
Therefore 
A=Cos' (Z) 
9 


Answer: (A) 


5. In a triangle ABC, if a=13, b=14 and c=15, then 
circumdiameter of the triangle is 


a2 wm? oF wr 


We have 
2s=at+b+c=134+144+15=42 


Solution: 


Worked-Out Problems 


Therefore Therefore 
s=21,s—a=8,s—b=7 and s-—c=6 a:b:c=sin A:sin B:sinC 
By Corollary 4.2, = sin 60°:sin 30°:sin 90° 
R= une = 43.14 
4,/s(s — a)(s — b)(s —c) 22 
13x 14 x15 Syael2 
4,/21x8x7x6 Answer: (D) 
= 13x14 x15 8. Ina triangle ABC, if 
4x 84 
; ; 1 r [3 
Therefore the circumdiameter is bec ene gebee 
2R= 65 then C= 
4 (A) 30° (B) 60° = (C) 45° (D) 75° 
Answer: (B) . ; ; 
Solution: From the given equation, we have 
6. Ina triangle ABC, (c+a)+(b+c) 3 
2C ,B (b+c)\(c+a) at+b+c 
bcos 5 cCOS a 
; Therefore 
at+b+c 
oe eer (B) atb+e (a+b+2c)(a+b+c)=3b+c\(c+a) 
at+b+c at+b+c a +ab+ac+ab+b'+bc+2ca 
On wD) 
+ 2be + 2c =3(be + ab+ Cc + ca) 
Solution: By Theorem 4.5 +b -@xab 
bie eee ah seo) +C se) Hence 
2 2 ab ca 
P+b-cC ab 1 
s(s—c)  s(s—b) cosc = 4* = = 
od + 2ab 2ab 2 
a a 
s(2s —b-—c) caw 
= iz Answer: (B) 
ce 9. Inatriangle ABC, 
a 2 
Answer: (C) 2{« sin? a +csin’ “| = 
2 2 
7. In AABC, if A = 60° and B = 30°, then a:b:c= (A) at+b+e (B) b+c-a 
(A) 2:1:¥3 (B) 1:¥3:2 (C) at+b-c (D) a+c-b 
(C) J22252 (D) ¥3:1:2 Solution: We have 
Solution: Since A + B + C=180°, we have 2{ asin’ S Leen 4 = a(1—cosC) + c(1—cos A) 
60° + 30° + C= 180° 
=a-—(acosC + ccosA)+c 
and hence C = 90°. From the sine formula, we have 
=a+c-—b 
2 b = Answer: (D) 


sin A = sin B = sinC 
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10. In a triangle ABC, asin(B — C) + bsin(C — A) + 


csin(A — B)= 
(A) s (B) 1 (C) 0 (D) 2s 
Solution: We know that 
Ei _ b _ ¢ eae 
snA cosB cosC 


Then 
asin(B — C) + bsin(C — A) + csin(A — B) 
= Ksin Asin(B— C)+ Ksin Bsin(C — A) 
+ KsinCsin(A — B) 
= k[sin(B + C)sin(B — C) + sin(C + A)sin(C — A) 
+sin(A + B)sin(A — B)] 
= K[(sin* B — sin’ C) + (sin*C — sin’ A) 
+(sin’ A — sin’ B)] 
=kKx0=0 
Note that K is the diameter of the circumcircle of AABC. 


Answer: (C) 


11. Ina triangle ABC, 


: (4 2) 
csin = 
2 


(A) (a-b)cosC 


(B) (a- bcos 


a-—b 
2 


Solution: Let 


a-—b C 
“cos — 
2 2 


(C) 


-cosC (D) 


= sin B a sinC 
Then 


a—b_ KsinA-—KsinB 
co! KsinC 


_ sinA—sinB 
sinC 


A+B).{(A-B 
2cos sin 
2 2 
ao C 
2sin — cos — 
2 2 


cos{ 90° - 5 Jsin( 45) 
_ 2 2 


_C C 
sin — cos — 
2 2 


2 2 
7 Cc 
cos— 
2 
Therefore 
csin( 4 = *) =(a- ee 
2 2 


Answer: (B) 


12. If A, B and C are the angles of a triangle, then 


sin(B+C) _ 
sin(B-C) 
b+e b+ec 
(A) p ) 5 
BPH? a“ 
© (0) 5 
Solution: 
sin(B+C) _ sin’(B + C) 
sin(B—C)  sin(B-C)sin(B+C) 
sin’ (a — A) 


~ sin? B — sin’C 
_ AR’ sin’? A 
~ 4R°(sin’ B- sin’C) 


Answer: (D) 


13. If ABC is a triangle with area A, thencotA + cot B + 
cotC = 


a+b+c a+b+c 
(aA) Sere (py “Fe Fe 
2A 4A 
at+tb+t+c e+bPt+e 
Cc) —— D) ————_ 
(© (5) ae 
Solution: 
cotA+cot B+cotC 
_ cosA cosB- cosC 
~sinA sinB- sinC 
_BP+C-a@ C+a@-b a&+b-c 
2bcsin A 2casin B 2absinC 


(by cosine formula) 


Worked-Out Problems 


1 sin Acos B— cos Asin B 
= (Pa 4247 HP 4 PtP =e 
aa Gia cm Are a ©) cos Acos B _ sinC — sin B 
1. x sinAcosB+cosAsinB’ — sinC 
(since A= 5 besin) ae Ace 
= 4 #42) sn =F) _ el Saad Daa 
4A sin(A + B) sin(A + B) 
Answer: (B) [2 C=nx- (A +4 B)| 
14. Ina triangle ABC, sin(A — B)=sin(A + B)—sinB 
A B sin(A — B) -sin(A + B)=-sin B 
(a+b+0\(tan4+ tan) ; : ; 
2 2 sin(A + B)-sin(A — B)=sinB 
A i = i 
(A) eae (B) 2etan 2cos Asin B= sin B 
° cos A = a2 cos 60° 
(C) (a+b+ce) cot 5 (D) coot 5 2 
Saha Therefore A = 60°. 
Pintle: Answer: (C) 
a+b-+c)} tan + tan = 2S + . A 242 2 . 
fas Bice > A A 
2 2 s(s—a) s(s—b) 16. In a triangle ABC, if a’, b°, c’ are in AP, then cotA, 
cot B, cot C are 
-9 sf 1,1 ) (A) inGP (B) inAP (C) inHP (D) equal 
- —b 
aes Solution: Since a’, b’, c’ are in AP, we have 
=2A s—b+s-a a a 
(s —a)(s— b) 
Therefore 
= 2s—a-—b 
~" (s—a)(s—b) sin’ B - sin? A =sin*C — sin’ B 


“i. c sin(B + A)sin(B — A) =sin(C + B)sin(C — B) 
(s—a)(s—b) sinC sin(B — A) =sin Asin(C — B) 


re A sin(A—B)_ sin(B-C) 
(s—a)(s—b) 


sin A sinC 
akan sin AcosB—cosAsinB _ sinBcosC —cosBsinC 
2 sin Asin B sinC sin B 


Answer: (A 
were tA) cot B—cot A=cotC —cot B 


15. Ina triangle ABC, if Therefore cot A, cot B, cot C are in AP. 


tanA—tanB_c-—b Answer: (B) 
tanA+tanB cc 


17. In AABC, a’sin2B + b’sin2A is equal to 
(A) 2A (B) 3A (C)4A_— (D) 6A 


Solution: 


then angle A is equal to 
(A) 30° (B) 45° (C) 60° (D) 75° 
Solution: The given equation can be written as 


. : a’ sin2B+b’sin2.A =2a’ sin Bcos B+ 2b’ sin AcosA 
snA snB 


cosA  cosB _ sinC —sinB c sinB snc) = 2a(bsin A) cos B + 2b(asin B)cos A 
snA sinB sinC bo c¢ =2absin(A + B) 


cosA cosB 
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=2absinC 20. In AABC, a’sin(B — C) + b’sin(C — A) + c’sin(A — B) 
er equals 
7 A) 0 B) ab C) 2ab D) 3ab 
Aiea (A) (B) abe (C) 2abe (D) 3abc 
Solution: 


18. In AABC, if 8K’ =a’ +b? +c’, then the triangle i 
. : i ee a’ sin(B — C) = a?(2Rsin A) sin(B —C) 


(A) isosceles (B) right angled 
2 . . 
(C) equilateral (D) scalene = 2Ra’ sin(B + C)sin(B— C) 
Solution: = 2Ra’(sin’ B — sin*C) 
8R°=4R’(sin’ A + sin’ B + sin’C) Re -5) 
_1-cos2A 4 1—cos2B Qi 1—cos2C 


2 


2 2 2 


= + ew os e) 
—l=cos2A+cos2B+cos2C 2R 


=-1-4cos Acos BcosC Therefore 
Hence Y'@ sin(B- C) 
cos Acos BcosC =0 _ A ee ~2)+B(C-@) +2 (@-P)| 
So one of the angles of the triangle is a right angle. a 
Answer: (B) = | «) =0 
2R 

19. InAABC,a’cos(B — C) + b’cos(C — A) + c’cos(A — B) Answer: (A) 

is equal to 

(A) abc (B) 2abc (C) 0 (D) 3abc 21. In AABC, 
pelutiont (a-by cos? S +(a+b) sin’ ee 

a cos(B-— C) =a’ (2Rsin A)cos(B — C) 

(A) ++ (B) abc(a+b+c) 


= 2Ra’ sin(B + C)cos(B-C) (C) (abc)A (D) 2 


= Ra’(sin 2B + sin2C) Solution: We have 
= 2Ra’ (sin B cos B + sinC cosC) C C 
(a—b) cos — + (a+ by sin® — 
of b Cc 2 2 
=2Ra op ap 1 C 1 C 

igo Bys + cos ) (a+ ys —cosC) 


=a (bcosB + ccosC) 2 2 
1 1 
Similarly = aula ~ by +(a+ by ]+ zie — b)’—(a+ by] cosC 
b’ cos(C — A) = b’(acos A + ccosC) apis: + ¢AabicosC) 
and © cos(A — B)=c’(acos A + bcos B) 2 
=a +b’ —2abcosC 
Therefore 


2 
=Cc 


> @ cos(B- C) 
= ab(acos B + bcos A) + bc(bcosC + ccos B) 


Answer: (D) 


22. In AABC, if the angles A, B and C are in the ratio 
1:2:3, then the sides a, b, c are in the ratio 


= ab(c) + bc(a) + ca(b) (A) 1:2:3 (B) 1:¥3:2 


= 3abc (C) 1:2:¥3 (D) ¥3:1:2 
Answer: (D) 


+ ca(ccos A + acosC) 


Worked-Out Problems 


Solution: Let A= 06, B=20@and C= 30. Therefore (A) a,b,c (B) b,a,corc,a,b 
180° = 60 (C) b, Cc, a OFr a, Cc, b (D) G; b, a 
=> 9@=30° Solution: 
This implies A = 30°, B = 60°, C = 90°. Therefore cos B + cosC = 4sin? A 
2 
a:b:c=2Rsin A:2Rsin B:2RsinC 
> B+cC B-C)\_ eee A 
= sin 30°:sin 60°:sin 90° eos ree 2 et 2 
_1.N3. (A) (B-C\...4A 
=—:—:1 sin] — |cos =2sin° — 
2. 2 2 2 2 
=1iy3:2 BOO) p33 A 
Answer: (B) a a a ae 
23. In AABC, if A = 30° and the area A is (V3/4)a’, then 2e05{ “Joos{ # — <) = 4sin a cos a 
the difference of the angles B and C is 2 2 2 2 
(A) 75 (B) 60 (C) 90 (D) 45 asin( 2=")oos{ 2=) asin a 
Solution: 2 2 
; ' sinB+sinC =2sinA 
V3 0 SAS lpn = ig eee 
gS “2° sin A b+c=2a 
Answer: (B) 
Therefore 
3 25. In vk is the internal bisector of the angle 
In AABC, if AD is the i 1 bi f th le A 
sin BsinC = re (.° 2sin A =1) meeting the side BC in D, then the length of AD is 
A ans pee B) 2b°+ 2c -a@ 
Also (A) bee 5 (B) +2¢ -—a 
v3 =cosA 
2 
=-cos(B+C) 
=-cos BcosC + sin BsinC 
3 
=—cos BcosC + — 
4 
Therefore 
cos BcosC = _N3 
4 
Now 
cos(B — C)=cos BcosC + sin BsinC 
= _v3 + v3 =0 
ae 4 FIGURE 4.32 Single correct choice type question 25. 
which gives |B —C|=90°. Solution: See Figure 4.32. It is known that BD: DC= 
Answer: (C) =AB:AC=c:b. Therefore 
24. In AABC, ifcosB+cosC=2(1-cosA), then the apne. ana “pC ab 
bt+e b+c 


order in which the sides a, b, c are in AP is 
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Also Therefore 

Area of AABD= 5(AB)(AD)sin= = aoe) BG =6sin60°=3V3 and CG=6sin30°=3 

i Also 

‘Apeaet AACDS Appeal Area of AABC =3 (Area of ABGC) 

Now -3(3.86-cG) 
sbesin A= Area of AABC = AABD + AACD =5x3\3x3 
. (AD)sin(A/2) (b+c) _27 5 
2 
2 

Therefore Answer: (C) 


27. In AABC, if b=3, c=5 and cos(B — C) = 7/25, then 


66? 


be{ 2sin “cos *) =(AD)(b+c) rr 
2 2 2 the value of “a” is 


ap=[ ze Jeos4 (A) V10 (B) V15 
a (C) 6 (D) V5 


Answer: (A) solution: 


1-tan*[(B-C)/2] 
1+ tan’[(B-C)/2] 


26. In AABC, BC=6 units. BE and CF are medians 
such that |CBE = 30° and |BCF =60°. Then the area 
of AABC is 


= 005(B C)= 


B-C B-C 
7+7tan’ =25-25t (455) 
(A) 8v3 (B) as an'( D soa a 
C 
2tan?| —_— |= 18 
(Cc) 215 (D) V3 3 tan'{ 
Therefore 
(355) 3 
tan =— 
2 4 


because b < c. Now by Napier’s rule 


-3 B-C 
—=tan 
2 
b-c A 
= cot — 
bt+c 2 
3-5 A 
=| —— | cot— 
3+ 2 
FIGURE 4.33 Single correct choice type question 26. Therefore 
Solution: See Figure 4.33. It is known that the medians : Ail 
intersect at the centroid G of AABC. By hypothesis a a 


BGC=90°. Also, it is known that the area of AABC is ; 
three times of the area of ABGC. In ABGC, Again 


amas 2 — 
BG _ CG _ BC __ cos Az Lr tan’(A/2) _ 1- (1/9) _4 


= = i = = 
sin60° sin30° sin 90° 1+tan*(A/2) 14+(1/9) 5 


Therefore 


a =b'+c’—2bccosA (cosine formula) 
=9425- 23)(5)5 
= 34-24 
=10 
Hence, a= V10. 
Answer: (A) 


28. F and F are interior points on the sides AC and AB, 
respectively, of AABC. The lines BE and CF inter- 
sect in P. If the area of ABPF is 5, the area of the 
quadrilateral AE PF is 22 and the area of ACPE is 8, 
then the area of ABPC is equal to 


(A) 20 (B) 15 (ome (D) 10 


Solution: Let the area of AAPF be / so that the area 
of AAPE is 22 — A. Suppose the area of ABPC is x. See 
Figure 4.34. 


A 
E 
Zi aN 
Cc 
B 
FIGURE 4.34 Single correct choice type question 28. 


(A) We have 


CP _ Area of ABPC _Xx 
PF AreaofABPF 5 


Worked-Out Problems 


Therefore 


A+5 x 
roe ae 


From Eqs. (4.3) and (4.4), 


5(30- A) _ | _ 8(4+5) 
A “ee 


(4.4) 


Therefore 
+1004 — 50x 22=0 
(A +110)(A- 10) =0 


This implies A= 10 and x = 10. Hence area of ABPC 
is 10. 


Answer: (D) 


29. Two circles with radii R and r (R>r) touch each 


other internally at A. ABC is an equilateral triangle 
with B on one circle and C on the other. Then the 
length of the side of the equilateral triangle ABC is 


2RrN3 RrV3 


(A) (8). 
JR’ —Rr+r JR-Rr+r 

(©) RrV3 (D) 2Rrv3 
R+Rr+r JR’+Rrt+r 


<4i 
SS 


FIGURE 4.35 Single correct choice type question 29. 


Again, 
CP AreaofAAPC _30-A 
PF AreaofAAPF A 
Therefore 
8 (4.3) 
5 A 
(B) Ina similar way, 
BP A+5 BP x 
= and ——= 


PE O39 PE 8 


Solution: Let the diameter AP of the inner circle meet 
the outer circle in Q. Let x be the length of the side of 
the equilateral AABC. Suppose the side AC meet the 
inner circle in D. Join the point C to Q and the point D 
to P (Figure 4.35). 
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Therefore 
ACQ =|ADP = 90° 


Hence AACQ and AADP are similar triangles. From 
ABDA, 


Therefore 
BD=\3r 


Also, from the similarity of triangles 


AD_AP_r 
AC AQ R 
Therefore 
AD=— (: AC=x) 
R 


Using cosine rule for AABD, 
3r° = (BD) =(ADY + (ABY — 2(AD)(AB)cos60° 


Answer: (B) 


30. The sides a, b and c of a triangle satisfy the equality 
be’ =(a+b)(a—b)’. If wand Bare the angles oppo- 
site to a and b, respectively, then 


(A) a= 38 (B) a=2B 
(C) B=2a (D) B=3a 
Solution: Let a=BC, b=CA and c=AB. So a=|A, 


B =|B. Now by hypothesis 
bc’ =(a+b)(a— by 
Therefore 
sin Bsin’ C =(sin A + sin B)(sin A — sin BY 
= (sin? A — sin’ B)(sin A — sin B) 
=sin(A + B)sin(A — B)(sin A — sin B) 
=sinC sin(A — B)(sin A — sin B) 


sin BsinC = sin(A — B)(sin A — sin B) 
sin Bsin(A+ B) =sin Asin(A — B) 
—sin Bsin(A — B) 
sin B[sin(A + B) + sin(A — B)]=sin Asin(A — B) 
sin A(sin2B) = sin Asin(A — B) 
sin2B =sin(A — B) 
This implies 
A-B=2B or A-B=x-2B 
=>A=3B or A+B=n 


But A+B cannot be z. Therefore A =3B which means 
a= 3p. 
Answer: (A) 


31. In AABC,|ABC =45°. D is a point on the segment 
BC such that 2BD=DC and |DAB=15°. Then 
ACB is 


(A) 75° (B) 60° (C) 90° (D) 105° 
Solution: Let [DAC =@ so that 
|A=0+15° 
Note that 
[ADC = 45° + 15° = 60° 
See Figure 4.36. 


B 
FIGURE 4.36 Single correct choice type question 31. 


From ACAD, 

CD AC 

sin@  sin60° (45) 
Also from AABC, 

BC AC (4.6) 


sin(@ + 15°) ~ sin 45° 


Worked-Out Problems 


Therefore from Eqs. (4.5) and (4.6) Also |COD =|BOD = 60°. From ADOC, 
(CD)sin(@ + 15°) _ sin 45° DC 
(BC)sin@ —_sin60° tan 60° = OC 
ee - anya ae Therefore by Eq. (4.7) we have 
BC _ sin(@ + 15°)sin 60° 
2 sin @sin 45° DC =1rV3 =(AC)v3 
3 sin(@ + 15°)sin 60° Answer: (C) 
But 33. In an isosceles triangle one angle is 120° and the 
; 2 radius of its inscribed circle is V3. Then, the area of 
2 /( sin45° epee 
a ET the triangle is 
sin 
(A) 124+ 7V3 (B) 7+ 12V3 
Therefore (C) 12-743 (D) 42 
; 2 : ; 
sin45°) ss sin@_ sin 45° Solution: See Figure 4.38. In AABC, let |A = 120°, AB= 
sin 60° sin(@ + 15°) sin 60° AC. Then 
Clearly an a is a samnan of ihe above equation. There- a 1 besin120° = i B V3 = V3 Bp 
fore |A = 60°, |B = 45° and |C =75°. 2 2° 2 4 


Answer: (A) 


32. AB is a diameter of a circle with centre at O and 
radius r. D is a point on the tangent at B and DC 
is the other tangent to the circle at C such that 
COA = 60°. Then 


(A) (DC)V3 =r=AC B e 

(B) 2 =DC (AC) B FIGURE 4.38 Single correct choice type question 33. 
r — = 

(C) DC =rv3 =(AC)v3 Again 

(D) (DC)2=r= AC 4? gg = V3h 


sin120° sin30° 
Solution: See Figure 4.37. 


Now 
(ACY =2r —2r’cos60° =r’ (4.7) 


2s=a+b+c=a+2b 


= b(V3 +2) 


Therefore 


WB pe aaron 3224) 


Hence b=2(2 + V3). So 


a- Bye Baas v3 


= 43 (7 + 4V3) =12 + 7V3 


FIGURE 4.37 Single correct choice type question 32. Answer: (A) 
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34. InAABC, AB =3, BC=5, AC=7 and |ABC = 120°. 
The angle bisectors AD and CE of |A and |C meet 


in P. Then the length AP is 
(A)6  (B) V6 (C7 


AABC (Figure 4.39). 


(D) v7 


Solution: Note that P is the incentre of AABC. Draw 
PL perpendicular to AB so that PL is the inradius r of 


FIGURE 4.39 Single correct choice type question 34. 


Now 
1 : 
r=Az= 5 ABEO) sin 120° 
= be 
2 2 ol 
Therefore 
(15) _ 153 
2 4 
3 
r=— 
2 
From ABPL, 
tan 60° = eee 52 Ss v3 
BL BL 2BL 
Therefore 
BL _ v3 x 2 =- a 
a 2 
AD=Apo Bie 
2 2: 
Hence 
AP’ =AL Pia 24257 


(4.8) 


Alternate Solution: 


in. [C=DE=9 
2 be 


— |[Q5/2) — 7][A5/2) — 3] 
7x3 


wes 
“OT 


Now 


AP = The distance between the vertex A 
and the incentre P 


A 
= rcosec— 
2 


_ V3 27 
eee [By Eq. (4.8)] 
=V7 
Answer: (D) 


35. InAABC, |C = 90° and AB = 60.The medians AD and 
BE intersect at G (centroid). If 9 is the acute angle 
between the medians AD and BE whose tangent 
value is 1/3, then the area of AABC is 


(A) 200 (B) 300 ~~ (C) 400 
Solution: See Figure 4.40. We have 


(D) 500 


BGD=|AGE=@6 and tand = 5 


By hypothesis 
(BC) + (ACY =(ABY 
a+b =60° (4.9) 
Consider the quadrilateral DGEC in which 
|DGE + |GDC + 90° + |CEG = 360° 


A 


B D Cc 
FIGURE 4.40 Single correct choice type question 35. 


Therefore 
(180° — 6) + |D + 90° + |E = 360° 
where |D=|GDC and |E=|CEG. This gives 
[D+ |E =90°+ 0 (4.10) 

Therefore 
—3 =—cot 6 = tan(90°+ 6) = tan(D + £) [from Eq. (4.10)] 

_ tanD+tanFE 

~ 1-tanDtanE 

_ (AC/DC) + (BC/EC) 

1-(AC/DC).(BC/EC) 
_ (2b/a) + (2a/b) 
1-4 


Therefore 
(2) =a +b’ =3600 


9A = 3600 
A= 400 
Answer: (C) 


36. In AABC if the line joining the incentre and centroid 
is parallel to the side BC, then the sides a, b and c 
(in certain order) form a/an 
(A) AP (B) GP (C) HP (D) AGP 


Solution: In AABC, AE is the bisector of |A, AD is 
the median, J is the incentre and G is the centroid 
(Figure 4.41). JG is parallel to BC. This implies 


AI_AG_2 
IE GD 1 

pee == [. I divides AE is the ratio (b + c):a] 
a 

b+c=2a 


Hence c, a, b are in AP. 


A 
B 
= D 
; 
FIGURE 4.41 Single correct choice type question 36. 


Answer: (A) 


Worked-Out Problems 


37. AD, BE and CF are medians of AABC. Then (AD) + 
(BE) +(CFY =K(a’ + b’ +c’) where the value of K is 
4 2 
B) = C) = 
Ql OF 


(A) 2 (D) 


?) 


D 
B 


FIGURE 4.42 Single correct choice type question 37. 


Solution: D is the mid-point of the side BC (Figure 4.42). 
Using cosine rule for AABD, we get 


(AD) = (AB) + (BDY — 2(AB)(BD) cos B 


2 ie a 20($) Cc+a-b 
4 2 2ca 


_ 2° +2b-a 
7 4 


Therefore 
(AD) + (BE): + (CFY'= o(4a° $4442 — (0 +B?+2)) 
= (a+ b’ +c’) 


Hence K = 3/4. 
Answer: (A) 


38. The sides of a triangle are in AP. Its area is 3/5 times 
the area of an equilateral triangle whose perimeter is 
so as the given triangle. Then the ratio of the sides is 


(A) 5:3:7 (B) 3:5:7 (C) 7:4:3 (D) 3:4:7 


Solution: Let the sides be x — d, x and x + d. Therefore 
the perimeter 


2s=3x or gee 
2 


Then 


A= ,/s(s—x + d)(s—x)(s—x-d) 
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But the area of the equilateral triangle with the same semi- 
perimeter 3x/2 is (V3/4).x*. Therefore 


5\ 4 
2 
* x 3(x Fe 
16 25 16 


x -4d’ = 2. 
25 


8 4d? 
25 
4 
2 


x Geo 4 a=" 
2 2 
5d 

x= 
2 


5d 7 


and x+d=—+d=-d 
2 2 


Therefore the ratio of the sides is 3:5:7. 
Answer: (B) 


39. If p and q are the lengths of the perpendiculars 
drawn from the vertices A and B of AABC onto any 
line passing through the vertex C, then the value of 
ap’ + bq —2abpq cos C is 
(A) a’b’sin? C (B) a’b’cos*C 

(C) ab tan’ C (D) a°b’cosec’C 


Solution: Let AM and BN be perpendiculars drawn from 
A and B, respectively, onto a line through the vertex C 
(Figure 4.43). Then 


p=AM,q=BN 
Let |ACM =a and|BCN = 8. Then 


[C=1-(a+B) 


FIGURE 4.43 Single correct choice type question 39. 


Now 


Therefore 
1 
cosa =—./b’— p* 
b Dp 
cos B = Dp g 
a 


sinC =sin[z —(a+ B)] 


=sinacos B+ cosasin B 


= {per -¢ +qyb’- p’] 
Squaring and cross-multiplying we get 
ab’ sin’C =[pJa-¢ +qJb-7¢ f (4.11) 
Now 
a p +b¢ —2abpqcosC 
=a p +b°q° +2abpqceos(a + B) 


=a p+ bq + 2abpq{cosacos B — sinasin B] 


=o p+ BP + 2abpa] : (a gb PD’) ef) 
a 


ab 


=a p+ b’q’ + 2pqly (a - @)(b— p’) - pa] 
=ap +bq—2p'q'+2pq\(a-—q \(b’- p’) 
=p(@-¢)+¢ (bP -p’)+2pqy@-¢)\(Y - P’) 


=(pla-¢ + qb- py (4.12) 
From Eqs. (4.11) and (4.12) it follows that 
a p + bq’ — 2abpqcosC =a’b’ sin’ C 
Answer: (A) 


40. In an acute-angled AABC, the circle described on the 
altitude AD as diameter cuts the sides AB and AC, 
respectively, in P and Q. Then the length of the chord 
PQ is equal to 


A A A A 
A) = B) — C) = D) — 
A- B®> OF we 
Solution: See Figure 4.44. From AA PQ, we have 
P?@ _ap 
sin A 


Therefore 
PQ=(AD)sin A =(bsinC)sin A 
= of 5) sin A 
2R 
-(; besin A) Ea 
2 R 
ae 
R 
A 
| 
B D Cc 
FIGURE 4.44 Single correct choice type question 40. 
Answer: (C) 
41. A,, A,, ..., A, are the vertices of a regular polygon of 
n sides such that 


Lt a 
AA, AA, A, A, 


Then, the value of 7 is 
(A) 5 (B) 6 (C) 7 


Solution: See Figure 4.45. Let the centre of the polygon 
be “O”. Therefore 


(D) 9 


FIGURE 4.45 Single correct choice type question 41. 


Worked-Out Problems 


1 
A a 
rancee eae 


Let the radius of the circle circumscribing the polygon 
be r. Therefore 


(A A Yar+r-2r cos( =| 
n 


=4P sin? = 
n 
Similarly 
(A,A;) = 47° sin? a 
n 
7 > ...2 30 
and (A,A,)° = 47° sin®* — 
n 
By hypothesis 
ee ee 
sin(z/n) sin(2z/n) — sin(3z/n) 
Therefore 
, 2h Be in (sin in| 
sin — sin — = sin—| sin—— + sin 
n n n n n 
nan. 3x . 2n . 3a 
2cos—sin =sin +sin 
n n 
. 40. 2n~ . Qn, 8 
sin — + sin — = sin— + sin 
n n n n 
_ 40 . 30 
sin — = sin — 
n n 
sin — — sin ae =0 
n 
2.cOs Me sin — = 0 
2n 


Now 


dn” Sse 26 
2 2 


n n 
Imm 
2n 2 
=>n=7 
Answer: (C) 
42. In AABC, angle A is twice angle B. Then a’ — b’ is 
equal to 
(A) 2A (B) be (C) ca (D) ab 
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Solution: 


a —b’ =4R’(sin’ A — sin’ B) 


= 4R’ sin(A + B)sin(A — B) 


=4R’sinCsinB (. A=2B) 


=(2Rsin B)(2RsinC) 
=be 
Answer: (B) 
43. In AABC, let 
- B 
x =tan tan—, y=tan tan 
-B. C 
z= tan tan 
2 2 
Then x + y + z= K(xyz), where the value of K is 
(A) 2 (B) 2 (C) 1 (D) -1 
Solution: By Napier’s rule 
B-C [{b-c A 
tan = cot 
2 b+c 2 
Therefore 
_b-c _c-a za ft? 
bt+c atc a+b 
Now 
_b=t_ Fel =) 
b+c x-1 c 
Similarly 
ytl_~c og 2tl_=a 
y- a z—-1 
Therefore 


CRIS}: 


(x+Dyt+DE+)=-G-Dy-Y)E-D 


On expanding the products both sides and simplifying 


we have 
2xyz=-2(x+ y+Z) 
X+y+Z=-xyz 


Therefore K =-1. 


Answer: (D) 


44. A circle is inscribed in an equilateral triangle of side 


“a” units. Then, the area of any square inscribed in 
the circle is 


Cn 


B D Cc 
FIGURE 4.46 Single correct choice type question 44. 


Solution: Let AABC be equilateral with side lengths 
“a”, Let AD, BE, CF be the medians and hence alti- 
tudes and G the centroid (orthocentre) (Figure 4.46). 


Therefore 
gp E sin 60° = “| 
2 a 
Now 
AD a 


r = Radius of the circle = GD = s = 


2/3 


If x is the side of the square, then 


a 
xV2 =2r=—— 
V3 


Therefore 


2 
a 
Area of the square = x° = - 


Answer: (B) 


45. In any AABC, if cos A + cos B + cos C = 3/2, then the 


triangle is 

(A) right angled 

(B) right-angled isosceles 

(C) isosceles but not equilateral 


(D) equilateral 


Solution: 


peg ceo? 
2 2 2 2 

Dei epg = aan 

2 2 2 2 


A-B 1 : 
cos =— +sin 
2 4sin(C/2) 2 
C 1) 
=| ,/sin— —- ——————— | + 1>1 
2  2,/sin(C/2) 
But 
A-B 
cos <1 
2 
Therefore 
cos =1 and oe 
2 2 
This implies A = B = C=60°. 
Answer: (D) 


46. InAABC, the minimum value of the sum of the squares 
of its sides is 


(A) 3V3A (B) 2V3A 
(C) 4V34 (D) V3A 


where A is the area of AABC. 
Solution: By cosine law 
a=b' +c —2bccosA 

a+b +c =2(b°+c’)-2bcecos A 
We know that 

1 : 

A=—bcsinA 
2 


Therefore 
4A,/3 =(2bc)V3 sin A 


Hence 
@+b+cC—43A 
=2(b’ +c’) — 2bc(cos A + V3 sin A) 


=2(b’+¢’)- soe Soos, + Paina 


=2(b°+c’)- Accos{ 2 - A) >2(b’ +c’) — 4be 


=2(b-cy >0 
Equality holds if b = c. Similarly 


a+b +c —43A>2(c-ay 


Worked-Out Problems 


and equality holds if c= a. Hence 
+b 4+C>4V3A 


and equality holds when a=b=c. This means that the 
minimum value of a? + b? + Cis 4V3A and this minimum 
is attained when AABC is equilateral. Therefore among 
all triangles, equilateral triangles are those such that the 
minimum value of a? + b? +c’ is 4V3A. 


Answer: (C) 


47. In an equilateral triangle, 3 coins of radii 1 unit each 
are kept so that they touch each other and also touch 
the sides of the triangle. Area of the triangle is 


(A) 44+2V3 


(B) 6+4V3 


FIGURE 4.47 Single correct choice type question 47. 


Solution: Let Q, R be the centres of the circles touching 
the side BC at M and N, respectively (Figure 4.47). In 
AQBM, |QBM = 30°. Therefore 

BM =(QM)cot30° = V3 

MN =OQR=2 and NC=J3 
Therefore the side BC is equal to 


BC=BM+MN+NC=2+2V3 


Hence 


3 
“4. 
_ 3 
4 


-B(as12+8V8) 


=6+4 3 


Area of AABC = ——(BC)Y 


(2+ 23) 


Answer: (B) 


48. InAABC, let |C = 7/2. If ris the inradius and R is the 
circumradius of the triangle, then 2(r+ R) is 
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(A) a+b-c (B) b+c (C)ct+a (D) a+b 
Solution: See Figure 4.48. We have |C = 90°, so 
“_-2R=>R=< 
sinC 2 
Also 
C 
= tan—= 
r=(s-c) in a 
Therefore 
2(r+ R)=2r+2R 
=2(s—c)+c 
=2s—c 
=(at+b+c)-c 
=at+b 
B 
a Cc 
go° 
4 
Cc b A 
FIGURE 4.48 Single correct choice type question 48. 
Answer: (D) 


49. The sides of a triangle are in the ratio 13 :2. Then 
the angles opposite to these sides are in the ratio 


(A) 1:3:5 (B) 2:3:4 (C) 1:2:3) (D) 3:1:2 


Solution: In AABC, let BC=a, CA=b, AB=c. 
By hypothesis, 


a:b:c=1:V3:2 
Leta=K, b= al 3K, c= 2K. Therefore 


BP+ce-a@ 344-1 V3 


cos A= 


2be 2J/3(2) 2 
ee ee 
6 
Also 
C+a—-b 441-3 1 
cos B= - - 
2ca 2(2) 2 
as ye 
3 


Hence 


So A:B:C=1:2:3. 
Answer: (C) 


50. Let A,A,A,A,A,A; be a regular polygon of six sides 
inscribed in a circle of unit radius. Then the product 
of the line segments A,A,, A,A, and A,A, is 


m2 @3s oO © 


FIGURE 4.49 Single correct choice type question 50. 


Solution: See Figure 4.49. Let O be the centre of the 
hexagon. Therefore 


|A00A. = 60°, |A00A, = 120°, |A0c0A, = 120° 
By cosine formula 
(A, A,) = 1? + 1 — 2(1)(1) cos60° 
= 2(1— cos60°) 
= 4sin’ 30° =1 
(A, A,) =1+1-2co0s120° 
= 2(1- cos 120°) 


-2145}=3 
2 


(A,A,) =1+1—2c0s120° 
=3 


Therefore 


(A, A,)(ApA,)(Ao Ay) = 1-J3-V3 =3 
Answer: (B) 


51. If the angles of a triangle are in the ratio 4:1:1, then 
the ratio of the largest side to the perimeter of the 
triangle is 


(A) V3:(2+ V3) 
(C) 1:2+3 
Let the angles be A=40, B=0, C= 80. 


(B) 1:6 
(D) 2:3 


Solution: 
Therefore 
60 = 180° => 6 = 30° 
Hence the angles are 120°, 30°, 30°. Let A = 120°, B = 30°, 

C=30°. Therefore side BC is the largest side. Hence 


a b Cc 


sin120°  sin30° sin30° 


which gives 


a = (2R)sin120° = RV3 


and b=c=R 


2s = Perimeter =a +b +c=R(V3 +2) 
So 


a:2s = V3R:R(2 + V3) = V3:(2 + V3) 
Answer: (A) 


52. In AABC, if 


cosA cosB cosC_ a 2 b 
a b Cc bce ca 
then angle C in degrees is 
(A) 60° (B) 45° (C) 30° (D) 90° 
Solution: 
cosA cosB_ cosC _ bccosA+cacos B + abcosC 
a b Co! abc 
2, 2 
aa? (given) 
abc 
Therefore 


bP+e-a@ Ct+a-b a+b-c i 8 
5 + 5 + 5 =a+b 
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at+b+c=2(a+b’) 
at+b=c 
|C =90° 
Answer: (D) 


53. In AABC, if the median AD is the Geometrical 
Mean between the sides AB and AC, then 1 + cosA 
is equal to 


(A) 5|¢08 B — cosC | (B) ¥2|cos B-cosC | 


(C) Jz |e0s B— eos | (D) 2| cos B-cosC | 


Solution: By hypothesis, 
(AD) = AB- AC 
(AD) = be (4.13) 


But we know that 
(ADY = £(26' +2c’-a’) (see Theorem 4.25) (4.14) 


Therefore from Eqs. (4.13) and (4.14) we get 
2b’ + 2c —a =4bc 


a =2(b-cy 
a= 2|b-c| 
sin A = ¥2|sin B-sinC| 
Dane Sos =o eee aes 
2 2 
cos = V3fsin =<] 
2 
A A. B- 
2cos*— = J2|2cos—sin <| 
2 2 
=/2 asin 2 E sin BC 


= /2|cos B—cosC | 
Therefore 
1+cos A = V2|cos B-cosC | 


Answer: (B) 


54. Let ABC be a triangle and p=sinAsin BsinC, g= 
cos Acos Bcos C. Then tan A, tan B and tanC are the 
roots of the equation 
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(A) gx’ -px’+(1+q)x-p=0 Solution: See Figure 4.50. Let E be the mid-point of 
(B) gx +px’-(1+q)x+p=0 DC so that the distance AE is d. Let R be the circumra- 
dius of the AABC. Therefore b = AC =2R. From AABC, 


(C) gx’ - px’ +(1+q)x+p=0 


(D) qx’—px’-(1+q)x-p=0 epee te = 
F AC 2R 
Solution: 
Pp Therefore 
tan A+ tan B+ tanC =tan Atan BtanC =— 
q AB =(2R)cosB (4.15) 
Now From AABD, 
¥ tan BtanC = —cos(A + B+ C) + cos Acos BcosC ae AB _ 2RcosB 
cos Acos BcosC AD AD 
= Lg Hence 
q 
2Rcos B 
Therefore tan A, tan B, tanC are roots of the equation a cosa ae) 
2 
p_ Pe, ato, P_o Also 
a = : __ BD 
gx’ — px’ + (1+ q)x- p=0 nee hy 
Answer: (A) and hence 
55. In AABC,|B= 90°. A line passing through the vertex BD= 2R cos B sin o (4.17) 
A meets the side BC at a point D inside the circum- cosa 
circle of the triangle ABC. If |DAB=a, |CAB=B Nour 
and the distance between A and the mid-point of : 
DC is d, then the area of the circumcircle is 1 
DE==DC 
(A) nd’ cos’ a 2 
cos’ a@ + cos’ B + 2cosacos Bcos(B — a) -1Bc- pp) 
. 2nd’ cos’ a 2 
” cos’ a@ + cos’ B + 2cosacos B cos(B — 1 : 2R cos B sin @ 
a + cos’ B osa:cos B cos(B — ar) = =| 2Rsin B — ————— 
2 2 cos 
(C) md” cos’ a 
cos’ a@ + cos’ B + 2cosacos B _ Rsin(B — a) (4.18) 
(D) 2nd’ cos’ a mon 
cos’ a + cos’ B + 2cosacos B In AACD, AE being the median, 
B 4(AEY = 2(ACY + 2(ADY —(DCY 
ZS 


= 2(ACY + 2(ADY - 4(DEY 
(AC) + (ADY =2(AE/ + 2(DE) 


Using Eqs. (4.15)-(4.18) we have 


cc 4R? 2 2R ee = 
qj OEE pg RE 8) 
cos’ a cos’ a 
2cos* B 7. a= a) _¢ 
cos’ oF cos’ oF 


R’[2cos’ B + 2cos* a — sin’(B — a)] =d’ cos’ a 
FIGURE 4.50 Single correct choice type question 55. 


R’[2cos’ B + 2cos’a@ — sin? Bcos’ a — sin’ a cos’ B 
+ 2sinasin Bcosacos B]=d’ cos’ a 

R’[cos’ B + cos’ a + cos’ B(1 — sin’ a) + cos’ a(1 — sin’ B) 
+ 2sinasin Bcosacos B]= d* cos’ a 

R’[cos’ B + cos’a@ + 2cos’ acos’ B 
+ 2sinasin Bcosacos B]= d’ cos’ a 

R’[cos’ a + cos’ B + 2cosacos B cos(B — a)] = d’ cos’ a 

Therefore area of the circle is 


2 2 
md cos’ a 
mR? 


~ cos’a + cos’ B + 2cosacos Bcos(B — a) 
Answer: (A) 
56. NAABC, ifthe angles A, B, CsatisfyA:B:C =1:2:4, 
then (a° — b*)(b’ — c’)(c’ — a’) is equal to 
(A) @+b +e (B) -a’b’c’ 


(C) nC +B +c) (D) 2a°b*c? 


Solution: 
A+2A+4Azn= A= 
Therefore 
[ee gems 
7 7 
Now, 


(a -b’)(b’-c)(c -a’) 
= 64R°(sin’ A — sin’ B)(sin’ B — sin’ C)(sin’ C — sin’ A) 
= 64R*[sin(A + B)sin(A — B)][sin(B + C)sin(B-C)] 
[sin(C + A)sin(C — A)] 


= 64R° sin sin( =] sin sin{ | 
7 7 7 7 
Sn, (=) 
sin —sin] —— 
7 ql 


=~ 64 sin? sin? ad sin’ on 
7 7 7 


=— [ar sin’ a [ar sin’ = lar’ sin’ =) 
7 7 7 


=-¢P? 


Answer: (B) 


Worked-Out Problems 


57. In AABC, if @ +b’ = (2011)c’, then 


cotC _ 
cotA+cotB 
(B) 1006 (C) 1005 


(A) 2010 (D) 1005.5 


Solution: 


cotC 


_ cosCsin Asin B 
cotA+cotB 


sin’C 
[(a’ +b’ — c’)/2ab](ab/4R’) 
C14R° 


_a@t+b-c 
2c 
- (2011)c* -¢ 
2¢ 
- (2010)c” 
Cc 


= 1005 
Answer: (C) 


58. In AABC, if the perimeter is 6 times the Arithmetic 
Mean (AM) of sin A, sin B and sin C and the side BC 
is of length 1 unit, then the angle A (in degrees) is 


(A) 60° (B) 45° (C) 75°_~—s (D) 30° 


Solution: Leta=BC,b=CAandc= AB. By hypothesis, 


a+ b+c=S(sinA +sinB+sinC) 


Therefore 
2R(sin A + sinB+sinC) =2(sin A + sin B + sinC) 
=> R=1 
Now, 
1=BC=a=2RsinA=2sinA 


Therefore 
; 1 
ae ae 
Answer: (D) 


59. If x >1, then the largest angle of the triangle whose 
sides are of lengths x° +x +1,2x+1andx°—1 is 


(A) 150° = (B) 120°» (C) 110°_~— (D) 135° 


Solution: Let a=x°+x+1, b=2x+1 and c=x-1. 
Clearly, a is greater than b and c because x > 1 and also 
sum of any two of a, b, cis greater than the third. Hence 


they form a triangle and “a” is the greatest side. If a is 
the angle opposite to the side a, then 
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b+c-a 
2bc 
_ (2x41 +0 - 19 -( +x 4-1) 
° 2(2x + 1)(x’ — 1) 
_ -(2x° +x? -2x-1) 
2(2x° + x’? — 2x -1) 


cos a& = 


_cl 
“2 
Hence a = 120°. 
Answer: (B) 
60. In AABC, if 
2C 2A 3b 
acos’ — + ccos — = — 
2 2 2 
then 
(A) b+c=2a (B) a+b=2c 
(C) ae=o (D) a+c=2b 
Solution: It is given that 
2C 2A 3b 
acos —+ccos —=— 
2 2 2 


Therefore 
a(1+cosC) + c(1+ cos A) = 3b 
a+c+(acosC + ccos A) = 3b 
(a+c)+b=3b 
a+c=2b 
Answer: (D) 


61. In AABC, the sides are of lengths 17, 25, 28 units. 
Then, the length of the greatest altitude is 


(A) = (B) 26 (C) 26.4 (D) 27.5 
Solution: Let the triangle be ABC where BC=17, 


CA = 25 and AB = 28. Suppose AD, BE and CF are the 
altitudes. Then 


A?= s(s—a)(s—b)(s—c) 
=35x18x10x7 
= xO RT 
= (210) 
So A=210. Now 


A= AD-BC=1BE.CA=1CF-AB 
2 2 2 


Therefore 
p= 24 _ 420 
BC 17 
_ 20 _ 420 
“CA 2S 
cr = 24 _ 420 
AB 28 


So AD = 420/17 is the greatest altitude. 


Note: The reader can see that, in a triangle with unequal 
sides, the largest altitude is the altitude drawn from the 
vertex onto the shortest side. 


Answer: (A) 
62. In AABC, the sides a= BC, c= AB and the angle A 


are given. If b, and b, are two values of the side 
b =AC such that b, = 2b,, then the value of sin A is 


(A) 9a -c (B) 9c -a 
2,/2¢ 2J2a 
(C) 9a —c (D) 9a +c 
2/2a 2/2 
Solution: From cosine rule, 


b’-2bccos A+(c’—a’)=0 
for which 5, and b, are roots. Therefore 
b, + b,=2ccos A => 3b,=2ccosA (4.19) 
bb=C-a@ > 2b=C-a (4.20) 


(using b,=2b,). Therefore using Eqs. (4.19) and (4.20) 
we get 


2 
2{ Zeses4) ee 


8c’ cos’ A = 9(c’ — a’) 


8c? (1— sin’ A) = 9(c’ - a’) 


2 2 
ee = 
8c 
2) 8 
gn Aa Noe 
2V2¢ 


Answer: (A) 


63. The sides BC, CA and AB of AABC subtend angles 
a, B and yat the centre of its circumcircle. Keeping 
the circle fixed and changing the triangle ABC, then 
the minimum value of 


+| cor + *) + cos p + *) + cos 7 + | 


wo? wo! oF oF 
2 2 2 ( I/F 
Solution: See Figure 4.51. Note that w+ B+ y=2z. Let 


z-alm(ersmlosro(rd] 


= -Z(sina + sinB +siny) 


= =[ asin sin sin?) 
3 2 2 2 


= ~>(4sin Asin B sin) (. @=2A, B=2B,y =2C) 


In AABC, the maximum value of sinAsinBsinC is 
3V3 /8 which will occur when A = B = C = 60°. Therefore 


1(3V3)_ 3 
3\ 2 2 


Ze2 


Therefore the minimum value of Z is malt /2. 


A 


FIGURE 4.51 Single correct choice type question 63. 


Answer: (C) 


64. In AABC, |A=90° and h is length of the altitude 
drawn from the vertex A onto the opposite side BC. 
The side BC is divided into n equal parts (n is odd) 
such that the segment containing the mid-point D 
of BC subtends angle a at A. Then tan a@ is equal to 


4nh 4nh 
A) —-— By 
- a(n +1) ®) a(n —1) 
2nh 2nh 
Cc) —~ D) ——~ 
©) a(n’ + 1) i) a(n° — 1) 
Solution: See Figure 4.52. Let h= AE and PQ be the 


segment containing the mid-point D of the side BC and 
PAQ=a. Since each of BP and QC is divided into 


(n — 1)/2 equal parts, we have 


pp=oc-("—*)¢ 
n 


2 


Worked-Out Problems 


A 


x 
B ia D Q E Cc 


FIGURE 4.52 Single correct choice type question 64. 


where ais the length of the side BC. It is clear that AABE 
and AACE are similar triangles. Therefore 


h’ = BE-EC =(BP + PE)(QC - QE) 

= BP-OC —- BP-QE+ PE-QC —- PE-QE 

= BP-QC+ BP(PE-QE)-PE-QE (.° BP=QC) 
So 


+ PE-gE=-("—1)8("—1)¢ + BP-PQ 
2 Jn\ 2 Jn 


(n-1) a’ (“*}s a 
= 7) + . 
4n 2 J/nn 
_ (n’ -1)a° 
An’ 


Let |PAE=0, and |QAF=86, so that 0,-6,=a. 
Therefore 


(4.21) 


tana = tan(@, — @,) 
_ tan@, — tan @, 
1+ tan @, tané@, 
_ (PE/h) —(QE/h) 
~ 14 (PEth)-(QE/h) 
hPQ 
h’ + PE-QE 
h(a/n) 
=—,~——,—_, [ff Eq. (4.21 
[(n? = 1)a’/4n’] [ rom q ( )] 
_ (4nh) 
~ (W-1)a 


Answer: (B) 


65. A is the obtuse angle of AABC. If the median and 
the altitude from the vertex A divide the angle A 
into three equal parts, then 


(ss lors) 
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3a° 3a° 
A B 
16b° c ®) 64D’ c 
9a° 3a° 
C D 
128b° c © 128b° c 
A 
A JA 
= | A 
io ey ae) 3 
M x A x B 
90° FIGURE 4.54 Single correct choice type question 66. 
B D E ; 


Let BD = DC =z. Then 
tan A = tan(a —|CAM) 


FIGURE 4.53 Single correct choice type question 65. 


Solution: See Figure 4.53. In AADC, 


=—tan|CAM 
ADE=90°- © = ACD _72y 
x 
Therefore =-2tanB 
AD=AC=b Therefore 
pDE=ECa nt =4 tan A +2tanB=0 
2 4 Answer: (C) 
Now 
67. In AABC, if the median through A is perpendicular to 
sin’ A eae A z 1 sine A sii 2A the side AB, then the value ofcos.A cos B is equal to 
3 2 3 3 2(b’ — a’) 2(c =a") 
2 C2) awe (Baan 
-3(45) Ga 3ab 3ac 
2\ AC) \AB (©) 2(a’ — b’) (D) 2(c +a’) 
1f@ 3a 3ab 3ab 
~ 2\ 168? (i 
_ 3a 
~ 1286" c 


Answer: (D) 


66. In AABC, if the median through A is perpendicular 
to the side AB, then tan A + 2tan B is equal to 
(A) tanC (B) -tanC 
(C) 0 (D) 2tanC 
Solution: Draw CM perpendicular to BA produced. 
Since AD is parallel to MC and D is the mid-point of BC, 


it follows that MA = AB =x(say). Now suppose AD = y 
so that MC = 2y. See Figure 4.54. 


M c A c B 
FIGURE 4.55 Single correct choice type question 67. 


Worked-Out Problems 


Solution: See Figure 4.55. Draw CM perpendicular to —_ By hypothesis, 
BA produced. Since AD is parallel to MC and D is the 


mid-point of BC, it follows that MA = AB =c (say). Now a > =AD=csinB 
suppose AD = y so that MC =2y. b’-c 
Hom aAb2; Therefore 
cosB= AB _& 2° sin Asin B <n B 
BD a/l2 a sin? B — sin?C = sin 
Also from AACM, sin(B + C) 
sin(B + C)sin(B—C) _ 
nie aee = ( MA=AB=c) ( )sin( ) 
AC b B-C=90° or B=90°+C=113° 
Therefore Answer: (B) 
2 . 
cos Acos B= a (4.22) 69. In AABC, if 
a 
N aA eae 
ow 
2 . : 
4 (A) isosceles 
and (B) isosceles and right angled 
C) right angled 
MCY +(MA) =(ACY > 4y +c =b° ( 
Er SA A acne oe (D) equilateral 
Therefore Solution: From the hypothesis 
ad —4° =4yV =b’-c 
oftan A —tan ae 3) = of tan 458 —tan B| 
a—b 2 
or — (4.23) 
3 Therefore 
From Eqs. (4.22) and (4.23), we get A+B A+B 
a sin Acos{ )- cos Asin 
2(b’ — a’) 2 
cos Acos B = ————— AiB 
3ab cos Acos{ 
Answer: (A) 2 
_ (A+B A+B). 
68. In AABC, AD is the altitude from A onto the side b sin ) cos B — cos ) sin B 
BC. If b >c, |C = 23° and AD = abc/(b’ — c’), then |B = res: 
is equal to cos Joos w 
(A) 83° (B) 113° (C) 123° (D) 75° 
, . ._({A-B . {A-B 
Solution: Draw AD perpendicular to CB produced asin 5 bsin 5 
(Figure 4.56). = 
cos A cosB 
A - 
sin 4 3 )(acosB — bcos A) =0 
a Se sin{ 458 |(sin Acos 8 ~ cos Asin B) =0 
go° _ _ 
20" 2sin'( 4 # Joos{ # 2)=0 
D B a Cc 2 2 


FIGURE 4.56 Single correct choice type question 68. 
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Now 


> sin 


(A-B)_, 
2 


=>A=B 


Therefore AABC is isosceles. 
Answer: (A) 


70. The sides of a triangle are three consecutive natural 
numbers and its largest angle is twice its smallest 
one. Then, the perimeter of the triangle is 


(A) 18 (B) 21 (C) 15 (D) 24 
Solution: Let a, b, c be the sides and a=n, b=n+1, 


c=n+2and |C =2|A. NowsinC =sin2A =2sinAcosA, 
therefore 


b+c-a 
=(2 
oe) 2bc 


be’ =a(b’ +c -a’) 

(n+1)(n+ 2) =n[(n4+1P +(n+2)—n’] 
=n[n’+6n+5] 
=n(n+1)(n+5) 

(n+ 2) =n(n+5) 
Therefore 
n+4n+4=n'+5n 
which gives n = 4 and the perimeter =4+5+6=15. 
Answer: (C) 
71. In AABC, if 
tan Atan B+ tan BtanC + tan AtanC =9 


then the sum of the distances of the vertices from the 
orthocentre is 


(A) 3V3R_ (B) 2V3R_ (C) V3R_~(D) 3R 
Solution: From the hypothesis, we can see that at least 


one of tan A tan B, tan BtanC and tan Ctan A is not equal 
to 1. Suppose tan A tan B 4 1. Also we know that 


tan A + tan B+ tanC = tan Atan BtanC 
Therefore 


tan A+tanB 


tan C = —_____ 
tan Atan B-1 


(4.24) 


Now it is given that 
9=tan Atan B + tanC(tan A + tan B) 


(tan A + tan BY 
tan Atan B-1 


=tan AtanB+t+ [By Eq. (4.24)] 


So 

9(tan A tan B —1)=tan A tan B(tan A tan B — 1) 

+ (tan A + tan BY 

(tan A + tan BY —10tan Atan B + tan’ Atan? B+9=0 

(tan A — tan B)’ + (tan Atan B - 3)’ =0 
This gives 

tanA=tanB and tanAtanB=3 
So 
tan’ A =3 
and so 
tan B=tan A= 3 


Therefore A = B =60° and hence C= 60°. This implies 
AABC is equilateral. 

In an equilateral triangle, orthocentre and circum- 
centre are same. Therefore, if O is the circumcentre, then 


OA+OB+OC=3R 
Answer: (D) 


72. Triangle ABC is equilateral with side length a and 
Pisa point on the side BA produced such that A lies 
between P and B. Let r, be the radius of the circle 
inscribed in APAC and r, be the radius of the escribed 
circle of APBC opposite to the vertex P. Then the 
value of r, +r, is 


V3a 3a 
A) — B) — 
ays (B) 5 
(C) = (D) 2V3a 
Solution: See Figure 4.57. Let | APC =a and|ACP = B. 
Therefore 


AC _ BC 
sina sina 


which implies that the circumradius is same for APAC 
and APBC. 


Pe T,A B To 


FIGURE 4.57 Single correct choice type question 72. 


Let R’ be the circumradius of APAC and APBC. Therefore 


i= 4R’sin sin sin 60° = 4R’sin > ink B (4.25) 
= 4R’sin® cos{ = P) v3 (4.26) 
2 2 2 


From Eqs. (4.25) and (4.26), 


R+h= 2R'sin S| Visi + 3( Boe sf sin | 


= [2R'sin <) ne is + v3 cost 


2° 
=2R’ nidgilen ) 


=9R'/3 sin sin{ 60° 30° z) (-: B= 60°- @) 


a a 
= 2R’J/3 sin —cos— 
v3 2 2 
= R’J3sina 
a V3 
= R’V3 = 
8(54)] 2° 


Answer: (A) 


73. The number of triangles with circumradius R is 
equal to 25/8 and whose sides are natural numbers is 


(A) 4 (B) 2 
(C) 1 (D) infinite 


Solution: In AABC, a=BC, b=CA and c=AB are 
natural numbers and R = 25/8 (Figure 4.58). Now 


a=2RsinA=(22)sin A 


Worked-Out Problems 


and ais a positive integer. Therefore (25/4) sin A must be 
an integer. Hence 


B 
FIGURE 4.58 Single correct choice type question 73. 


4 8 12 16 20 24 


sin A= —, —,—, —, or 
25 25 25 25 25 25 


Also, since a, b, c are integers cosA, cos B, cosC are 
rational numbers where 


b+C-a@ 
2bc 


cos A = 


Therefore sinA, sinB and sinC belong to the two 
element set 

(35°35 

25° 25 


Therefore the possible triangles whose sides are natural 
numbers are the triples (5, 5, 5); (5, 5, 6); (5, 6, 6) and 
(6, 6, 6). Among these triangles, the triangle with sides 5, 
5 and 6 satisfies the condition 2R is equal to 64. 

Hence the number of such triangles is one. 


Answer: (C) 


74. Two sides of a triangle are 2 and i and the included 
angle is 30°. Then, the inradius of the triangle is 


A) — : (B) Bet 
(©) = (D) - : 


Solution: In AABC, let b=2, c= V3 and|A = 30°. The 
third side a is given by 


a=b'+c’-—2bccosA 
=443- 2a9( 2) 


=7-6=1 
Therefore a= 1 and so 


2 46/5 
2 


s=5(atb+0)= 


Chapter 4 | Properties of Triangles 


Hence C22 
=ctan i cot — 
V3 +1 
S-a= ) = ¢ 
Now Hence x # p. 
Answer: (B) 
A {341 5 
r=(s—a)tan~ -| 5 Ji 15 76. In AABC, 
(ak 6B =1 «ei Mgt ie 
== S nae = ae be ca ab 
1 2 
. A) — B) — 
Answer: (C) (A) ey (B) Rr 
75. In AABC, let r,, r, and r, be the exradii opposite to (C) a (D) i 
the vertices A, B and C, respectively. Let 2Rr 2(R +r) 
x=a(rr.+5h) Solution: 
y=b(rn+ nh) 1 1 1 a+b+4+c 
3 + + = 
z=e(rn, tun) bc ca ab abc 
C ree 
and p=(%-71) Ol abc 
_ 2(A/r) 
Then abe 
(A) x=y=z=p (B) x=y=z -(#4)2 
(C) 2=y=2=2p (D) y=z=2p abc ) 2r 
Solution: 1 
x =a(r7, +1) mad 
rr - Answer: (C) 
Corer) 
s(s—a) (s—b)(s—ce) 77. In AABC, 
Eien se= 0) 1, I. L 
pe 1 + 2 + 3 = 
‘ ( aw (s—b)(s—c) (s—c)(s—a)  (s—a)(s—b) 
_ 2 
=al2s°— s(a+b+c)+ bc] (A) - (B) 7 (C) es (D) a 
r r r r 
=abc 
eo Solution: 
Similarly y = abc, z = abc. Therefore x = y = z. Now 
C ———————— 
p=(4- r)cot > (s—b)(s—c) (s—a)(s—b)(s—c) A 
- i - c Similarly 
~“\s-c os a ee é 
s—c)(s-a) A (s—a)(s—b 
‘es é (s—c)(s—a) (s—a)(s—b) 
s(s —a) ty Therefore 


[(s=bYs- 9) Cc i ee 
=e s(s— a) ols LGpero A r 


Answer: (D) 


78. In AABC, if 8R°=a° +b’ +c’, then sin’A + sin’ B+ 


sin’ C = 
(A) 2 (6) 3 (C) 4 (D) 1 
Solution: 
8R=aa+b +e 
= 4R’(sin’ A + sin’ B + sin*C) 
Therefore 
sin’? A + sin’ B+ sin’?C =2 
Answer: (A) 
79. In AABC, » + a + = is equal to 
hh OR 
1 2 A A 
(Aye (B) — (c) — (D) 
r r r 2r 
Solution: 
1 s-a s-b s-c 
+o—+—= + 
hh - A A A 
1 
=—(3s-2 
(38-25) 
— > 
A 
_l 
_ 
Answer: (A) 


80. In AABC, |A =120°. Let D, E and F be the points of 
intersection of the internal bisectors with the oppo- 


Worked-Out Problems 


Similarly 

[ADF = |FDB = B (suppose) 
See Figure 4.59. Therefore 
2|EDF = 2(a + B) = 180° 
[EDF = 90° 


Answer: (A) 


81. In AABC, if t,, t, and t, are the lengths of the tangents 
drawn from the excentres /,, /, and J, of AABC to the 


circumcircle of the triangle, then 


eae 
fo Gb & 
1 2 2r 1 
A) — B) — C) = D) —— 
(A) & yee OR ©) oR 
Solution: Let /,7, be the tangent from the excentre /, to 


the circumcircle and O be the circumcentre (Figure 4.60). 
It is known that (see Quick Look 2 and Theorem 4.29) 


OP = R°+2Rr, 
OT; = R 


and 


site sides. Then ADFF is 

(A) right angled 

(B) isosceles 

(C) isosceles and right angled 
(D) equilateral 


FIGURE 4.60 Single correct choice type question 81. 


From the right-angled AOT\/, 


OR=R +e 
R+2Rr=R +6 
tf =2Rr, 
Similarly 
6=2Rr, and =2Rr 
Therefore 


FIGURE 4.59 Single correct choice type question 80. 


Solution: For the AABD, AC is the external bisector 
of |BAD and BE is the internal bisector of |DBA. 


Therefore 


FE is the excentre to AABD. Hence 


CDE =|ADE = a (suppose) 


Answer: (D) 


260 | Chapter 4 | Properties of Triangles 


82. In AABC, if (a — b)(s — c) = (b —c)(s — a), then 
(A) 2n =r, +7; (B) B=n7% 


2rr, 2nI, 
Cc 2 EN. D = 3n 
(C) 5, cae (D) 5 caer 
Solution: 
(a —b)(s—c)=(b-c)(s—-a) 
b-a c-—b 
=> — 
S-a s-c 


ss b-a _ c—-b 
(s—a)(s—b) (s—b)(s-c) 
A A _A A 


=h-h=8-4h 
=>2,=1n+8h 
Answer: (A) 
83. In AABC, |A=90° and AD is drawn perpendicular 
to the side BC. If p and q are the radii of the inscribed 


circles of AABD and AACD, respectively, and r is 
the inradius of AABC, then r is equal to 


(A) 2p +a (B) Pre 
© Wa (D) 5+) 


FIGURE 4.61 Single correct choice type question 83. 


Solution: See Figure 4.61. We have a = b’ + c’. By hypoth- 
esis, AABD and AACD are both similar as well as similar 
to AABC. Let R and R’ be the circumradii of AABC and 
AABD, respectively. Therefore 


r= tee a” ane 
2 2: 2 


and p= 4n’(sin 1B | sin3 BAD || sind BDA) 
But the angles of AABC and AABD are equal in some 
order. Therefore 


r 4R _ 2a/sinA)_ a 
p 4R’ 2AclsinD) c 


Similarly 


Therefore 
PB+e)=ep +e) 
fs P es g 


Note: In general, the inradii of two similar triangles are 
proportional to their sides. 


Answer: (C) 
84. In AABC, rr, + 1,7, + rr, is equal to 
> r R 
Ar Be OF MSs 
Solution: 
LHThR+ HA 
5 1 1 1 
= + + 
(s—a)(s—b) (s—b)(s—c) (s—c)(s—a) 
=s[(s—c)+(s—a)+(s—b)] 
= 5(3s — 2s) 
bn s 
Answer: (A) 


85. Let J be the incentre and r the inradius of AABC. 
Let D, E, F be the feet of the perpendiculars drawn 
from J onto the sides BC, CA and AB, respectively. If 
r,,r, and r, are the radii of the circles inscribed in the 
quadrilaterals AFIE, BDIF and CEID, respectively, 
then 


h 6 b K 


+ = 
r-h r-h r-kK rr—n)(r—-nH)(7T-K) 


where K is equal to 


(A) s° (B) A? (C) As? (D) a2? 


Solution: Let J, be the centre of the circle inscribed 
in the quadrilateral AFIE touching the side JE in M, 
and the side AE in N,. Clearly J, lies on the segment 
AI (Figure 4.62). Clearly /,;M,EN, is a square, because 
JM, =J,N,=1,. Also 


oA 
M,J1=|N,J,A=90°— 5 


Therefore from AJM,J,, 


tan{ 90°- “)- IM, _IE-ME _r-1, 
2 JM, JM, y 


Worked-Out Problems 


Solution: 


(ae 


Answer: (D) 


B 


87. In a triangle, if r,=12, r,=18 and r, = 36, th i 
FIGURE 4.62 Single correct choice type question 85. pene aida a re ee a 


equal to 
Therefore (A) 6 (B) 9 (C) 4 (D) 3 
A r-r Solution: 
cot— = 
I, 1 1 1 421 
= 4+ — 4+ — 
Similarly Pao 
1 1 1 
Bor-h C r-t payee See ce eee 
cot—=——— and cot—=—— 
2 h, 2 rh, 12 18 36 
In any AABC age 
36 6 
Hi Leet” Keer Hest eo Theref 6 
) ) a es 5 5 erefore r=6. 
Answer: (A) 
Therefore 
i h Ro (r-n)r-n)r-4) A+B 
(7, + 4) cot} —— |= 
= TAB . 
r(r—r)(r—H)r-K) (A) a (B) b (C) ¢ (D) at+b+e 
w Solution: 
rn \r—Hr-%) (ir npoo( 424) -[ A Aran 
Hence K is equal to A’. eee eT 
Answer: (B) Ac ( c) 
= —————__| tan — 
. : . s (s —a)(s—b) 2 
86. If ris the inradius and r,, r, and r, are exradii of any 
triangle, then xs — 6) 
=c tan 
(2 (2 [2 1) (s—a)(s—b) 2 
TS) Te = e{cot S Jtan S 
4R AR? AR? 4R aks aa 
A) — B) — C D) — 
A= B= OF OF 
=C 


Answer: (C) 
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89. In AABC, if the median AD makes angle 6 with the 
side BC, then sin 0 is equal to 


2bsinC bsinC 


(ee a 
2b° +20 -a 2b’ + 2c -— a 
2bsin B bsin B 
0 —S—= 0) a 
2b +20 -a 2b°+2c—a 
Solution: From AADC (Figure 4.63), 
AC _ AD 
sin@ sinC 
A 
Cc 
e 
D 
B 


FIGURE 4.63 Single correct choice type question 89. 


Therefore 
: ACsinC 
sin @ = ——— 
AD 
(1/ INES => (see Theorem 4.25) 
c-a 
2e a 2c - a 
Answer: (A) 


90. The internal bisectors of the angles of AABC meet 
the circumcircle in D, E and F. If A’ and A are the 
areas of ADEF and AABC, respectively, then the 
ratio A’:A is equal to 


(A) 2R:r (B) R:r 
(C) (R-r):(R+7r) (D) R:2r 
Solution: Since angles in the same segment are equal 


(Figure 4.64), we have 


ADE =|ABE= 


and ADF =|ACF = 


NI ple 


D 
FIGURE 4.64 Single correct choice type question 90. 


Therefore 
1 1 
|EDF = mulls +|C) =90°- 52 
Similarly 
DEF = 90°- s1B 
1 
and DFE = 90° — 5 IC 


Using sine rule for ADEF we get 


EF _ FD 
sin[90°—(A/2)] — sin[90°— (B/2)] 
DE 


sin[90°— (C/2)] 
Therefore 
EF= ares. FD= Ree. DE= Rees” 
2 2 2 
So 


A= Lean A 
2 


=2R’ sin Asin BsinC 


=16R’ sin a sin # sin c cos 2 cos B cos c 
2 2 2 2: y) 2 
A’= 5(DE\(DF) sn| 90° - “| 


=2R* sn{ 90 - 5) sin{ 90 - 3) sn( 90 - “| 
2 2 2 


=2R’ cos a cos esi cos — 
2 2 2 


Therefore 
A’ 1 
A 8sin(A/2)sin(B/2)sin(C/2) 
7 R 
2[4Rsin(A/2)sin(B/2)sin(C/2)] 


Answer: (D) 


91. In AABC, if r, =8, r, =12, r,=24, and BC =a, then 
the value of ais 
(A) 12 (B) 6 (C) 4 

In AABC, it is easy to verify that 


(D) 8 
Solution: 


(R-n(_t+n)=a 
and +45 


Therefore 


So 
a =(4-r)(4 +H) 
= (8 — 4)(12 + 24) 
=4~x 36 
>a=12 


Answer: (A) 


92. In AABC, ifr, =r,+7,+7, then angle A must be 
(A) 120° (B) 60° (C) 90° (D) 45° 


Multiple Correct Choice Type Questions 
1. InAABC, 


(A) (2ac)sin( 9-3 =) =C+a-B 


(B) a(bcosC —ccosB)=b*?- 


Worked-Out Problems 


Solution: Given that r, =r,+r,+r. Therefore 


R-T=h+h 


4Rsin a cos 2 cos S —4Rsin ane a sin — 
2 2 2 2 2 2 
a Apes” sn PB get + ini co Sa — 
2 2 2 2 2 2 
A B+C A. B+C 
sin — cos = cos —sin 
2 2 2 2 
sin’ a cos’ sss 
2 2 
This implies 
A _ 450 
2 
A= 90° 


Answer: (C) 
93. In any AABC, b(r, — r) + a(r, — r) is equal to 


(C) 


abc ctr 


(A) ——_ (B) 


5 5 


at+b+c ch 


(D) 


r h, 


Solution: 


Wn=n+ ln =bal : al ! :) 
S-a Ss s-b s 


abA 
s(s—b) 


_ abA 
~ §(s—a) 


al c 
s \(s-a)(s—b) 


_ (abc) A(s — c) 
~ s(s—a)(s— b)(s—c) 
_ (abc)(s —c) 


A 
_abe 


Ke 
h S—C 


Answer: (A) 


(C) (b+ c)cosA + (c + a)cos B+ (a+ b)cos C= 
ached 
2 


(D) If |A = 60°, then 


(1+2+2)(1+¢ 2) =3 
c oC b b 
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Solution: Therefore 
(A) 2ac sinf 4-3 *C) = 2acsin(90° - B) a+cv2=2b 
i acasen (A) is true. 
(B) a, b, c are in HP implies 
=C+a-b 
1141 : 
Therefore (A) is true. Pi ae AP 
(B) a(bcos C — ccos B) = abcos C — accos B 
Therefore 
_@+b-C @+0-b 
2 2 Be eee 
Be bac b 
; a-b_b-c 
Hence (B) is true. ele 


(C) (b+c)cosA + (c+ a)cos B + (a+ b)cosC 
sinA-—sinB  sinB—sinC 


=(bcosA + acos B) + (acosC + ccos A) 


sinBsinA — sinCsinB 
+ (bcosC + ccos B) 
=c+b+a=2s 2e0s +5 sin “= 8 2eos— >< sin == © 
So (C) is not true. 2sin = cos ze 2sin ere 
(D) (1+t+2)(1+¢ <) : ; : : 
c oC b b .C,A-B .A. B-C 
sin sin 5 sin sin 5 
=eer reno sine tos - din oe 
29 a 9 
(bey =a 
7 be sin? . cos Og i oe a 
2 2 2 2 2 2 
_ (8 +c + 2bc) - (b+ c — 2bccos60°) aT ae Re. Hat. Hee 
be sin’ sin + sino | = sin’? sin tO sin? 
ap ‘ 2 2 2 2 2 2 
a 

=— |-. cos60°= 5] 7 

be 2 sin? 3 sin > sin’ : = sin? < sin : sin’ S| 
= 3 om | 

Therefore (D) is true. sin? S| sin i + sin” A =2sin’ Ae es A 
Answers: (A), (B), (D) 
: ; 2 _ 1 i 1 
2. In any AABC which of the following are true? sin’(B/2) = sin’?(A/2) _ sin?(C/2) 
(A) If |A=45°, |B = 75°, then a+ cV2 =2b. 
(B) If the sides a, b and c are in HP, then sin*(A/2), Therefore sin°(A/2), sin*(B/2) and sin°(C/2) are in 

sin’(B/2) and sin*(C/2) are in AP. HP. Hence (B) is not true. 


(C) We have 


(C) (a+b+c) (eh re 

2 2 2 A B 
r é a (a+b+ 0 tan + tan a 
(D) becos’ = + cacos’ = + abcos’-— = A’ 


: fe sin — 
Solution: =(a+b+tc) 2, 2 
(A) [A = 45°, |B = 75° = |C = 60°. Now cos 5 cos 


b=acosC + ccosA=> + 


sie 


+B 


(a+b+c)sin 3 


A B 
cos— cos— 
2 2 


2R(sin A + sin B+ sinC) cos S 


A B 
cos— cos— 
2 2 


2R( 4eos 2 cos a cos 5 Joos ce 
2: 2 2 2 


AB 
cos — cos — 
2 2 


=8Rcos 2G 


vw 


Cc 
=4 cos” 


_C C 
2 sin — cos — 
2 2 


2 


=2ccot iS 
2, 


Therefore (C) is true. 


A B 
(D) becos*— + cacos’— + abcos’ 2 
2 2 2 


= (be) F—9 + (cay = 


ere 


Hence (D) is not true. 


Answers: (A), (C) 


3. In AABC, which of the following are true? 


(A) If the angles are in AP, then b°=c’ + a°-ca 


sin(B-C) b’-c 
ag ee 


©) Toe 
1+cos(A-B)cosC a+b 
1+cos(A—C)cosB a+c 


(B) 


Solution: 
(A) A, B, C are in AP implies 
3B=180° (« A+C=2B) 
B=60° 


D) s.abs i . 


Now 


Worked-Out Problems 


b’=c’ +a’ —2cacosB 


=C+a- 2ea{ =) 
2 


=C+a@-ca 


Hence (A) is true. 


(B) We have 
sin(B-—C) _ sin(B + C)sin(B-C) 
sin(B + C) sin’ (B+ C) 
_ sin’ B= sin°C 
sin? A 
b-¢ 


Hence (B) is true. 
(C) Consider 


b-¢ 


2 


a 


_ 4R’(sin’ B - sin’ C) 


cos B+ cosC 


_ 4R’[cos’C — cos’ B] 


Therefore 


y b-c 


cos B+ cosC 


cos B+ cosC 


cos B+ cosC 


= 4R’(cosC — cos B) 


= 4R’[cosC — cos B + cos A — cosC 


+ cos B-cos A] 


=4R°(0)=0 


So (C) is true. 
(D) We have 


1+cos(A—B)cosC _ 


1—cos(A — B)cos(A + B) 


1+ cos(A —C)cos B 


Hence (D) is true. 


1-cos(A — C)cos(A + C) 


_ 1-(cos’ A — sin’ B) 


1-(cos’ A -sin’C) 


_ sin’ A+ sin’ B 
sin? A + sin’?C 


_ (@/4R’) + (B°/4R’) 


(a°/4R*) + (c7/4R’) 


a+b 


2 2 
atc 


Answers: (A), (B), (C), (D) 
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4. In AABC, the altitudes AD, BE and CF meet the 
circumcircle in L, M and N, respectively. Then 


(A) the angles of the triangle LMN are supplements 
of twice the angles of AABC 


(B) the angles of the ALMN are complements of the 
angles of AABC 


(C) the area of ALMN is 4Acos A cos Bcos C 
(D) the area of ALMN is 8Acos A cos Bcos C 
Solution: See Figure 4.65. We have 
ALM =|ABM (angles in the same segment) 
=90°-A 


and ALN =|ACN = 90°- A 


Hence 
[MLN = (90° — A) + (90° — A) = 180°- 2A 
Similarly 
|[NML = 180° -2B 
and |MNL=180°-2C 


Therefore (A) is true. 


N 
¥ 
dD ~ Cc 
NON 
L 
FIGURE 4.65 Multiple correct choice type question 4. 


Using sine rule for ALMN we get 


MN LN ML _yp 
sin(180°-2A)  sin(180°-2B) _ sin(180° - 2C) 


Therefore 
MN =2Rsin2A, LN =2Rsin2B, LM =2Rsin2C 
Hence 
1 
Area of ALMN = 5 (LM)(LN)sin(180° — 2.A) 


(See Theorem 4.14) 


= : (2Rsin2C)(2Rsin2B)sin2A 


= 2R’(2sinC cosC)(2sin Bcos B)(2sin Acos A) 
= 8(2R’ sin Asin BsinC)(cos Acos BcosC) 
=8AcosAcosBcosC (: 2R’sin Asin BsinC = A) 


Hence (D) is true. 
Answers: (A), (D) 


5. Quadrilateral ABCD is inscribed in a circle with AD 
as diameter. If AD =4, AB = BC = 1, then 
(A) AC=¥15/2 
(B) CD =7/2 
(C) area of AACD = 7V15/8 
(D) perimeter of the quadrilateral ABCD = 19/2 


FIGURE 4.66 Multiple correct choice type question 5. 


Solution: See Figure 4.66. 


(A) Let| ADC =a and AC = x. Using cosine formula for 
AABC, 


x? =1+ 1 — 2(1)(1)cos(180° — a) 
=2+2cosa 


Sag 
4 


=2+5J16=¥ 


Therefore 
i a2 
(x22 16-x 
4x*— 15x’ =0 
gi2 
4 
V15 
x=— 
2: 


Hence (A) is true. 


(B) Now 


Therefore (B) is true. 
(C) The area of AACD is given by 


7 iS. PIS 
8 


1ep.AC au xx = 
2 2 2 
Hence(C) is true. 


(D) The perimeter of the quadrilateral ABCD is 


ee are eee 
2 2 


Hence (D) is true. 
Answers: (A), (B), (C), (D) 


6. Let ABC be an equilateral triangle with side length 
20 units. Let P be a point inside the triangle ABC. If 
PD, PE and PF are drawn perpendiculars to the sides 
BC, CA and AB, respectively, then 


(A) value of PD + PE + PF depends on the position 
of P 


(B) value of PD+PE+ PF is independent of the 
position of P 


(C) PD+ PE+ PF =10v3 


(D) pepe pis pple se 
10 
A 
F E 
B D GC 


FIGURE 4.67 Multiple correct choice type question 6. 


Solution: 


V3 


ae x 20? = Area of AABC 


See Figure 4.67. We have 


= (Area of APBC) + (Area of APCA) 
+ (Area of APAB) 


Worked-Out Problems 
1 


= 5 POLED) + 5(PE\(CA) + 5(AB)(PF) 


- $(20\(PD + PE+ PF) 
-~10(PD + PE+ PF) 


Therefore 


PD+ PE + PF= 3x OX) 108 


Answers: (B), (C) 


7. InAABC, |C = 90°, BC =3, and AC = 4. Disa point on 
the side AB (in between A and B) such that| ACD = 60°. 
Then 


8V3 20 
A) CD=— B) AD= 
(A) CD=7 5 (B) A 
15 8 
C) BD= D) CD=——_~ 
©) 24:43 ©) Ava 
B 
D 
3 
30° 
60° 
C 4 A 


FIGURE 4.68 Multiple correct choice type question 7. 


Solution: See Figure 4.68. By Pythagoras theorem, 
AB =S. From AACD, using sine rule we get 


AD _ CD 
sin60° sinA 
(CD)sin 60° 
sin A 
5 V3 


3 
ers 


AD= 


Similarly from ABCD, 


Therefore 
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7 (CD) + :) 
(4+ V3) 


= 5(CD) 


Hence 


'D= 8v3 
4+J/3 


Therefore (A) is true. Now 


AD = Scr) 
3 2 


5({_8V3_\v3 
Ata |) 2 
_ 20 
~ 4a sf 


Hence (B) is true. Now 


“3 


BD=2 (cD) 
4 2 
_3( 88_\1 
4\ 443 }2 
_>/_ 24 jl 
4\ 3443 }2 


eee 
3443 


Hence (C) is true. 


Answers: (A), (B), (C) 


8. InAABC,|A = 45°, BC = V8, AB= V12. Then 
(A) |C =60° or 120° 
(B) |B=75° or 15° 
(C) AC =6+ V2 or 6-2 
(D) AC = V6 + V2 or V6 - V2 


Cc 


FIGURE 4.69 Multiple correct choice type question 8. 


Solution: See Figure 4.69. By sine rule 


V8 _ V12_—soib 


sin45° sinC sinB 


Therefore 


This implies that |C is 60° or 120°. Therefore (A) is true. 
Now 


IC = 60° => |B = 180° — (45° + 60°) = 75° 
IC = 120° = |B = 180° — (45° + 120°) = 15° 


Hence (B) is true. 
Finally depending on the two values of angle B we get 


eer 

sin 45° 

_ V34+1 V3-1 
= 28 oo Bi Se | 


=J2(V¥3+1) or V2(V3-1) 
=J6+ V2 or Vo-V2 


Therefore (D) is true. 
Answers: (A), (B), (D) 


9. In AABC, if 


acos’ — + ccos’ — = 
2 2 2 


then 
(A) a, b,c are in HP 
(B) a, b, care in AP 


(C) ee eee eee are in AP 
2 2 2 


A B 
(D) cot—, cot—, see are in HP 
2 2 2 


Solution: Given that 


3b 
2 


7C ,A 
acos’ — + ccos: —= 
2 2 


Therefore 


a(1+cosC) = c(1+cosA) 3b 


2 2 2 
a+c+(acosC + ccos A) = 3b 
a+c+b=3b 

a+c=2b 


Therefore a, b, c are in AP. Hence (B) is true. Now 


cot + oot = | ee “| co 
2 2 (s — b)(s—c) (s—a)(s—b) 
z Vs[s—ats—c] 
Me a(s—bys—o) 
= vs (2s = 2b) (.. a+c=2b) 


J(s-a)(s- b)(s-0) 


5 s(s — b) 
\(s-¢)(s - a) 


Gasp” 
2: 


Therefore cot(A/2), cot(B/2), cot(C/2) are in AP. Therefore 
(C) is true. 


Answers: (B) and (C) 
10. In AABC, if 
: 7C 
cos A+ cos B= 4sin > 


then 
(A) a+b=2c 
(B) a, b,c are in HP 


(C) tan, tan, tans are in AP 


(D) tan, tan &, tan are in HP 


Solution: Given that 
. ee C 

cos A + cos B = 4sin a 

Therefore 
2eo3{ 4 2 # Jcos{ 4 7 3) = Asin’ 
2 
A-B 
asin Scos{ 5 - sae’ 


Worked-Out Problems 1269, 


(+4) foe G 
cos oon 


2sin{ 4 = 7 Jcos{ — *) =(2sin <](2e08$) 
2 2 2 2 


sin A+ sin B=2sinC 


Therefore a + b =2c. Hence (A) is true. Also a, c, b are in 
AP. Since the sides a, c and b are in AP, from Problem 9 
above it follows that cot(A/2), cot(C/2), cot(B/2) are also 
in AP. Hence tan(A/2), tan(C/2), tan(B/2) are in HP. 
This implies that (D) is true. 


Answers: (A) and (D) 


11. In AABC, which of the following are true? 


(A) Ifa’, b’, c are in AP, thencot A, cot B, cot C are 
in AP. 


(B) If sin’A + sin’ B + sin’ C = 2, then the triangle is 
right angled. 


(C) Ifa, b, care in AP, then cot cot < is equal to 3. 


(D) b’sin2C + c’sin2B = (bc)sin2A 
Solution: 
(A) Now @’, b’, c’ are in AP. Therefore 
b-a@=c-b 
sin’ B — sin? A=sin’C — sin’ B 
sin(B + A)sin(B — A) =sin(C + B)sin(C — B) 

sinC sin(B — A)=sin Asin(C — B) 

sin C(sin Bcos A — cos Bsin A) = sin A(sinC cos B 

—sin BcosC) 


Dividing both sides with sin A sin Bsin C we get 


cos A cosC 


sin A 


cosB_ cosB 


snB sinB- sinC 


cot A—cot B=cot B—cotC 


Therefore cot A, cot B, cotC are in AP. Therefore 
(A) is true. 


(B) Given that sin’ A + sin’ B + sin’ C = 2. Therefore 
1-—cos2A 1-cos2B 1-cos2C 
+ + = 
2 2 2 
cos2A +cos2B+cos2C =-1 
—1-—4cos Acos BcosC =-1 


2 


cos Acos BcosC =0 


Hence one of the angles must be a right angle and 
so (B) is true. 
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(C) By hypothesis a+ c=2b.So 


s(s—c) 


cor Seat = | “2? | 
2 2 (s — b)(s —c) (s —a)(s — b) 


_ atbte 
at+b+c-2b 
~ 3b-2b - 


Hence (C) is true. 
(D) We have 


b’ sin2C + c’sin2B = 2b’ sinC cosC + 2c’ sin Bcos B 
= 2b(csin B)cosC + 2c(bsinC) cos B 
= 2bc(sin BcosC + cos BsinC) 
= 2bcsin(B + C) 
=2bcsinA 


Hence (D) is not true. 
Answers: (A), (B), (C) 


12. Let 0< a, B< 7/2 satisfying the relation 


8cos acos B cos(a@+ B) =—-1 


be two angles of a triangle. Let 0 be the third angle 
of the triangle. Then 


70 
aaa 
1 
(B) = 7 


(C) the circumradius R = a/J3 where “a” is the side 
opposite to the angle 0 


(D) the value ofcos w+ cos B + cos 0 = 3/2 

Solution: It is given that 
8cos acos Bcos(a@ + B) =-1 

Therefore 

A[cos(a + B) + cos(a — B)|cos(a + B)=-1 

4cos’ (a + B)+ 4cos(a — B)cos(a+ B)+1=0 

[2cos(a + B) + cos(a — B)f +1—cos’(a — B) =0 
B)} =—sin’ (a: — B) 


[2cos(a + B) + cos(a 


This gives 
2cos(a+ B) + cos(a— B) =0 


and sin(a— B) =0 
Hence 


a= B and 


which implies 


So 


Hence (B) is true. 
(C) and (D) are also true because the triangle is equilateral. 


Answers: (B), (C), (D) 


13. In AABC, the internal bisector AD of the angle A is 


equal to 
(A) 2bc cost (B) (F# 5 )oosS 
b+ 2 2bc 2 
bsinC bsinC 
Cc) ————_ D) ————— 
©) sin[B + (A/2)] (0) sin[A + (B/2)] 
Solution: See Figure 4.70. 


Area of AABD = 5 AB-AD-sin= 
1 _A 
Area of AACD = so en 


A 


[> 


s 


D 


B 
FIGURE 4.70 Multiple correct choice type question 13. 


Therefore 


A= Area of AABC = Area of AABD + Area of AACD 


= 5 AD(AB + AC)sin= 


= 1 Ate + b) ne 
2 2 


This gives 


D= 2A 
(b+ c)sin(A/2) 


_ 2[(1/2)besin A] 
~ (b+c)sin(A/2) 


_ bce[2sin(A/2)cos(A/2)] 
(b+ c)sin(A/2) 


2bc A 
= cos— 
b+c 2 
So (A) is true. 


Again, from AACD 


AD AC 
sinC — sin(180° - 0) 


where 6=|ADB. Hence 


bsinC E 


= ——____—__. B+ 40-180") 
sin[B + (A/2)] 


2 
Therefore (C) is true. 
Answers: (A), (C) 


14. In AABC,|A = 90°, D is the mid-point of BC and m 
is the length of the altitude AM drawn from A onto 
BC. It is given that the length of the median AD is 
geometric mean between the adjacent sides AB and 
AC. Let R be the circumradius of AABC. Then 


R 
) 
(B) [ADM =30° 
(C) the acute angles of AABC are 15° and 75° 
(D) |C = 60° and |B = 30° 


A E B 


FIGURE 4.71 Multiple correct choice type question 14. 


Solution: See Figure 4.71. Since [A =90°, BC is the 
circumdiameter of AABC and hence AD = DC=DB=R. 
Now 


xbe = Area of AABC 


Solution: 


Worked-Out Problems 


1 1 
= 5 (mn)(a) = m2R) 


Therefore 


Therefore (A) is true. From AADM, 


: AM m_ 1 


So [ADM = 30°. Hence (B) is true. Also 


ADB = 180° — 30° = 150° 


and hence 
|[DAB=|B=15° (.: AD= DB) 
This implies 
|C = 75° 


Also |B = 15°, |C = 75° imply that (C) is true. 
Answers: (A), (B), (C) 
15. InAABC, let r be the inradius; and r,, r, and r, are the 


three exradii; s is the semiperimeter of the triangle. 
Then which of the following are true? 


(A) m=); tan? 
A 
(B) (rq )tan— = Area of AABC 
(C) AR tnR+ Ras 
(D) (,- roots =¢ 


We know that 


ian A_ [(s — b)(s —c) 
2 s(s — a) 
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(A) We have 

A.A 

— X —— 

rh  & s-@ _(s=b)(s—c)_ 

iy Ag 7 
s—b 


tan? 


s(s —a) 
S-—C 
Therefore (A) is true. 


(B) We have 
A. A EOS OSES) 7 


mh=—*x 
Ss s-a 


b)(s —c) 


s(s —a) 
Therefore 


s(s —a) 


(s—b)(s—c) 


= Js(s —a)(s—b)(s—c) 
=A 


(rn)eot=(s bG=0 


Hence 
(rr,)tan < #A 
(B) is not true. 
(C) We have 
oo a 
(s—a)(s—b) (s—b)(s—c) 
A 
+ —EE——r 
(s—c)(s—a) 


hht HRT BR= 


_A’[s-ct+s-at+s—D)] 
(s—a)(s — b)(s—c) 
7 A’s(3s — 2s) _ A’s? = 


~ s(s—a)(s—b)(s—c) 


Hence (C) is true. 
(D) We have 


Cc {[ A A s(s —c) 
( root = (A S| es 


_ A(c) JNO) 2. 
Js(s-a)(s—b)(s—c) A 


So (D) is true. 


Answers: (A), (C), (D) 


16. In AABC, D, E and F are the feet of the altitudes 
drawn from the vertices A, B and C, respectively, 
onto the opposite sides. For ADEF, which of the 
following are true? 


(A) EF=acosA 

(B) [EDF =180°-2A 

(C) Area of ADEF = 2Acos A cos BcosC where A is 
the area of AABC 


(D) The radius of the incircle of ADEF is 2RcosA 
cos Bcos C 


B D Cc 
FIGURE 4.72 Multiple correct choice type question 16. 


Solution: 
Then 


Let H be the orthocentre of AABC (Figure 4.72). 


HDC =|HEC = 90° 
which implies HDCE is a cyclic quadrilateral. Therefore 
HDE=|HCE=90°- A 


Similarly 


[HDF =|HBF =90°- A 
Therefore 
[EDF = 180°-2A 
Hence (B) is true. Similarly 
|DEF =180°-2B and |EFD=180°-2C 
Now, from AAFE, 
EF AE 


a ae (4.27) 
sinA  sin(|AFE) 
Now 
AFE =90° —-|EFH =90°-|HAE=C (4.28) 
Again, from AABE,|ABE = 90° — A. Therefore 
cos A = sin(90° — A) = oe 
AB 
AE=ccosA (4.29) 


From Eqs. (4.27), (4.28) and (4.29) we get 


EF _ ccosA 


- =— =2RcosA 
sin A sinC 


Worked-Out Problems 


Eas (C) B,C, =acosec 2 
EF =2Rsin Acos A=acosA 5 
(D) asn >, AA, BC, tends to become equilateral 


n-~n~n 


and so (A) is true. Now 
Solution: See Figure 4.73. Clearly C,, A, B, are collinear 


Agea oP ADDER = 1 (DE)(DF) sin and AABC is the pedal triangle of AA,B,C,. Hence the 
2 incentre J is the orthocentre of AA,B,C,. Therefore (B) 
1 is true. 
=—=(ccosC)(bcos B)sin(180°-2A) 
2 Cc 
1 A By 
- 5 (bc) (cos BcosC)(2sin A cos A) 
=(bcsin A)(cos Acos BcosC) 
=2Acos Acos BcosC 
B Cc 
Hence (C) is true. Also 
Inradius of ADEF = ——s es 
(1/2)(DE + EF + FD) FIGURE 4.73 Multiple correct choice type question 17. 
4A cos Acos BcosC : . . 
ree rere Since AABC is the pedal triangle of AA,B,C,, from 
li Problem 16 (part B) we get A = 180° — 2A,, and therefore 
2 4Acos Acos BcosC A 
~ R(sin2A + sin2B + sin2C) sae 
_ 4Acos Acos BcosC Hence (A) is true. Also, we can write 
R(4sin Asin BsinC) = 1 7 
ae Br$ 
_ 4Acos Acos BcosC 3 2 3 
abe A 
4 eee ee eee ven = ° 1 
( 2R 2R a) so a 
_ 8R’(A)cos A cos BcosC ff fl : A_= 
abc “Be Ae 3 
_ 8R’(A)cos Acos BcosC By induction, 
4RA n (-1' qe 
=2Rcos Acos BcosC A,= E+ | [4 *) 
Hence (D) is also true. Applying limit we get 
Answers: (A), (B), (C), (D) n 
limA, == |. im{ -> =0 
17. For AABC, let A,B,C, be the triangle formed by the vant 3 rel 2 


excentres of AABC. Let AA,B,C, be formed by the : : 
excentres of AA,B,C, and so on. Finally, let AA, B,C Therefore (D) is true. Again from Problem 16 (part A), 


n-n~n 


be the nth derived triangle, that is, it is formed by the BC =(B,C,)cos A, 
excentres of AA, ,B,_,C,_,. Then 
A 
5 A = (B,C, eos( 90° - ) 
(A) |Ai=90°= = 14 ) 
(B) the incentre of AABC is the orthocentre of =(B,C,)sin A 
2 


AA,B,C, 
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Therefore Therefore 
A 
B,C, = acosec — A =2 7 =3 A 
2 s-a s—b S-—C 
Hence (C) is true. 1 2 3 14243 6 
Answers: (A), (B), (C), (D) tog gap vee Se=On” ¥ 
18. Which of the following statements are true? Equation first with the last one we get 


(A) In AABC, if a:b:c=4:5:6, then R:ris 16:7. 
(B) If r, =2r, =3r,, then a:b is equal to 5:4. 

(C) In AABC, if r,:7,:r,=4:5:6, then |A=|C. 

(D) AABC is uniquely determined, if side a, sinA 


s=6(s-a)>a=25 


Equation second with the last one we get 


and circumradius R are known. 2s=6(s—b) > b= a . 
Solution: 6 
(A) Let a=4K, b=5K and c= 6K. Therefore Therefore a:b =5:4. Hence (B) is true. 
(C) We have r, = 4k, r, =5k, r, = 6k. Therefore 


2s=at+b+c=15K 


h-h=h-h 


so that 
15K We have from Corollary 4.5 that 
s=— 
2 A__B 
,= Dy oat ar 
Hence 2 2 2 
A.B C 
2 = s(s— = = = 4Rcos— sin —cos — 
A’ = s(s—a)(s— b)(s —c) h a 
15K (15K 1SK 15K 
= ( 4K | sx | 6K] and ih tie Ge aa 
2 2 2 2 2 2 2 
7 Theref 
=(15x7x5x3)— eaimitce 
m h-h=h—h 
_ 1SV7K? C. (A-B A, (B-C 
= = 4Rcos—sin = 4Rcos—sin 
+ 2 2 2 2 
Now If A =C, then from above it follows that 
_A_1S5V7K? 2 _ KN7 A-B_ B-C 
S 4 15K 2 2 2 
_ abe _ 4.5-6K* _ 8K so that AABC becomes equilateral. Hence (C) is 
4A 15/7K2 V7 not true. 
(D) We have that a/sinA =2R. But, the sides b and c 
Therefore cannot be determined with this hypothesis. Therefore 
D) is not true. 
8 v7 ( 
Rir= Ai ® = 16:7 Answers: (A), (B) 
which implies that (A) is true. 19. For AABC, which of the following are true? 
(B) We have (A) If the sides a, b, c and A are rational, then a, 
tan(B/2), tan(C/2) are rational. 
= A , ee a _= a (B) If a, tan(B/2), tan(C/2) are rational, then a, 


2 
sa s—b s—e sin A, sin B and sin C are rational. 


(C) Ifa, sin A, sin B and sin C are rational, then a, b, 
cand A are rational. 


(D) If a, b,c and A are rational, then r, r,, r, and r, 
are rational. 


Solution: 
(A) Suppose a, b, c and A are rational. Now 


_atbte 
2 


and so, s is rational. Now 


ie _ [(s—by(s—c) _ (s—b)(s-c) 
2 s(s —a) A 


is rational. Similarly tan(C/2) is rational. Therefore 


B Cc , 
a, tan a tan a are rational 


and (A) is true. 
Suppose a, tan(B/2), tan(C/2) are rational. Therefore 


2tan(B/2) 2tan(C/2) 


ee gues 
a T+ tan?(B/2)" 1+ tan’(C/2) 


(B 


wa 


are rational. Now 


_ 1—tan(B/2)tan(C/2) 
~ tan(B/2) + tan(C/2) 


Therefore tan(A/2) is also rational. Hence 


: 2tan(A/2) 
sin A = ——>——_ 
1+ tan’?(A/2) 


is rational. So, a, sin.A, sin B, sin C are rational and 
hence (B) is true. 

(C) Suppose a,sin A,sin B andsin Care rational. Therefore 
2R=a/sinA is rational. Similarly b=2RsinB, c= 
2Rsin C are rational and hence A is also rational. This 
implies (C) is true. 

(D) Suppose a, b, c and A are rational. Then s and A are 
rational and hence 


A A A 
mes 
s—b 


are also rational 


S—C 


Worked-Out Problems 


Note: InAABC, the following statements are equivalent. 
(i) a, b, c and A are rational. 


as B Cc : 
(ii) a, aaa an are rational. 


(iii) a, sin_A, sin B and sin C are rational. 
Actually in this problem, we proved that (i) > (ii) > 
(iti) = (i). 

Answers: (A), (B), (C), (D) 


20. In AABC, if the angles are in AP and 3a = 2b’, then 


(A) [A=45° 
(B) |C=75° 
(C) |C=45° 
(D) |A=60° 
Solution: We have 
A+B+C=180° 
and A+C=2B 


Solving the two equations we get 


3B = 180° => B=60° 


Therefore 
b _ a 
sin60° sinA 
pet 
V3 sin A 
a (2sin A)b 
V3 
Now 
3a° = 2b = (4sin’ A)b’ = 2b° 
Therefore 
sin? A= ls 
2 
1 
=> sin A =—= 
af 
=> A=45° (. B=60° => A#135°) 


Now, A = 45°, B = 60° implies C =75°. 
Answers: (A) and (B) 


Therefore (D) is also true. 
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Matrix-Match Type Questions 
1. Match the items of Column I to those of Column II 


Column I Column IT 
(A) InAABC, if 2a°+4b°+c? =4ab+2ac (p) 1 
then the value of 8cos B is 
(B) In AABC, if cosAcos B + sinA sin B (q) 0 
sin C = 1, then the value of q 
cos(A — B) equals 
(C) Let D be the mid-point of the side (r) 2/3 
BC of AABC. If |DAC = 90°, then 
a —c’ =mb’, where the value of m is (s) 3 
(D) InAABC, if cos’A + cos’B + cos’C=1, : 
then the value ofcos A cos Bcos C is 
equal to (t) 7 
Solution: Consider Figure 4.74. 
(A) We have 


2a’ + 4b’ + c = 4ab + 2ac 
(a@ + 4b’ — 4ab) + (a’ +c’ — 2ac) =0 
(a—2by +(a-c) =0 


Therefore 
a=2b and a=c 
Now 
2 2. 2 
8cosB= 8c +a —-b') 
2ca 
_ 8(4b°+ 4b°-b°) 8x 7b" at 
~  2(2b)(2b) BB 
Answer: (A) —> (t) 
(B) We have 


cos Acos B + sin Asin BsinC = 1 
(cos Acos B + sin Asin B) 
+ (sin Asin BsinC — sin Asin B)=1 
[sin A sin B(sinC — 1)]=1-cos(A — B) 


Now LHS < 0and RHS = 0 = LHS = RHS =0. Hence 


sinC =1 
Answer: (B) > (p) 


cos(A—B)=1 and 


(C) From AACD, 


AC 2b 
cosC = —— = — 
DC a 
Also from AABC, 
2,72 22 
el a 


2ab 


B D Cc 
FIGURE 4.74 Matrix-match type question 1. 


Therefore 
2b _ a+b-c 
a 2ab 
4h =a+b-c 
3b =a -C 
Answer: (C) > (s) 
(D) We have 


cos’ A + cos’ B+ cos’C =1 


1+cos2A ae 1+cos2B = 1+cos2C _ 
2 2 2 
cos2A + cos2B+cos2C =-1 


—1-—4cosAcos BcosC =-1 
(. A+B+C=180°) 


1 


cos Acos BcosC = 0 
Answer: (D) > (q) 


2. Match the items of Column I to those of Column II. 


Column IT 
(p) 1 


(q) 1/3 


Column I 


(A) In AABC, if a=3b and 
A-B=90°, then tan B equals 

(B) AD isa diameter of the 
circumcircle of AABC, intersecting 
the side BC internally. Then 


AreaofABDC | _ 
R’ sin Acos BcosC 


(C) InAABC, the altitudes AD, BE 
and CF meet the circumcircle in P, 
Q and R respectively. Then 


(r) 1/2 


BC 2 CA ie AB 
DP EQ. FR 
=k(tan A+ tan B+ tanC) 


where the value of k is 

(D) In AABC, if sin’ A + sin’ B + 
sin’ C =2 and if @is one of A, B and 
C, then the value of sin @ is equal to 


(s) 2 


Worked-Out Problems 


Solution: From AACD, we have 
(A) From Napier’s rule (Theorem 4.8) DC DC 
cot B = —~_ = —_ 
A-B_a-b (5) AC b 
tan = cot} — 
2 a+b 2 Therefore 
1= 3b-b bee DC=bcotB 
3b+b 2 
C Similarly BD = ccotC. Therefore 
cot a 2 (4.30) 1 
Area of ABDC = =(BD)(DC)sin D 
2 
Also 
1 : 
A+ B+C=180° > (90° + B) + B+ C =180° =, (ccotC)(beot B)sin(B + C) 
6 € 
= B=45 ay = $(bejeotC cot Bsin A 
Der etOn = SOR sin B)(2RsinC) cot BcotC sin A 
5 C 
tan B= tan| 45 Ae = 2R* cos BcosC sin A 
= Therefore 
= C2) ipemng a0) 
1+ tan(C/2) Areaof ABDC _ 
_ 1-(/2) R’sin Acos BcosC — 
~ 1+(1/2) Answer: (B) > (s) 
1 (C) Join BP and CP. Now 
3 PBC =|PAC = 90° —C 
Peers WA) = t DPB=C and |DPC=B 
(B) We have that AD is a diameter (Figure 4.75). This 
implies that Therefore 
ABD =|ACD=90° BPC=B+C=180°-A 
Also |ADC =|B and |ADB =|C. Therefore From ADPC, 
BDC =B+C tanB=-Lo 
DP 


DC =(DP)tan B 


D 
FIGURE 4.75 Matrix-match type question 2 part (B). 


FIGURE 4.76 Matrix-match type question 2 part (C). 
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Again from APBC, 
BD=(DP)tanC 
a= BD+ DC =(DP)(tan B + tanC) 
BC_a 


— = —=tanB+tanC 
DP DP 
Similarly 
ae =tanC +tanA 
EQ 
and ae =tanA+tanB 
FR 
On adding we get 
BC Ae AC + a2 =2(tan A + tan B+ tanC) 
DP EQ FR 


Therefore k =2. 
Answer: (C) -> (s) 


(D) We have 
sin’ B + sin? B+ sin’C =2 
1-—cos2A 1-—cos2B 1-cos2C 
+ + =2 
2 2 2 


cos2A + cos2B + cos2C =-1 
—1-4cos Acos BcosC =-1 
cos Acos BcosC = 0 
Therefore 6= 90° and sin @= 1. 
Answer: (D) > (p) 


3. In AABC, it is given that b= V3,c=1 and |A=30°. 
Match the items of Column I with those in Column II. 


Column IT 


Column I 

(A) [Bis (p) 1 
(B) |C is equal to (q) 30° 
(C) Side ‘a’ equals (r) 2 
(D) Circumradius R equals (s) 120° 


Solution: We have by Napier’s rule that 


Rac (F—] A 
tan = cot 


2 bt+c 2 
V¥3-1 
= cot 15° 
[Be 


Therefore 


BOG jes 
2 


or B-C=90° 

Also 
B+C=180° — A = 180° — 30° = 150° 

Therefore B = 120°, C=30°. Now 


A=C>a=c=1 


and 2R= Be =— : 
sinA  sin30° 


Answer: (A) = (s), (B) > (q), (C) > (p), (D) > (p) 


=2>R=1 


4. The sides of a triangle are 13, 14 and 15. In Column I 
the inradius and the three exradii of the triangle are 
given and their values are given in Column II. Match 
these. 


Column I Column IT 
(A) r (p) 14 

21/2 
(B) 7, a 

(r) 4 

(C) r, (s) 12 
(D) r, (t) 19/2 
Solution: Let a=13, b=14, c=15. We know that 


2s=a+b+c. Therefore 
2s=13+14+15=42 
>s=21 


From these values we have s—a=8, s—b=7, s—c=6, 
Now 


A’ = s(s —a)(s— b)(s—c)=21xX8x7x6 


A=7x4x3 
Therefore 

pp A_/*4x%3_, 
KY 21 

= A _7x4x3 21 

ac 8 2 

pe A = 1% 8%3 _ 45 
s—b 7 

me A _/*AXS a4 
S-C 6 


Answer: (A) = (r), (B) — (q), (C) > (s), (D) > (p) 


5. For AABC, match the items of Column I with those 
of Column II. 


Column I Column IT 
: abc 
(A) rr,r,r,is equal to (p) ar 
(B) ile weg 2M equals (q) A’ 
be ca_ ab 
(C) 4Rsin Asin Bsin C is equal to (r) — 
2Rr 
22 2 A 
(D) ry cot = equals (s) A 
Solution: 
(A) We have 
A A A A 
THE, 
s-a s—b s-c 
At 
_ rie 


Answer: (A) > (q) 


Comprehension-Type Questions 


1. Passage: In AABC, O, I, H and G respectively denote 
circumcentre, incentre, orthocentre and centroid. It is 
known that 


(Oly =R (1 - ssin4sinSsinS | 
2 2 2 


(OHY = R’(1—8cos Acos BcosC) 


Answer the following questions. 
(i) (OD) is equal to 
(A) R24+2Rr 
(B) R?—2Rr 
(C) R’-Rr 
(D) R?+ Rr 
(ii) (Ol) equals 
(A) —R’(2cos.A + 2cosB + 2cos C — 3) 
(B) R’(2cosA + 2cos B + 2cosC — 3) 
(C) R’(cos2A + cos2B + cos2C) 
(D) —R*(cos.A + cos B + cos C - 2) 
(iii) (OG)’ is equal to 
(A) RP’ -(@+b’+c) 


(B) R°’- x(a b’ +c’) 


Worked-Out Problems 


(B) We have 
1 ‘ 1 1 atbte 
bce ca ab abc 
_ 2s 2 1 
~ abe 4RA 2Rr 
Answer: (B) > (r) 
(C) We have 
4Rsin Asin BsinC = (4) a 
2R 2R 2R 
_ abe 
2R° 
Answer: (C) > (p) 
(D) We have 
2 2 _ 
Preott wa ss-a) 
2° 9 (s—ay (6 Hs—0) 
A‘ 
=e A? 


Answer: (D) — (q) 


(C) R-L@ +b +2) 
1 2 2 2. 2 
(D) Fo -a-—b-c’) 


Solution: 
(i) We have 


(OLY = R(t ssin sin sinS | 
2 2 2 


=R- 2R( 4Rsin “sin sin) 
2 2 2 


= R’-2Rr 
Answer: (B) 
(ii) Again 
OP = R°-8R° dao aa ane 
2 2 2 
= R’- 2R°{ sin “sin sin S| 
2 2 2 
= R’—2R*(cos A + cos B + cosC — 1) 
= R’— R’(2cos A + 2cos B + 2cosC —3+ 1) 


=—R’(2cos A + 2cosB + 2cosC — 3) 
Answer: (A) 
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(iii) By Theorem 4.27 I A Ip 


OG:GH =1:2 > OG= +(On) 
Therefore B C 
(0G) = <(OHy 


1 


=—(R’-8R’cosAcosBcosC) (Theorem 4.28) h 
9 FIGURE 4.77 Comprehension type question 2. 
R. 
=o [ee leos2 Aa ses B eset) Also, we have proved that (Problem 17 of Multiple Correct 
R Choice Type Questions) 
= —[3+2(1-2sin? A+ 1-2sin? B+1—-2sin’C)] 
9 o_A 
I, =90°-— 
R a si 
= —(9-4sin’ A — 4sin’ B — 4sin’C) B 
9 Le 
= R’- Liar sin’ A + 4R’ sin’ B + 4R’ sin’ C) C 
: and 1, = 90° = 
‘ [3 
=R-o(a +b +e") (i) We have 


Answer: (C 
make 11, = Al,~ Al =cosee5(y~1) 


2. Passage: /,, 1,, 1, are the three excentres of AABC 


opposite to the vertices A, B, C, respectively, and J is =cosec 4 4 4) 
its incentre. Answer the following three questions. S-a Ss 
(i) / J, is equal to 4( ‘Ma ) 
= cosec — 
A A _ 
(A) er (B) re 2\ s(s— a) 
A A jpeoee  e 
(C) acos (D) 2asin 2 s(s— a) 
(ii) The length /,/, is equal to AA 
ats = acosec — tan — 
2 
A A 
(A) asec— (B) acosec— A 
2 2 = asec 
A A 
(C) 2acosec 5 (D) 2asec a Answer: (A) 


(ii) Also from Problem 16 (of Multiple Correct Choice 


iii) A fALLI,1 
(iii) Area of A/,J,/, is Type Questions) we have 


abc abc 
(A) ae (B) Re a= BC=(1,I,)cos|I, 
abc abc A 
Cc Dp) —= =I 90° — — 
( oRr ers tos 7 
Solution: See Figure 4.77. It is easy to see that Therefore 
A 
Al= ars LL= acosec~ 


AL= jooseeS Answer: (B) 


(iii) Now 

LL= epee 
2 
L1,= eee 
° 2 

5 A 

and a S90" = > 

imply that 


1 
Area of AlsIo1,= (dsls)(1.)sin [ds] 


= (2 cosec AG cosec 5} sin( 90 - *] 
2 2 2 2 


1 B Cc A 
= —(bc)cosec — cosec — cos — 
2 2 2 2 


eA, A 
2 sin — cos — 
2 2 


es 
2: 


1 B 
= —(bc)cosec — cosec 
2 2 


sin A 


1 B 
= —(bc)cosec —cosec ie 
2 2 dsj A 
sin 


-3(00(4} — 


2 sin — sin — sin — 
2 2 2 


= abs E r= 4Rsin “sin sinS 
2r 2 2 2 


Answer: (D) 


3. Passage: Using sine and cosine rules and any standard 
formulae for a triangle, answer the following questions. 


asecA+bsecB+csecC . 


(i) is equal to 
tan A + tanB+tanC 
(A) R (B) 2R (C) r (D) 2r 
(ii) If the sides a, b, c are in AP, then the value of 
A Cc B 
tan — + tan—=kcot 
2 2 2 
where k is equal to 
3 3 4 2 
A) = B) — C) = D) = 
A> Bl OF WO; 
(iii) If (a+ b+c) (b+c-—a)=Abc, then 
(A) 0<A<4 (B) 0<As3 
(C) 0<A<2 (D) 0<A<1 


Worked-Out Problems 


Solution: 
(i) We have 


asec A+bsecB+csecC 
tan A + tan B+ tanC 


_ 2RtanA+2RtanB+2RtanC 
tanA+tanB+tanC 


=2R 


Answer: (B) 
(ii) By hypothesis a+c=2b. Also 


A C s—b)(s-c s—a)(s—b 
ant +tan t= i = a = ; 
_ fsb (s-c+s-a) 
Js(s= a)(s—c) 
_ fs b(3b - 2b) 


_ bv s(s — b) 
s(s —a)(s—c) 


(" at+c=2b) 


(. 2s=at+b+c=3b) 


Answer: (D) 
(iii) We have 


Abc =(b+c)-a@ =(b? +c -a)+2be 
Therefore 
bce(A-2)=Bh+C-a@ 


A-2 b+ce-a 


asa 
2 i. 


Hence 


But 


ya lat bt olb+c-a) 
7 be 


>0 (. b+c>a) 


Therefore 
0<A<4 (. A=4> cos A=1) 
Answer: (A) 
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Assertion-Reasoning Type Questions 


In the following set of questions, a Statement I is given 
and a corresponding Statement IJ is given just below it. 
Mark the correct answer as: 


(A) Both Statements I and I] are true and Statement II 
is a correct explanation for Statement I 


(B) Both Statements I and II are true but Statement II is 
not a correct explanation for Statement I 


(C) Statement I is true and Statement II is false 


(D) Statement I is false and Statement IJ is true 


1. Statement I: In AABC, if 


acosA+bcosB+ccosC a+b+t+c 
asinB+ bsinC +csinA OR 


then AABC is equilateral. 


Statement II: If x, y, z are positive, then 
sa Scie 


where the equality holds if and only if x = y =z. 


Solution: Letx,, y, and z, be positive real numbers. Now 


B58 led 
+ Y + %-3xY,% 
2,2, 2 
=(4 Fy +z) + +H — 4M -— Vy — Se) 


—~utyt% 


) [(a- vw +(1.-4yY + (4-420 


where equality occurs if and only if x, = y, = z,. Now put 
x= ts y= vs Z= a. Therefore 


xty+z2>3(xyz)"” 


and equality occurs if and only if x=y=z. Hence 
Statement IT is true. Now 


acosA+bcosB+ccosC _at+b+c 
asinB+bsinC+csinA 9R 

sn2A+sin2B+sin2C 2 

25) (sin Asin B) 9 

4sinAsinBsinC _ 2 

2) \(sinAsinB) 9 


(sin A + sin B + sinC) 


(sin A + sin B+ sinC) 


9sin Asin BsinC = (sin A + sin B + sinC) 
(> (sin Asin B)) 
9=(sinA + sin B + sinC) 


(cosec A + cosec B + cosecC) 


> 93/sin Asin BsinC 


3/cosec Acosec BcosecC = 9 


Therefore equality implies sin. A = sin B = sin C. Statement I 
is true. 


Answer: (A) 


2. Statement I: In AABC, if 


(455) A 
x=tan tan 
2 2 
(‘S) B 
y=tan tan 
2 
(7) Cc 
zZ=tan tan — 
2 2 


thenx+y+z=-xyz. 


Statement II: In AABC, 


B-C b-c A 
tan = cot 
2 b+c 2 
C-A c-a B 
tan = cot 
2 cta 2 
A-B a—b C 
and tan a cot 
2 a+b 2 


Solution: We have 


b-c A sin B—sinC A 
cot — =| — - cot 
b+e 2 sinB+sinC 2 
2eos{ <)sin( 75 “) sane 
= 2 2 2 


2sin{ 7% . 


Therefore Statement II is true. Now 
B-C 


A b-c 
x = tan tan— = 
2; 2 bte 


Therefore 


x(b+c)=b-c 


(x+1)c=(1-x)b 


1l+x b 
1-x c¢ 
Similarly 
1 
AYO eg ee 
-y a -z b 
Hence 


1-x)\l-yJ\1-z 
(1+ x)(1+ y+ z)=(1— x) yz) 
Simplifying both sides, we will have 
2(x+y +z) =—2(xyz) 


Answer: (A) 


3. Statement I: In AABC, the altitudes AD, BE and 
CF meet the circumcircle in L, M and N, respectively, 
and A is the area of AABC. Then, the area of ALMN 
is 8A cos Acos Bcos C. 


Statement II: AABC and ALMN have the same 
circumcircle. 


Solution: See Figure 4.78. Statement I is true from the 
hypothesis. 

ALM =|ABM =90° - 

ALN =|ACN = 90° — 
Therefore 

[MLN = 180° — 
Similarly, 

|NML=180°-2B and |MNL=180°-2C 


FIGURE 4.78 Assertion—reasoning type question 3. 


Worked-Out Problems 


Let R be the circumradius of AABC. Therefore 


MN NL LM 
sin(180°-— 2A) sin(180°-2B) _ sin(180° — 2C) 


which gives 
LM =2Rsin2C 
LN =2Rsin2B 
and MN =2Rsin2A 


Now, 


Area of ALMN = 5(LN\(LM) sin(180° — 2A) 


a SOR sin 2B)(2Rsin2C)sin2A 


= 2R’(2sin Bcos B)(2sinC cosC)(2sin Acos A) 
= 16R’(sin Asin BsinC)(cos Acos BcosC) 
s(a b., 
= 16R°| ——-—sinC |(cos Acos BcosC) 
2R 2R 


= s{ FabsinC |(cos Acos BeosC) 


= 8Acos Acos BcosC 
Answer: (A) 
4. Statement I: In AABC, sin a sin B sin S < . 
2 2 2 8 


Statement II: For any real 6,0 <cos’@< 1. 


Solution: Statement II is true because for any real 6, 
—1<cos@<1. Now 


- A. B.C 
2 sin — sin — sin — 
2 2 2 
(44) (4+) (4+) 
=| cos cos cos 
2 2 2 
s 4 ee) 
+ cos cos 
2 2 
(455)] 1 (454) 
cos +—cos 
2 4 2, 


Answer: (A) 
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a+b +c 


5. Statement I: nAABC,cotA+cotB+cot C= aA 


Statement I: In any AABC, 


ae a) 
cosA= bite -a@ 
2bc 
Digs 0. 90 
cosBa le 12? 
2ca 
2 p22 
cosC = atb-c 
2ab 
and 
edn A = leis = aac =A 
2 2 2 
Solution: Statement IJ is standard formulae. Now 
cotA+cotB+cotC = os cose cost 
snA snB  sinC 
_W+0-a C+a-b a+b-c 
2bcsin A 2casin B 2absinC 
bP+eC-ad Ct+ad-b @+b-C 
a + + 
4A 4A 4A 
_a@+bt+e 
4A 
Answer: (A) 


6. Statement I: Let G be the centroid of AABC and 
BGC =a,|CGA= B and |AGB=y. Then 


cotA + cotB+cotC +cota+cot B+ cot y=0 


Statement II: If AD, BE and CF are the medians of 
AABC, then 


2AD= {2b° +2¢°-a 
2BE=.2¢+2a-b 
ICF =./2a' +2b°- 


FIGURE 4.79 Assertion—reasoning type question 6. 


Solution: From AABD (Figure 4.79), 


(AD)? = (ABY + (BDY — 2(AB)(BD) cos B 


= + “ 2(0)( $A 


2ca 
> a Cr+a-P 
=cCt+ 
4 2 
2b +2c -a 


4 
4(ADY = 2b’ +2c —c’ 


Thus Statement II true. Now 


BG= =(BE) 
4 1 (4.31) 
= (BG) = 9 (BEY = 9 26 me 2a = b’) 
Similarly 
aie je oa) (4.32) 
In ABGC, 
cosa 
cot a = — 
sina 
= (BGY ay (CGY - (BCY 
2(BG)(CG) sino 
bt 5a 
~ 36(Area of ABGC) [Eqs. (4.31) and (4.32)] 
2 2 2 
= a [- A=3(Area of ABGC)] 
~— 12A 
Similarly 
cot B = ce +a — 5b? 
12A 
~ YA 
Therefore 


-3(a° +b’ +c’) 
12A 
(a +b’+c’) 
aaa ani 
=-(cotA+cot B+ cotC) 


cota+ cot B+ coty= 


(See Problem 5 of Assertion—Reasoning Type Questions.) 
Answer: (A) 


Integer Answer Type Questions 


1. In a triangle, the lengths of two sides are 4 and V6. 
The angle opposite to the side of length V6 is 30°. The 
number of such triangles is 


° 
| 


al 


B 4 Cc 
FIGURE 4.80 Integer answer type question 1. 


Solution: See Figure 4.80. From AABC, 


BC _ AC 
sinA sinB 


Substituting the values we get 


4 V6 


sin A ie sin 30° 


Therefore 
4sin30° 4 1 fe 
sin A = — x= 
46 v6 2 V3 


= asin’ 2 or sin |* 
3 3 


Hence the number of triangles is 2. 


Answer: 2 


2. In AABC, it is given that the values of sides BC =a, 
c= AB and the angle A. Then, the third side AC=b 


has two values b, and b, such that b,=2b,. Then 


3a =c,/1+ Asin? A where the value of J is 


Solution: 


By cosine rule 
a =b' +c —2becosA 
Therefore 
b’-2bcecosA+c’-a =0 

is a quadratic equation in b whose discriminant is 

4c’ cos’ A — 4(c’ — a”) = 4[c’ (1- sin’ A) - c’ +a] 
= 4(a° — c’ sin’ A) 
= 4(a° — a sin’C) 

(. csin A =asinC) 
= 4a (1-sin’C)>0 


Worked-Out Problems 


where equality occurs if C=90° so that b has only 
one value. Therefore we can suppose that sinC 41. 
Therefore the equation 


b’-2bccosA +c —a=0 
has two distinct roots say b, and b,. Therefore 
b,+b,=2ccosA 
and et et a 
Since b, = 2b, (given) we have 


3b, =2ccosA 
and 2=ac-a 


Therefore 
2 2 
C-a@ =2b= 2{ Zccos 


9c? — 9a’ = 8c’ cos’ A = 8c’ (1 — sin’ A) 
9a’ = c*(1+ 8sin’ A) 


3a=c.J1+8sin? A 


Comparing this with the given equation we get A= 8. 
Answer: 8 


3. In AABC, suppose the sides a= BC, b= AC and the 
angle A are known. If B,, C, and B,, C, are the other 
values of the angles B and C, then 


sinC, sinC, 


+ =kcosA 


sinB, sin B, 
where k is equal to ____ 
Solution: Since 
b’-2bcecosA +c’ —a’ =0 (4.33) 
we have 
c’ —2c(bcos A) + b’- a’ =0 


Let c, and c, be values of c satisfying the above quadratic. 
Therefore 


c,+c,=2bcosA 
ccap aa 


But also, if b, and b, are the two values of 5 satisfying 
Eq. (4.33), then we have two angles B, and B, corre- 
sponding to b, and b,. Therefore 
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sinC, 
sin B, 


4 sinC, 
sin(180° — B,) 


e sinC,  sinC, 
sinB, sin B, 
sinC, rn sinC, 

sin B, 


sin B, 


sinC, + sinC, 


sin B, 
ae) (where & is a constant) 
kb 
_G@t+c,  2bcosA _ ee 
b b 
Therefore k = 2. 
Answer: 2 


4. In AABC, if the sides a, b, c(in this order) are in AP. 
Then cot(A/2) cot(C/2) is equal to 


Solution: By hypothesis a+ c=2b. Now 
2s=a+b+c=3b 
ges 
2 
Also 
oe eee s(s — a) : s(s—c) 
2 2 (s—b)(s—c) \(s—a)(s—b) 
_ s — 2s  _ 3b 3 
s-b 2s-2b 3b-2b- 
Answer: 3 


5. The sides of a triangle are x, y and,/x’+xy+y.If 6 
is the greatest angle of the triangle, then the value of 
Asin’ 0 is 


We have 


x txyt+y >x,y 
which implies the greatest angle 0 is the angle opposite 
to the side ./x° + xy + y’. Therefore by cosine rule 


Xx +xy+y=x' + y—2xycosd 


Solution: 


Therefore 
1 
cos@ = =) => 6@=120° 


Hence 4sin’ @ = 3. 


Answer: 3 


6. In AABC, the value of 


oA pi se r 
cos —+cos —+cos —=m+— 
2 2 2R 


where m is equal to 


Solution: We have 
cos” a + cos” e + cos” 
2 2; 2 
_1+cosA_ 1+cosB_  1+cosC 
2 2 2, 


-5+ 5(cos A+ cos B + cosC) 


3 1 A. B.C 
=—+—] 1+ 4sin—sin —sin— 
2 2 2 2 2. 


4R jn ea 
=2+ 2 2 


2R 
r 


=2:+—— 
2R 


Comparing with the given equation we get m=2. 
Answer: 2 
7. InAABC, if r,r,,7, andr, are the inradius and exradii, 


respectively, then r, +7, +7,-—7r=nR where n is equal 
to 


Solution: According to Corollary 4.3 and Corollary 4.5 


pola <a 
2 22 

,= er aoe a 
2 2 


h= as aa Gee 


a 
Radice oe i 
2 2 2 


where R is the circumradius. Now, 


C(. AB A.B 
i, +%=4Rcos—| sin —cos— + cos—sin 
2 2 2 2 2 


A*3) 
2 


=4Rcos . sn| 


= 4Rcos?© 
2 


_C A B .A.B 
-r=4Rsin—| cos—cos sin—sin 
2 2 2 2. 2 


= Asin Scos{ 4% 3) 


2 
=4Rsin’ c 
2 
Therefore 


pobre nar =AR[ cos +sin? = aR 


Comparing with the given equation we get n =4. 


Answer: 4 
8. Inany AABC, eee [¢ + 2 + = isequatt 
R+H+B\A h 
Solution: We have 
atbt+c _ 2s 
R+Kt+h foe 
S-a s—-b s-c 


_ 2s(s — a)(s — b)(s—c) 
A[(s — b)(s —c) + (s—c)(s—a)+(s—a)(s—b)] 


2A” 
~ APBs’-s(b+c+c+a+a+b)+bc+catab] 
2A 
= 4.34 
be+cat+ab-s° on 
Now 
ab ¢_als~a)  W(s—b) | cs~c) 
hh” A A A 
_s(atb+c)-(+b +c) 
A 
_ 2s°-(a+b+c) + 2(ab + be + ca) 
A 
_ 25° — 4s* + 2(ab + be + ca) 
A 
2 
7 2[(ab + bc + ca) - 5°] (4.35) 
A 
Therefore, from Eqs. (4.34) and (4.35) 
at+bt+cf{a bc 
|} —+—+—]=4 
AtTHtBRA OW 
Answer: 4 


| 


4.3 Projection formula: a=bcosC + ccos B, b=ccosA + 
acosC and c=acosB+bcosA. 


Properties of Triangles 


Notation: Throughout this summary, the following nota- 
tion will be used for AABC. 


(i) The lengths of the sides BC, CA and AB will be 
denoted by a, b,c, respectively and 


at+b+c 
5 = —_—_ 
2 


A, B and C represent the vertices as well as the 
angles as per the context. 

O denotes the circumcentre, J the incentre J,, 1,, /, 
excentres opposite to the vertices A, B and C, 
respectively, G the centroid and H the orthocentre. 
Ris the circumradius and r the inradius and 7, 7,, r; 
the exradii of the excircles opposite to the vertices 
A, B and C, respectively. 

(iv) A denotes the area of the triangles. 


(ii) 


(iii) 


b Cc 
sin C 


2R 


4.1 Sine rule: 


sin A sin B 


4.2 Cosine formula: a = b’ +c’ —2bccosA, b’=c +a — 
2cacos B and c’ =a’ +b’ —2abcosC. 


4.4 Area: 


(i) 2 Hosni = eee: = Lac =A 
po 2 2: 


(ii) A= Js(s —a)(s—b)(s—c) 


abc 
ae 
OO aR 


(iv) A=2R’sin Asin B sinC 


4.5 Half the angles: 


i) sin A_ (s—b)(s—c) 
2 be 


Chapter 4 | Properties of Triangles 


we A _ S(s — a) 
(ii) cos a: he 
eee =, jss=) 2, 

2, ca 
b 


ae 
2 
(iii) tan A_ (s=b)(s~c) 
2 s(s— a) 
pa = (s—c)(s—a) 
2 s(s — b) 


tan 


C_ |(s—a)(s—b) 
2 s(s —c) 


4.6 Napiere’s rule: 


(355) b-c A 
tan =| —— |cot— 

2 b+c 2 
tan{ 4) - — eat and 
2 cta 2 

(454) a—b Cc 
tan = cot 
2 a+b 2 


4.7 Lengths of the medians: Let m,, m, and m, be the 
lengths of the medians through the vertices A, B 
and C of AABC. Then 


Am, =2b°+ 2c -—a@ 
4m, = 2c’ + 2a’ — b° 
4m. = 2a’ + 2b°- 
4.8 Condition for an angle to be obtuse: In AABC, the 
angle A is obtuse if and only if 
2 m, +m, 


5 


4.9 Lengths of internal angle bisectors: In AABC, the 
length of the internal bisector of the angle A is 


2bc A bea 
—— |cos—= , {bc - ——, 
b+c 2 (b+c) 


4.10 The area of the triangle formed by the feet of the 
internal angle bisector of AABC is 


2abc 
A (F f see Chapter 6 
(3) (For proof see Chapter 6) 


4.11 Inradius: 


() r=5 
s 
(ii) pueda 
2 
B 
=(s— b)tan— 
r=(s—b)tan 
Cc 
=(s—c)tan— 
r=(s-—c) 5 
(iii) voaRGn Ga” Ga 
2 2 2 


4.12 Exradii: 


(i) = 


(ii) pasta juctne Rae 
al 9° 2°3 2 


(iii) 4= AR ee cae” 
2 2 


pede. Aa os 
2 2 


1,= 4Rcos = cos Z sin 
2 2 2 


(iv) 7, +7,+7,-Tr=4R 


(v) —+=4==- 
hob RT 


4.13 If p,, p, and p, are the altitudes drawn from the 
vertices A, B and C on to the opposite sides, then 


: 2A 2A 2A 
(i) P= » P2 = > P3= 
a b Cc 
(ii) it iil 
r 


4.14 Pedal triangle: The triangle whose vertices are the 
feet of the altitudes drawn from the vertices A, B 
and C on to the opposite sides is called the pedal 
triangle of AABC. 


4.15 The distances of the orthocentre from the vertices 
and from the sides: In AABC, D, Eand Fare the feet of 
the altitudes from the vertices on to the sides BC, CA 
and AB, respectively, and H is the orthocentre. Then 

(i) AH=2Rcos A, BH=2Rcos B, CH =2RcosC. 


(ii) HD =2Rcos BcosC, HE =2Rcos Ccos A, HF = 
2RcosAcos B. 

(iii) H_ divides AD in the ratio cos A:cos BcosC 
BE in the ratio cosB:cosCcosA and CF in 
the ratio cos C:cosAcosB. 


4.16 The points of intersection of the altitudes with the 
circumcircle are reflections of the orthocentre with 
respect to the corresponding sides. 


4.17 The angles and sides of the pedal triangle: DEF is 
the pedal triangle of AABC. Then 


(i) |[D =180° - 2A, |E = 180° — 2B, |F = 180° -2C. 
(ii) EF =acosA, DF =bcosB, DE=ccosC. 


(iii) (a) The circumradius of ADEF is > 


(b) The area of ADEF is 2Acos A cos Bcos C. 


(c) The inradius of the pedal triangle DEF is 
2RcosA cos Bcos C. 


4.18 Excentric triangle: The triangle formed by the 
three excentres /,, /, and 1, of AABC is called 
excentric triangle of AABC. 


4.19 Angles and sides of AABC: 
(i) Note that /,A, 1,8 and J,C are altitudes of 
Al. L1,and hence AABC is the pedal triangle of 
ALLL, and I is the orthocentre of AI,L1,, 


ee fo) A fe) B — fe} C 
(ii) |Z, = 90 =a 7 and |/,=90 ~5" 


(iii) 1,1,= 4Roos, LI, = 4Roos LL= 4RoosS. 


(iv) Area of A/,J/,/,is 2Rs = a 
- 


4.20 In AABC 


A 
(i) AT = REOREE 
BI=rcosec ae 
2 
CI =rcosec & 
2 
A 
(ii) Al,=7, ROC 
B 
BI, =n, cosec 2 


CI, = 7, cosec ec 
2 
4.21 (i) OH’ = R*(1 —8cosAcos BcosC) 


(ii) OF = R’ (1 = ssinsin> 


sin = R’-—2Rr 
2 2 


(iii) OF = R° (actu eee Soe = R’+2Rr 
’ 2° 2° 3 : 


SO. uicK 00K 


In AABC, R22r and the equality holds if AABC is 
equilateral. 


| EXERCISES 


Single Correct Choice Type Questions 


1. In AABC, a=6, |B = 45° and |C = 30°. AD is drawn 
perpendicular to the side BC. A circle is described on 
AD as diameter cuts the sides AB and AC in P and 
Q, respectively. Then the length of the segment PQ is 


as nS 


ee) aor (D) 2V3 


Cc) = 
(C) 7) 
2. In AABC, the value of 

(b+ etm Caan (a+ en 
2 2 2 

is 
(A) 2(R +r) 
(C) 3(R+r) 


(B) 4(R +r) 
(D) 6(R+r) 


3. In AABC, a= BC, b=CA, c=AB. If a’, b’, c’ are in 
AP (in the given order), then 


sin3B 
sin B 


~ e+e) 
(a) (S") wo (S| 
o(] ene 


4. In AABC, the median AD is perpendicular to the side 
AC at A. Then 


a) 
cos Acos=K{ £ = 
ca 


where the value of k is 


A> @®2 OF WF 


5. In AABC, if BC=5, CA =4 and cos(A — B) = 31/32, 
then the area of the triangle is 


(A) 5V7_(B) 23 (C) evi (D) oi 
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6. In AABC, if a=6, b =3 and cos(A — B) = 4/5, then the 
third side c is equal to 


(A) 3V5 (B) 6 (Cy 245 (D) 6V5 
7. InAABC, if cos A = Acos B, then 
(434) 
tan = 
2 


8. In AABC, it is given that 
3 
cos A+cosB+cosC = 5 


If one side of the triangle is of length 4 units, the area 
of its pedal triangle is 

3 3 
(ay 8 Bo Ons 


(B) (D) V3 


(Hint: See Theorem 4.23.) 


9. In AABC, a=5, b=4, c=3 and its centroid and 
circumcentre are, respectively, G and O. Then the 
magnitude of OG is 


5 6 2 3 
A) = B) = C) = D) = 
A? B82 OF OF 
[Hin OG =R’- AG +b°+ e)) 
10. In AABC, if 
cosAcosB+sinAsinBsinC=1 
then 
sin’ A + sin? B + sin’°C = 
3 3 
A) 22 — C2 Db) = 
(A) Bz © (D) 5 


11. In AABC, if 


acosA+bcosB+ccosC at+tb+c 
asinB+bsinC+csinA  9R 


and J,, J, and /, are the excentres of AABC, then the 
area of AJ,J,I, is 


(A) 3R° (B) 3V3R? 
(C) 3R° (D) eats 


(Hint: Area of AJ, /J, is 2Rs.) 


12. 


13. 


14. 


15. 


16. 


17 


18. 


19. 


20. 


In a circle of 1 unit radius, AB is a chord whose 
length is also 1. If C is any point on the major arc 
of AB, then the maximum value of (AC)’ + (BC) is 


(A) 2448 (B) 2(2+ V3) 
(C) 2(V3 +1) (D) 4(V3 +1) 
(Hint: |BCA = 30° and let |BAC =@.) 


In AABC, if a=2, b =3 and sec’ A = 8/5, then one of 
the values of the third side c is 


(A) v0 8B © 


In AABC, if p,, p, and p, are the lengths of the 
altitudes, then 2A’ is equal to 


(A) Rp, P2Ps 


(C) 3R’D, PoP; 


(D) 6 


(B) R°D | PoP; 

3 
(D) aR PPPs 
where R is the circumradius. 


In AABC, if cotA + cotB + cot C= V3, then the sides 
are in the ratio 
(A) 1:2:3 

(C) 1:¥2:1 


(B) 1:1:V2 
(D) 1:1:1 
In AABC, if the distances of the vertices from the 


incentre are x, y and z and r is its inradius, then 7’ is 
equal to 


(A) cca ual (B) Ail 
xyz x y Zz 

2.42.22 

xyz xyz 
(2 Bre (C Rawrerran 
4R X+y+Z 


In AABC, if the altitude, the angle bisector and the 
median through A, divide angle A into four equal 
parts, then angle A is equal to 


(A) 120° (B) 90° (C) 115° (D) 75° 
In AABC,r,+17,+7,;=1r+kR where k is 
(A) 2 (B) 4 (C) 6 (D) 8 


If a, Band yare the distances of the vertices from its 
orthocentre, then 


lade ae a 
a Y 
(A) at+bt+c (B) abc 
apy a+B+y 
abc a+b+c 
Cc). D) ——— 
(C) apy ”) at+Bp+y 


In AABC, if p,, p, and p, are the lengths of the alti- 
tudes, then A(p,?+ p;’+ p;) = 


21. 


22. 


(A) cos A + cos B + cos C 
(B) sinA+sinB+sinC 

(C) tanA + tanB+tanC 
(D) cotA +cotB+cotC 


If Qis a point on the altitude AD and is lying inside the 
triangle such that |CBQ = B/3, then the length AQ is 


(A) 2esin= (B) 2esinS 


(C) 2asin “ (D) 2bsin a 


In AABC, Let m,, m, and m, be the lengths of the 
medians through the vertices A, B and C, respec- 
tively. Then angle A is obtuse if and only if 


2 2 
m,+m, 


: (B) m,< 


2 2 
m, +™M, 


(A) m;< 


Multiple Correct Choice Type Questions 


1. 


2. 


In AABC, if @ +b? +c = be + (ac)V3, then 
(A) [A=60° (B) [B=90° 
2ab 


(C) |C=90° (3+ V3) 


(D) inradius is 


In AABC, if 
(a+ by =ab+c 
and sin A +cos A = ./3/2 


then 
(A) |C =120° 
(©) [B=45° 


(B) [A=15° 
(D) a:b:c =(V3 -1):2:V6 


3. Inany AABC, which of the following statements are true? 


C.1 
2 8 
7C 


B, 3 
+ sin 2 
2 2 4 


(A) sin 2 sin a sin 
2 2 


(B) sin? : + sin? 


,B 
+ cos 
2 2 4 


A 
Cc 2 
(C) cos’ 


(D) cos . cos z cos 
2 2 


. Let ABC be a triangle. Then 


(A) ig . 
2 bt+e 


(B) IfsinA+sinB+sinC <1, then min{B+C,C+A, 
A+B} <30° 


(©) ng tm (D) np < MAM 
(Hint: Use 4 = 2b’ + 2c’ —a’, etc.) 
23. In AABC, if b? + 2 = (2011)a’, then 
cotA _ 
cotB+cotC 
20 
(A) _ (B) 1005 (C) 1006 (D) a 


24. In AABC, if a’+ b’+ c= ac + bcV3, then the triangle is 


(A) right angled 
(C) equilateral 


(B) isosceles 
(D) obtuse angled 


25. In AABC, if (r, —1,)(r,;— 1) =27,r,, then the triangle is 


(A) equilateral 
(C) right angled 


(B) isosceles 
(D) obtuse angled 


A B B Cc Cc A 
(C) tan—tan— + tan—tan — + tan—tan— =1 
2 2 2 2 2 2 


(D) tan? + tan?? + tan?& >1 
2 2 2 


. If the lengths of the tangents drawn from the vertices 


A, B and C of AABC to its incircle are in AP, then 


4c — 3b 


(A) a, b,c are in AP (B) cosA= 


(C) r,, 7,7; are in AP (D) 7,, 7,7, are in HP 


. In AABC, D, E and F are the feet of the altitudes 


drawn from the vertices A, B and C onto the opposite 
sides. Let R,, R, and R, be the circumradii of AAEF, 
ABDF and ADCE, respectively. Then 


(A) 2R,=acotA 
(B) 2R,=bcotB 
(C) 2R,=ccotC 


(D) The ratio of the perimeter of AABC to the peri- 
meter of ADEF isr:R 


(Hint: See Theorems 4.22 and 4.23.) 


. In AABC, which of the following statements are true? 


(A) IA IB-IC= (abe)tan tan = tan 


A B 
(B) AI,-BI,-CI,= (747) cosec 5 cosec 5 cosec 


(C) 11,:11,-T1,=16rR’ 
(D) (I Ly + (1,1;)° =16R° 
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8. In any AABC 


(B) (,- Ae =e 


Cc 
A +4,)tan—= 
CA) Unease 


(C) (,-1r) tans =c (D) ryt rr tnm=h 


9. Two sides of a triangle are 12 and 122 and the angle 
opposite to the shorter side is 30°. Then 


(A) the number of such triangles is two 
(B) the angles of the triangles are 30°, 45°, 105° or 
30°, 135°, 15° 
yee woo 
2/2 2/2 


(D) areas are in the ratio (J3 + 1):(V3 -1) 


(C) area of the triangle is or 


Matrix-Match Type Questions 


In each of the following questions, statements are given 
in two columns, which have to be matched. The state- 
ments in Column I are labeled as (A), (B), (C) and 
(D), while those in Column IT are labeled as (p), (q), 
(r), (s) and (t). Any given statement in Column I can 
have correct matching with one or more statements in 
Column II. The appropriate bubbles corresponding to 
the answers to these questions have to be darkened as 
illustrated in the following example. 


Example: If the correct matches are (A) > (p), (s); 
(B) > (q), (s), (t); (C) > (1); (D) > (x), (t); that is if the 
matches are (A) > (p) and (s); (B) > (q), (s) and (t); 
(C) > (1); and (D) = (1), (t) then the correct darkening 
of bubbles will look as follows: 


i: 
@OO0®@ 
CO@Ce 
COO@O 
OOBO 


1. INnAABC, |Ais least and its value is 45°. If tan.A, tan B 
and tanC are in AP and the area of the triangle is 
27 square units, then match the items of Column I 
with those of Column II. 


0 9O DS. 


@O@O|- 


Column I Column IT 
(A) The side a is of length (p) 6V2 
B) The side bi It @ v2 
(B) The side b is equal to ‘ 310 
(C) The side c equals 2 

(s) 3V5 
(D) Circumradius of AABC is (t) 9 


10. In AABC, let 


a b Cc 
cosa =——, cosB =———_ and_ cosy = —— 
b+c c+a a 


+b 
where each of a, B and yis positive and less than z. 
Then 


B Y 


(A) tan? © tan? 4 tan? 2-1 
2 2 2 
(B) tan“ tan Bat = tan Atan BtanC 
2 2 2 
(C) tan * tan B tan” = tan 2 tan Z tan . 
2 2 2 2 2 2 


(D) tana tan B tan y= tan A tan B tanC 


2. For any AABC, match the items of Column I with 
those of Column II. 


Column I Column IT 


A) rr,rorz is equal to Opn an be 
( ols q p >) >) ) 


(B) — equals (q) tan? 4 
nh 2 
(C) r,rr, is equal to (r) A’ 


(D) PE (s—ay(s—by(s-e)= (s) tan’ 


3. Match the items of Column I with those of Column II. 


Column IT 


(p) V3 


Column I 


(A) In AABC, if 


cos A +cosB+cosC -1 


4 
then the value of R/r is (q) a 
(B) In AABC, if AC =2AB, then 


B-C_ (r) 2V3 


A 
cot — cot 
2 


(C) Ina right-angled triangle, the 
hypotenuse is four times the length of 
the altitude drawn from the opposite 
vertex and 26 is the difference of the 
other two acute angles. Then tan’20= 

(D) In AABC, if |A = 30°, b=2,c= V3 
and r is the inradius, then the value 
of 2r+1is 


6) 


(t) 3 


4. In AABC, it is given that a=5, b=3 and c=7. Match 
the items of Column I with those of Column II. 


5. In AABC, match the items of Column I with those of 
Column IT. 


Column I Column IT Column I Column IT 
A) Area of AABC is 5 2 
“ (P) (A) cot 44 Jtan( A *) is (p) > 
: ioe d v3 2 2 a-—b 
(B) The circumradius is equal to (q) 7 (q) 
1—tan(A/2)tan(B/2) . a+b 
; N3 (B) i Al B is equal to c 
(C) The inradius equals (r) "a + tan(A/2)tan(B/2) (r) ab 
15V3 (C) If the angles A, B, C (in this order) +h 
(D) The value of 7 cos B + 3 cos C is (s) = are in AP, then a? +c’ —acis equal to (S) Fae 
_ 2, 22 
(D) 1+ cos(A — B)cosC equal (t) as 2 
1+cos(A —C)cos B atc 
Comprehension-Type Questions 
1. Passage: A,, A, and A, are the areas of the triangles cut (iii) Minimum value of 
off by the tangents drawn to the incircle of AABC and a a oe a 
drawn parallel to the sides BC, CA and AB, respec- a+b bt+e  cta 
tively. Answer the following three questions. a+b b+c  cta 
(i) A, = ar z= As > =A, where A equals is 
Ca a? a) (A) 4s (B) 3s (C) 2s (D) s 


A> BF OF Mt 


(ii) If R, is the circumradius of the triangle whose 
area is A,, then R, is equal to 


(A) Ret or (B) Rin! aa 
2 2 2 2 


R R 
(> (D) = 
(iii) If R,, R, and R, are the circumradii of the trian- 
gles with areas A,, A, and A, then R, + R, + R, is 
2R 
A) = 
(A) S 


Br OF OF 


2. Passage: In AABC, let a, b, c be the sides, s the semi- 
perimeter and A the area. Answer the following three 
questions. 


(i) Minimum value of a’ + b? + c’ is 
(A) 3/24 (B) 434 (C) 3V3A (D) 2V3A 
ts a 1 1 14, 
(ii) Minimum value of 2 + BR + 2 is 


(A) eB) & (D) 2As 


3. Passage: For any AABC, answer the following three 
questions. 
(i) If the sides a, b, c are in GP (in the given order), 
then the three numbers 


(b-) tanB+tanC (2-2) tanC + tan A 
tan B-tanC )’ tanC —tanA }’ 
(a’— 8?) tanA+tanB 
tan A — tan B 
are in 
(A) AP (B) HP 
(C) GP (D) increasing order 
(ii) If cosA +2 cosB + cosC =2, then 
(A) a areinHP  (B) a,b,carein GP 
a c 


(C) a, b,c are in HP (D) - = . are in GP 
abe 
(iii) If sin. A, sin B and sinC are in AP, then the alti- 
tudes of the triangle are in 


(A) AP (B) GP. (C) HP (D) AGP 
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4. Passage: In AABC, the incircle touches the sides BC, 
CA and AB at the points D, E and F, respectively. If 
the radius of the incircle is 4 and the lengths of BD, 
CE and AF are consecutive integers, then answer the 
following three questions. 


(i) AABC is 
(A) equilateral 
(B) right-angled 


Assertion-Reasoning Type Questions 


In the following set of questions, a Statement I is given 
and a corresponding Statement IJ is given just below it. 
Mark the correct answer as: 


(A) Both Statements I and IJ are true and Statement II 
is a correct explanation for Statement I 


(B) Both Statements I and II are true but Statement II is 
not a correct explanation for Statement I 


(C) Statement I is true and Statement II is false 
(D) Statement I is false and Statement II is true 


1. Statement I: In AABC, the inradius r is less than 
a+ +c 
3(a+b+c) 


Statement II: Area of AABC= be sin A = xc sin B= 
La sin C 
2 


2. Statement I: In an acute-angled AABC, if 


8(cos’ A + cos’ B + cos’C — 3cos Acos BcosC) 


+ 36(cos Acos B + cos BcosC + cosC cos A) = 27 


then AABC is equilateral. 


Integer Answer Type Questions 


The answer to each of the questions in this section is a 
non-negative integer. The appropriate bubbles below 
the respective question numbers have to be darkened. 
For example, as shown in the figure, if the correct answer 
to the question number Y is 246, then the bubbles under 
Y labeled as 2, 4, 6 are to be darkened. 


(C) right-angled isosceles 

(D) The sides of AABC are in AP in some order 
(ii) Area of AABC is 

(A) 2V21 (B) 2V17_—— (C) 3v11_~—s (D) 84 
(iii) In some order sin A, sin B and sin C are in 

(A) AP (B) GP (C) HP (D) AGP 


Statement I: In any AABC, 


cos A +cos B+ cosC <5 


where the equality holds if and only if the triangle is 
equilateral. 


. Statement I: In AABC,|C = 90° and the bisector of the 


angle C meets the side AB internally in D. If p= AD 
and q = BD, then 


p_1—tan[(A - B)/2] 
q 1+tan[(A- B)/2] 


Statement II: Ina triangle, internal bisector of an angle 
divides opposite side in the ratio of the other two sides. 


. Statement I: The sides a, b, c of AABC are, respec- 


tively, 18, 24 and 30. Then its inradius is 9. 


Statement II: The inradius r=A/s, where A is the 
area and s is the semiperimeter of the triangle. 


. Statement I: In AABC, ‘I’ and ‘O’ denote the 


incentre and circumcentre, respectively. If |BZO = 90°, 
thena+c=2b. 


Statement II: In AABC, (IO)’ = R’ — Rr. 


©]}N 


CHOTONUGIOVOUSHOIONES 


@/Q/E/@/S@|@/©/O|eE) x 
@/@|@/@/@\@/@/G)\e) < 


© 
© 
© 
© 


~ 


LLY 
po Tia pA A equal to 


. The circumradius of AABC is 


SNS a Se SS 


. In AABC, if a=18, b = 24 and c = 30, then the value 


of cosec C is 


. InAABC, if a= 25, b =52 and c = 63, then the value of 


5 tan(A/2) + 2 tan(B/2) is equal to 


. In AABC, if a=6, b =3 and cos(A — B) = 4/5, then its 


area is 


RW, +h) 


times the cir- 


cumradius of its pedal triangle. 


. In AABC, the distances of the circumcentre from 


the sides BC, CA and AB are, respectively, p,, p, and 
Pp; Then abc/p,p,p; is times (a/p,) + (b/p,) + 
(c/p;). 


10. 


. If the line joining the incentre and the circumcentre 


of triangle ABC is parallel to the side BC, then the 
value of cos B + cos C is 


. In AABC, the value of 


acosA+bcosB+ccosC _ r 
at+b+c 


kR 


where k is equal to 


. In AABC, the minimum value of 


iS 


If H is the orthocentre of AABC whose circumradius 
is 4, then the circumradius of ABHC is : 


ANSWERS 


Single Correct Choice Type Questions 


Multiple Correct Choice Type Questions 


akhWD = 


(A), (C), (D) 
(A), (B), (C), (D) 
(A), (B), (C), (D) 
(A), (B), (C), (D) 
(A), (B), (D) 


Matrix-Match Type Questions 


1. 
2. 
3. 


(A)>(s), (B)>(p), ()>(), (DB) > @) 
(A)> (1), (B) >), (>), MO) @ 
(A)>(q), BB)? WH, (C)2W, (D) > (Pp) 


14. 
15. 
16. 
1. 
18. 
19. 
20. 
21. 
22. 
23. 
24. 
25. 


oD ON AO 


= 


4. (A) > (s), 
5. (A) > (q), 


- (A), (B), (C) 

- (A), (B), (©), (D) 
- (A), (B), D) 

- (A), (B), D) 

- (A), (©) 


(B) > (), 
(B) > (), 


(C) > (q), 
(C)> (p), 


(D) > (p) 
(D) > (t) 
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Comprehension-Type Questions 
1. Gi) (A); 
2. (i) (B); 


Assertion-Reasoning Type Questions 
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eS ye 
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2 
9 
4 
2 


3. (i) (C); 
4. (i) (D); 
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In this chapter, we define the concept of vectors, their addition and two types of multiplication. Also we derive 
various properties of addition and multiplication of vectors and obtain the vector equations of straight lines and 
planes. 


5.1 | Definition and Classification of Vectors 


Physical quantities such as length, area, volume, mass, temperature, density, etc. possess only magnitude and are not 
related to any definite direction in space. Such quantities are known as scalar quantities or simply scalars. On the 
other hand physical quantities such as displacement, velocity, acceleration, force momentum, couple, electric current, 
magnetic and gravitational intensities, etc. possess magnitude and are associated with direction in space. Such quanti- 
ties are known as vector quantities or simply vectors. In this section we provide concrete mathematical definitions for 
these intuitive ideas of scalars and vectors. 

The three-dimensional space is simply called the space and the points in the space are associated with ordered 
triads of real numbers, with respect to a given rectangular coordinate system. We first introduce the concept of a 
directed line segment. 


DEFINITION 5.1 _ Let A and B be two distinct points in the space. Then the ordered pair (A, B) is denoted by 
AB and is called the directed line segment with initial point A and terminal point B. The 
straight line AB is called the support of AB. 


A ee __ BB 
Line segment 


A e— oO 


A eo 0 B 
Directed line segments 


FIGURE 5.1 Directed line segment. 


A directed line segment AB is represented by the line segment AB with an arrow mark pointing towards B as shown 
in Figure 5.1. Note that AB is different from BA, though their supports are same. 


DEFINITION 5.2 Let AB be a directed line segment. The distance between A and B is called the magnitude of 
AB and is denoted by | AB| or simply AB. 


De-————- + C 


(b) 


FIGURE 5.2 Directed line segments in (a) same direction; (b) opposite direction. 


Note that the line segment and the length of that line segment are denoted in the same way, namely, AB. There is 
no ambiguity and one should understand as per the context. Two directed line segments AB and CD are said to have 
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same direction if their supports AB and CD are parallel and both B and D lie in the same half-plane determined 
by the line AC [see Figure 5.2(a)]. If AB and CD are parallel but do not have the same direction, then AB and CD 
are said to have opposite direction. Note that AB and BA have opposite direction [see Figure 5.2(b)]. 


DEFINITION 5.3 Equivalence Let DLS be the set of all directed line segments in the space. Two directed line 
segments are said to be equivalent if they have the same magnitude and the same direction. 


The relation “being equivalent” is an equivalence relation on DLS (i.e., a binary relation which is reflexive on DLS, 
symmetric and transitive) and hence partitions DLS into pair-wise disjoint classes (which are called equivalence 
classes) satisfying the following properties 


1. Any two directed line segments in the same equivalence class are equivalent (i.e., they have same magnitude as 
well as direction). 
2. Every directed line segment belongs to exactly one equivalence class. 


3. Directed line segments belonging to different equivalence classes are not equivalent. 


DEFINITION 5.4 Vector Each equivalence class discussed above is called a vector and is usually denoted by 
a, b,c, etc. 


If AB is a directed line segment in the equivalence class G, then we simply write AB=4d. Note that AB=CD if and 
only if AB= CD and AB and CD have the same direction. 

If AB belongs to the vector @, then we say that AB represents the vector a and in this case the magnitude of @ 
is defined as the magnitude AB of AB and is denoted by |a|. Note that AB and CD represent the same vector if and 
only if they have same direction as well as magnitude. Two vectors a and b are said to have same direction if any AB 
representing @ and any CD representing b have same direction. 


DEFINITION 5.5 Zero Vector For any two points P and Q in the space, clearly PP and QO are equivalent 
and hence the collection of PP where P is a point in the space is a vector (equivalence class 
of directed line segments), which is called the zero vector and is denoted by 0. 


DEFINITION 5.6 Support For any non-zero vector @, a support of @ is defined to be the support of any AB 
representing a. 


The zero vector has neither support nor direction; however, it has magnitude, namely 0, that is, |(0|=0. Note that 
1. Any two supports of a non-zero vector are parallel in the space. 


2. Any vector is uniquely determined by its direction and magnitude but not its support. 


DEFINITION 5.7 Unit Vector A vector of magnitude one unit is called a unit vector. If a is a non-zero vector 
and e is a unit vector having the same direction as a, then é is called a unit vector in the direc- 
tion of a (Figure 5.3). 


a 
ae) 


e 
>. >  #4® 


FIGURE 5.3 Unit vector. 


DEFINITION 5.8 _  Collinear, Like and Unlike Vectors Two or more vectors are said to be collinear if they have 
parallel or same supports. Two collinear vectors are said to be like or unlike vectors according 
as they have the same direction or opposite direction. 


In Figure 5.4(a) @ and b are like vectors and in Figure 5.4(b) @ and b are unlike vector as they are collinear and have 
opposite direction. 
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FIGURE 5.4 (a) Like vectors; (b) Unlike vectors. 
DEFINITION 5.9 Coplanar and Non-coplanar Vectors A set of vectors is said to be coplanar if their supports 
are in the same plane or parallel to the same plane. Vectors which are not coplanar are called 


non-coplanar. 


Note that any two vectors are always coplanar. Further, three vectors 4 = OA, b=OB and é=OC are coplanar if and 
only if the points O, A, B and C are all in the same plane. 


5.2 | Addition of Vectors 


In this section we define the notion of addition of two vectors and derive various properties of vectors involving addi- 
tion. Before going for the definition of addition, we shall first have the following theorem. 


THEOREM 5.1) Let a@ and b be two vectors and O, A, B, O,, A, and B, be points such that 


Then OB=O,B, 


ProoF}| Since OA=O,A, and AB= A,B,, we have 


OA=O0,A, and AB=A,B, 


O71 


FIGURE 5.5 Theorem 5.1. 
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Also, the lines OA and O,A, are parallel and so are the lines AB and A,B,. Therefore OO, A,A 
and AA, B,B are parallelograms (Figure 5.5) and 


OO, = AA, = BB, 
Thus OO,B,B is a parallelogram, so that OB = O,B, and hence 
OB =O,B, a 


Note: @ and b are collinear if and only if O, A, B and O,, A,, B, are collinear, and, in this case, O, A, B, O,, A, and 
B, lie on the same line. 


DEFINITION 5.10 Resultant Vector Let a and b be vectors and O, A and B be points such that OA=4 and 
AB=b. Then the sum a + b is defined to be the vector OB. a + b is also called the resultant 
vector of a and b. 


DEFINITION 5.11 Triangle Law for Addition The equation 
OA+AB=OB 
is known as the triangle law for addition (Figure 5.6). 


DEFINITION 5.12  Parallelogram Law for Addition If @4=OA and b=OC are co-initial vectors, then 
complete the triangle in Figure 5.6 to form the parallelogram OABC (Figure 5.7) to get that 
AB=b and OB=a+b and, for this reason, the equation 


OA+OC =OB 
is known as the parallelogram law for addition. 
Note: In view of the Theorem 5.1, the sum a + b does not depend on the initial points or final points of a or b. 


B 


O ‘4 A 


FIGURE 5.6 Triangle law for addition. 


low 
> 


O A 


a 


FIGURE 5.7. Parallelogram law for addition. 
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THEOREM 5.2] For any vectors @ and b, 

(COMMUTATIVE a 

PROPERTY FOR a+b=b+a 
ADDITION) 


ProoF| Choose points A, B and C such that AB=4 and BC =b (Figure 5.8). 


a Cc 
> — 
a b 
7” atb 
> 
a B 
FIGURE 5.8 Theorem 5.2. 
Then, by Definition 5.11, we have 
a+b=AB+BC=AC (5.1) 


Now, draw parallels to AB and BC through C and A, respectively, and let them intersect at D. 
Now, ABCD is a parallelogram. Also, 


a= AB=DC 
and b=BC=AD 
Then, by the triangle law for addition, we have 


b+a=AD+DC=AC G2) 


From Egg. (5.1) and (5.2), it follows that @+ b=b +4. 4 


The addition of vectors is defined to be a binary operation, in the sense that given two vectors a and b, we have 
defined the vector a+b and proved in Theorem 5.2 that a+ b=b+<a. This property is called the commutativity of 
addition. 

If a,b and @ are three given vectors, the expression a + b+é has no meaning right now, since + is defined only 
between two vectors. However, (a +b)+ ¢ is meaningful, since it is the sum of a+b and ¢. Similarly a+ -(b +C) is 
meaningful, since it is the sum of @ and b+. In the following, we prove that both the expressions (a+ b) +e and 
a+(b+c) convey the same meaning and they represent the same vector. This property is called the associativity of 
addition. 


THEOREM 5.3] For any vectors a, b and €; 

(ASSOCIATIVE - . 

PROPERTY FOR (a+b)+c=a+(bt+Cc) 
ADDITION) 


ProoF| Choose points A, B, C and D such that AB =a, BC = b and CD=¢. Then, by the triangle law 
(Figure 5.9), 
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FIGURE 5.9 Theorem 5.3. 


(4+b)+é=(AB+BC)+CD 


Note: In view of the above result, we simply write +b +é for (@+b)+é or @+(b+2). 


THEorem 5.4| 1. There is a unique vector 0 such that 4+ 0=4 for all vectors @. 


PROOF 


2. For each vector G, there is a unique vector b such that @+ b =0. 


Recall that for any points A and B, the vectors AA and BB are equal and are denoted by 0. 
1. For any vector d= AB, we have 
a4+0=AB+BB=AB=4 
Also, if Z is any vector such that a + z =a for all vectors a, then 
Z=z7+0=0+7=0 


Thus 0 is the unique vector such that 4 + 6 =4 for all vectors a. 
2. Let @= AB be any given vector. Put b= BA. Then 


a@+b=AB+ BA=AA=0 


If ¢ is any vector such that a+¢ = 0, then 


Thus b (=BA) is the unique vector such that 4 + b =0. Oo 


Chapter 5 | Addition and Scalar Multiplication of Vectors 


DEFINITION 5.13 The unique vector 0 such that @ + 0=4 for all vectors @ is called the additive identity or zero 
vector. 


DEFINITION 5.14 For any vector G, the unique vector b such that a + b =0 is called the additive inverse of a 
and is denoted by —a. 


Note that, if @= AB, then -a@ = BA. 


THEOREM 5.5| The following hold for any vector G, b and é. 


1. @+b=0@5=-4 4, -(-a) =a 
2. @+b=a+6eb=é 5. —(4 +b) =(-a) + (-b) 
3. @+b=a40b=0 6. @+b=é54=C+4(-b) 
Proor| 1. We have a+b =0 which implies 
b=0+b 
=[a@+(-a)]+5 
=-a+(a+b) 
=-a+0=-a 


The other implication is trivial. 
2. We have 4+ b=G+¢ which implies 
—a+(@+b)=-a@+(a+0) 


(-@+ 4) +b=(-a@+a4)+é 


0+b=0+6 
b=é 
3. We have 
a+b=a 


>4+b=a+0 
=b=0 [by (2)] 


4, Since —4 +4 =0, it follows from (1) that @ =—(—d). 
5. Since 


it follows again from (1) that (-@) + (-b) =-(@+ b). 
6. Ifa@+b=¢, then 


é+(-b)=4+5+4+(-b)=4+0=4 a 


Note: For any vectors a and b, for simplicity we write @— b for @+ (—b). 
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DEFINITION 5.15 Let “O” bea fixed point. If A is any point in the space, than the vector OA is called the posi- 
tion vector of the point A with reference to the origin O. 


THEorEM 5.6| Let @ and db be the position vectors of the points A and B respectively with reference to the 
origin O. Then AB=b —a. 


B 


ion 


a A 
FIGURE 5.10 Theorem 5.6. 


Proor| Weare given that OA=a and OB =D. By the triangle law (Figure 5.10), we have OA+ AB=b. 
Therefore, by part (6) of Theorem 5.5, we have 


AB=b-OA=b-4 | 


Note: For any three points A, B,C, AB + BC =AC and hence BC = AC - AB 


THEOREM 5.7| Let d@ and b be any vectors. Then 
|a + b|<|a|+|d| 
Also, @ and 6 are like vectors if and only if 
|a+b|=|a|+|b| 
ProoF}| Choose points A, B and C such that a= ‘AB and b= BC. We shall distinguish three cases. 


Case I: Suppose that a and b are not collinear. Then A, B and C are not collinear and, in the 
triangle ABC, 


AC<AB+BC 


(i.e., any side of a triangle is less than the sum of the other two sides, Figure 5.11). 


A fi B 


FIGURE 5.11 Case I. 
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Therefore, we have 
|a+ b|=|AC|= AC < AB+ BC =|AB|+|BC|=|a|+|d| 


Case II: Suppose that @ and 6 are collinear and have opposite directions (Figure 5.12). Then B 
does not lie between A and C. B is either to the left of A or to the right of C. Then 


|a+b|=|AB+ BC| 
=|AC| 
=AC 
< AB+ BC =|a|+|b| 


A Cc b B 
FIGURE 5.12 Case II. 


Case II: Suppose that a and b are collinear and have the same direction (Figure 5.13), that is, a 
and Bb are like vectors. Then B lies between A and C. Then 


|a+b|=|AB+ BC| 
=|AC| 
=AC 
=AB+BC 
=|a|+|b| 
Therefore, if @ and b are not like vectors [Case (I) or (II)], then 
|a + bl <|a|+|b| 
and, if @ and b are like vectors [Case (III)], then 
|a + b|=|a|+|b| 
A a B b Cc 
FIGURE 5.13 Case III. a 


Note: The inequality |a + b|<|a|+|b| is called the triangular inequality. 
Coro.tary 5.1} For any vectors a and b, 
\al-|a|<\a-5| 
ProoF| By the triangular inequality, we have 


|a|=|4-b + b|<|a—b|+|d| 
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and hence |a|—|b|<|a— |. Also, 
|b|=|a+ 5 —a|<|a|+|b —al 
and hence 
||—|a|<|b —a|=|-G@—5)|=|a-5| 
Thus |@l-|6|]=+(a|-|5)) <|a-5| u 


DEFINITION 5.16 _ For any vector a and for any integer n, we define the vector na by 


0 ifn=0 
na=s(n-l)at+a ifn>0 
—(-n)a ifn<0 
SP QUICK LOOK 
In particular, (-3)a =-(34) =-a-a-a 
ig (-2)a=-a-a 
24=a+4 (-la=-a 


Coro.tary 5.2) For any integer n and for any vector a, 


Proor| This can be proved from the equalities 


and |-a|=|a| 
and by using induction on n. | 
Example 
Let ABCD be a parallelogram (Figure 5.14). Then (3) AC+ BD= AB+BC+BC+CD 
() AB=DC = AB+2BC - DC =2BC (since DC = AB) 
(2) AD=BC 


(4) AC - BD= AB+ BC -(BC+CD) 
=AB+DC=2AB 


FIGURE 5.14 
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Example 
Let a+ 2b, 2a — b, a and 34+b be the position vectors DA=OA-OD 
of the points A, B, C and D, respectively, relative to a oe ae sos a 
point O. Then =(a4+2b)-(3a+b)=-2a+b 
OA=4+2b AB OR OA 
OB=2a-5 =(24—b)-(@+ 2b) =a-3b 
OC =a BC=OC-OB 
OD =34+5 =G-(24-—b)=-a+b 
Therefore 


AC =OC-OA (see Theorem 5.6) 
=aG-(@+2b)=-2b 


Example BT 


Let ABC be a triangle in which P, Q and R are the mid- = Solution: Since P, Q and R are the mid-points of AB, 
points of AB, BC and CA, respectively (Figure 5.15). | BC and CA we have 
Then, for any point O, prove that 


OA+OB+OC =OP+ PA+0O0+OB+OR+RC 


OA+OB+OC=OP+0Q+OR 


=OP+0Q+OR+PA+RC+QB 
Cc 


= OP + 06+ OR+=(BA + AC + CB) 


A P B 
FIGURE 5.15 Example 5.1. 


Example Ea 


Let S be the circumcentre and O the orthocentre of a Solution: Let D be the mid-point of BC. Then 
triangle ABC (Figure 5.16). Then prove that 


(lI) OA+0B+OC=20S 
(2) SA+SB+SC=SO 


DB+DC=-DC+DC=0 


Also, we know that (Theorem 4.22, Chapter 4) 
AO =2RcosA 
and from ABDS 


cos A =cos|BSD = “. 


Hence 


FIGURE 5.16 Example 5.2. 
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(1) Now, (2) Again 
OA+OB+OC=O0OA+(OD+ DB)+(OD+ DC) SA+SB+SC=SA+SD+ DB+SD+ DC 
=OA+20D+ DB+ DC =SA+2SD+ DB+DC 
=2DS+20D (. DB+DC=0) =SA+A0+0 
=2(OD + DS) =SO 
=20S (See the Note under “Single Correct Choice Type 


Question 3” in Worked-Out Problems.) 
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Multiplication of a vector by a positive integer is only a repeated addition. In Definition 5.16, we have defined the 
product na for any integer n and a vector a. In this section we extend multiplication of vectors by integers to that by 
any real number. 


DEFINITION 5.17  Letrbe any real number and a any vector. 
1. r@ is defined to be 0 if r=0 or @=0. 


2. If >0 and @#0, then rd is defined to be the vector whose magnitude is r|a| and direc- 
tion is same as that of a. 


3. Ifr<0 and a#0, then ra is defined as (—r)(—a), which is the vector with the magnitude 
(—r)|a| and the direction same as —d, or equivalently, the direction is opposite to that of a. 


Note that Definition 5.17 coincides with Definition 5.16 when r is an integer. The following is an immediate conse- 
quence of Definition 5.17. 


THEOREM 5.8] For any real number r and for any vector 4, 
(—r)a =—(ra) = r(-a) 
The following is a generalization of the above. 


THEOREM 5.9) For any real numbers r and s and for any vector a, 


r(sa) =(rs)a = s(ra) 


Proor| The result is trivial if r=0 or s=0 or 4@=0. Suppose that r#0,s#0 and @# 0. We have 


|r(sa)|=|r||sa|=|r||s|]a| =|rs|]a|=|(rs)a| 


Therefore, r(sa) and (rs)a have same magnitude. If rs >0, then (r>0 and s>0) or (r<0 and 
s <0) and hence both of r(sa) and (rs)a have the same direction as that of a. If rs < 0, then (r>0 
and s<0orr<0ands>0) both of r(sa) and (rs)a have the same direction which is opposite to 
that of a. 

Therefore, in all cases, r(sa) and (rs)a have same direction. Thus r(sa) =(rs)a. Since rs = sr, 
we have 


r(sa) = (rs)a =(sr)a = s(ra) o 


Note: By taking s =—1 in Theorem 5.9, we get Theorem 5.8. 
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THEOREM 5.10} For any real numbers r and s and for any vector a, 
(r+s)a=ra+sa 


ProoF| Without loss of generality, we can assume that r#0,s#0 and @#0. We shall distinguish the 
following four cases. 


Case I: Suppose that r > 0 ands >0. Thenr+s>0 and hence the directions of ra, sa, ra + sa and 
(r+ )a are all equal to the direction of a. That is, (r+ s)a and ra+ sa have the same direction. 
Also, regarding their magnitudes, we have 


(r+ s)a|=|r+s|laJ=(r+s)|a| (sincer+s>0) 
=rla|+sla| 
=|r||a|+|s||a| (since r >Oand s>0) 
=|ra|+|sa| 
=|ra+sa| (by Theorem 5.7) 


Thus (r+ s)a and ra+ sa have same direction and magnitude and hence they are equal. 
Case II: Suppose that r<0 ands <0. Then —r>0 and —s>0. Now we have 


(r+s)a=[-(-r-s)]a 
=-[(-r—-s)a] (by Theorem 5.8) 
=-[(-r)a+(-s)a] [by Case (I) above) 
=-[-(ra)-—(sa)] (again by Theorem 5.8) 
=ra+sa_ [by part (5) of Theorem 5.5) 


Case III: Suppose that r>0 ands <0. 
(A) Ifr+s>0, then 


ra =[(r+s)+(-s)]a 
=(r+s)a+(-s)a_ [by Case (I) above] 
=(r+s)a—sa (by Theorem 5.8) 
and hence 
(r+s)a=ra+sa 
(B) Ifr+s>0, then 
sa=[(r+s)+(-r)]a 
=(r+s)a+(-r)a_ [by Case (II) above] 
=(r+s)a—ra (by Theorem 5.8) 
and hence 
(r+s)a=ra+sa 
(C) Ifr+s=0, then s=-r and 
ra+ sa=ra+(-r)a 
=ra-—ra 
=0=(r+s)a 
Case IV: Suppose that r< 0 and s > 0. By interchanging r and s and using Case (III), we get that 


(r+ s)a=(st+r)a=sa+ra=ra+sa O 


THEOREM 5.11 


PROOF 
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For any vectors @ and b and for any real number r, 


r(a+b)=ra+rb 


The result is trivial if r= 0 or d=0 or b=0. Therefore we can suppose that r#0,a#0 and b+#0. 


Case I: Suppose that r > 0. Choose points O, A and B such that OA =a and AB =b (Figure 5.17). 
Then 


a+b=OA+AB=OB 
B 
B, 
b 
6) ra A; a A 
B, 
B 
rb 
O > A A; 
FIGURE 5.17 Theorem 5.11. 


Choose a point A, on the line OA such that OAi= ra and then choose a point B, that A,B, = rb. Then 
the triangles OAB and OA,B, are similar and B, lies on the line OB. Since r > 0 and OB, = r-OB, we 
get that OB:=r-OB=rb. Now 


rat b) =r-OB 
= OB, 
=OAi+ A,B, 
=ra+rb 

Case II: Suppose that r< 0. Then —r>0 and 

ra +b) =[-(-r)|(@+ 5) 
=-(-r)(a+ b) (by Theorem 5.8) 
=-[(-r)a@+(-r)b] [by Case (1)] 
=~—(-ra — rb) 


=ra+rb | 


Note: For any vector a and non-zero real number r, we shall write a/r for (1/r)a. 
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DEFINITION 5.18 A vector @ is said to be unit vector if its magnitude is the unit 1; that is |a|=1. 


If a is any non-zero vector, then 


and hence G/|4| is a unit vector for any 4 #0. G/|a| is called the unit vector in the direction of 4. 
For any non-zero vectors a and b, note that a and b are parallel if and only if b=ra, for some non-zero real 
number r and, in this case, 


depending on whether a and b are like vectors or opposite vectors. In other words, two non-zero vectors a and b are 
parallel if and only if wa + Bb =0 for some non-zero real numbers a and . 


5.4 | The Division Formula 


Given two points A and B whose position vectors with respect to a point O are a and b, we derive a formula for the 
position vector of any point on the line joining A and B, in terms of the vectors a and 5 and the ratio in which the 
point divides the line segment AB. 


THEOREM 5.12] Let Gand bd be the position vectors of two points A and B, respectively, with respect to a point O. 
Then a point C lies on the line AB and divides the line segment AB in the ratio r:s if and only if 
the position vector of C with respect to O is 


rb+sa 


r+s 


that is 


OG = OB+sOA 
r+s 


Proor| Let Cbea point on the line AB, dividing the line segment AB in the ratio r:s. 


B 


> 


O 4 A 


FIGURE 5.18 Case I. 


5.4 | The Division Formula 


Case I: Suppose that C divides AB internally (Figure 5.18). Then r20, s20 and r+s>0. 


We have, from Theorem 5.6, 
AC=OC-OA 
and CB=OB-OC 


Since C divides AB in the ratio r:s, we have 


AC:CB=r:s 
that is 
sAC=rCB 
Therefore 
sAC =rCB 


s(OC - OA) = r(OB - OC) 


rOB + sOA = sOC + rOC =(s+r)OC 


OC 
r+s 


_rOB+sOA_rb+sa 


Case II: Suppose that C divides AB externally (Figure 5.19) in the ratio r:s. Then 


rs<O and ee 
CB 
Therefore 
|s| AC=|r|CB 
sAC =rCB 


Since AC #CB,|r|#|s| and hence r+ s #0. Now, from sAC =rCB, we have 


s(OC - OA) = r(OB - OC) 


sOC+rOC=roB+s0OA 


> 
O a 


FIGURE 5.19 Case II. 
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(r+s)OC =rOB+s0A 
_rOB+sOA _rb+sa 


OC 
r+s r+s 
Conversely, suppose that C is a point such that 
OG= rb+sa 
rts 
Then 
(r+ s)OC =rb+ sa=rOB+sOA 
Therefore 


r(OC —- OB)=s(OA-OC) 
rCB=sCA and eed 
CB ss 


Therefore CA and CB are parallel vectors with a common initial point C. Hence A, B, C are 
collinear. Thus, C lies on the line AB and C divides AB in the ratio r:s. oO 


Coro.tary 5.3) Let A and B be points whose position vectors with respect to a point O are a and b. If C is the 
mid-point of AB, then 


oc aate 
2 


Coro.tary 5.4} The position vectors of the two points dividing a line segment AB into three equal parts are 
20A + OB OA+20B 
a 


where O is the point of reference. These two points are called the trisecting points of AB. 


THEOREM 5.13] Let A, B, and Cbe three distinct points whose position vectors with respect to a point O are a, b 
and ¢, respectively. Then A, B and C are collinear if and only if there exist real numbers r, s and 
t such that atleast one of them is non-zero, 


r+st+t=0 and ra+sb+1é=0 
Proor| Suppose that r,s and ¢ are real numbers, not all zero, such that 
r+st+t=0 and ra+sb+1¢=0 


Suppose that t #0. Then 


t¢=-ra—sb and t=-r-—s 


Therefore 


OG =e 2 4b _ rat sb 


—r-s r+s 


and hence, by Theorem 5.12, C lies on the line ‘AB. Thus A, B and C are collinear. 


Coro.iary 5.5 


5.4 | The Division Formula 


Conversely, suppose that A, B and C are collinear (Figure 5.20). Without loss of generality, we 
can assume that B lies in between A and C. 

Put AB =tand BC=r. Since A, B and C are distinct, t and r are positive real numbers and B 
divides AC internally in the ratio t:r. Hence, by Theorem 5.12, we have 


Now, put s =-t—r. Then, clearly r+s+t=Oand ra+sb+1é=0. 


A B Cc 
FIGURE 5.20 Theorem 5.13. | 


Let O and A be distinct points. Then a point P lies on the line OA if and only if 
OP=r-OA 


for some real number r. 


Recall that the line joining a vertex of a triangle and the mid-point of the side opposite to it is called a median of the 


triangle. 


THEOREM 5.14 


PROOF 


The medians of a triangle are concurrent and their point of concurrence divides each median in 
the ratio 2:1. 


Let ABC bea triangle and D, F and F be the mid-points of the sides BC, CA and AB, respectively. 
Fix an arbitrary point O and let a,b and ¢ be the position vectors of A, B and C, respectively, 
with respect to O (Figure 5.21). Then, we have 


OD= Bt ss +¢ 

2 2 

oR OC+OA _é+a 

2 2 

and oF=2 +OB_at+b 
2 2 


FIGURE 5.21 Theorem 5.14. 
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THEOREM 5.15 


PROOF 


Also 


_ B(E+a)/2]+5 
24+1 


_20E+0OB 
241 


By Theorem 5.12, the point G lies on the median BE and divides it in the ratio 2:1. Again, 


_20F+0C 
2+1 
and hence G lies on the median CF and divides it in the ratio 2:1. Therefore, G is acommon point 


of all the three medians. Thus, the medians are concurrent and G is their point of concurrence. 
Also, G divides each of the medians in the ratio 2:1. a 


A point P lies on the plane determined by three non-collinear points O, A and B if and only if 
there exists real numbers r and s such that 


OP =rOA+sOB 


and, in this case, the real numbers r and s are unique satisfying this equation. 


Let O, A and B be three non-collinear points and IT be the plane determined by them. Suppose that 
Pisa point on I]. Then OA, OB and OP are coplanar. If P lies on the line OA, then there is a 
real number r such that 


OP =rOA=roOA+sOB 


where s = 0. Similarly, if P lies on the line OB, then there is a real number s such that 


OP=sOB=r-OA+sOB 


where r = 0. Suppose that P lies on neither OA nor OB. Through P draw parallels to the lies OA 
and OB. These parallels intersect OB and OA, say at C and D, respectively (since O, A and B are 
not collinear). Then ODPC is a parallelogram (Figure 5.22). Therefore, there exist real numbers 
rand s such that 


OD=r0A 
and OC=sOB 


Now, we have 


OP=OD+ DP=OD+OC=ro0A+sOB 


5.4 | The Division Formula 


ee i 


O D A 
FIGURE 5.22 Parallelogram ODPC. 


Conversely, suppose that OP =rOA + s-OB for some real numbers r and s. If r=0 or s = 0, then 
OP =sOB or rOA and hence P lies on OB or OA, so that P lies on the plane II. Suppose that 
r#0 ands #0. Choose points C on OB and D on OA such that OC = sOB and OD = rOA. Since 
O, A and B are non-collinear, it follows that O, D and C are not collinear. Therefore we can form 
a parallelogram ODQC (Figure 5.23). Here, Q lies on TI and 


OQ=OD+DQ 
=OD+0C 
=rOA+sOB 
=OP 


and hence P = Q. Thus P lies on the plane II determined by O, A and B. The uniqueness of r and 
s can be proved as follows. Suppose that 7’ and s’ are real numbers such that 


rOA+sOB=OP=r’-OA+s’:-OB 
Then 


(r- r)OA+ (s— s’)OB=O 


> : 
O D A 


FIGURE 5.23 Parallelogram ODQC. 
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THEOREM 5.16 


PROOF 


Ifr#/r’, then 


and hence, by Corollary 5.5, O, A and B are collinear, which is a contradiction to the hypothesis. 
Therefore r— r’ = 0 and hence r=7’. Similarly, s =s’. 
A quadrilateral is a parallelogram if and only if its diagonals bisect each other. 


Let ABCD a quadrilateral. Let b, é and d be the position vectors of B, C and D with respect to 
A respectively; that is, 


AB=b, AC =¢ and AD=d 


Let P be the point of intersection of the diagonals AC and BD (Figure 5.24). Suppose that the 
diagonals bisect each other. Then, 


That is 


Therefore 


b=c-d and d=é-b 


AB=AC-AD=DC and AD=AC-AB=BC 


That is, the opposite sides of the quadrilateral are parallel and equal and hence ABCD is a 
parallelogram. 
Conversely, suppose that ABCD is a parallelogram. Then 


b=AB=DC and d=AD=BC 
If Q is the mid-point of BD, then 


_AB+AD _AB+(AC+CD) 


8 


2 2 
a (: AB=BO) 


Therefore Q is the mid-point of AC also. Thus BD and AC bisect each other. 


Cc 


A A B 
FIGURE 5.24 Theorem 5.16. o 


5.4 | The Division Formula 


DEFINITION 5.19 Linear Combination Let a, a,,@,,...,a, be any vectors. a is said to be a linear combination 
of a,,@,..., a, if 


for some real numbers 7, 1, ..., 7,,. 


n 


DEFINITION 5.20  Linearly Dependent and Independent Vectors Non-zero vectors a,,4,,...,4, are said to 
be linearly dependent if one of them is a linear combination of the others. If they are not 


linearly dependent, then we say that a,, @,...,a, are linearly independent. 


The following is a very important tool in solving certain dependency problems. 


THEOREM 5.17) Let @,@,...,a@, be non-zero vectors. Then 4@,, @,,...,a@, are linearly independent if and only if, for 
any real numbers 7, /,, ..., 7 


"yo 


a, + 4a,+---+7,4,=0O>R=H=--=7,=0 


n 


Proorfl Wepresent a contra-positive proof. Suppose that a,, a,,...,a@, are linearly dependent. Then one of 
G,,4,,...,4, is a linear combination of the others. Without loss of generality, we can assume that 
a, is a linear combination of a,,...,a,. Therefore, there exist real numbers r,, 7,, ..., 7,, such that 


a, = hh, + Ha, +-- + 1,4, 
Put r, =—1. Then 
ra, +ha+--+ra,=0 and #0 


and hence the required condition is not satisfied. Conversely, suppose that the required condition 
is not satisfied. That is, there exist real numbers r,, 7,, ..., 7, such that 


1a,+na,+---+ra,=0 


and not all of 7,, 7, ..., 7, are zero. Without loss of generality, we can assume that r, 4 0. Then, 
from the above equation, we get that 


a= G+ Lee a, 
a a 7 


and hence 4@, is a linear combination of a, 4;,...,a,. Thus d,,@,...,a, are linearly dependent. MB 


THEOREM 5.18] Two non-zero vectors @ and b are collinear if and only if G, b are linearly dependent. 


ProoF| Let O, A and B be points such that a= OA and b=OB. Since a and b are non-zero, O # A and 
O # B. Suppose that a and b are collinear. Then OA and OB are collinear and hence B lies on 
the line OA. Then, by Corollary 5.5, we get that 


OB=r-OA or b=ra 


for some real number r and hence G, b are linearly dependent. Conversely, suppose that a, b are 
linearly dependent. Then, we can assume, without loss of generality, that 


i= sb 


for some real number s. Since OA = s OB, again by Corollary 5.5 we get that A lies on the line 
OB and hence O, A and B are collinear and therefore a and b are collinear. a 
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Corottary 5.6} The following are equivalent to each other for any non-zero vectors a and b. 
1. G@ and b are non-collinear. 
2. @ and b are linearly independent. 


3. For any real numbers rand s, ra+sb=0>r=0=s. 


Example [ey 


Let ABCD be a parallelogram and EF the mid point of s-(1/2)b+d  sb+2d 
AB. Prove that the point of intersection of DE and AC = 7 =5 1 
divide then in the same ratio and find the ratio. me ond 


=. = oes a Therefore 
Solution: Let AB=b and AD=d. Then DC=b and 
BC =d. Now, b+d_ sb+2d 
AC = AB+BC=b+d . oe. ee 
Since b and d are not collinear, by Theorem 5.15, we get 
ey es 
and a= 2 s 1 2 


2(s+1) rt+1 2(s+1) 
Let P be the point of intersection of DE and AC 
(Figure 5.25). Suppose that P divides AC and DE in the 
ratios r:1 and s:1, respectively. Then 


from which we get that r=2=s. 


D b Cc 
pr aAt+ Ac a 

7 r+1 

_rO+1(b+d)_ b+d 

- r+1 rt 

Also > 
aes Rae A b E B 
AP = aa FIGURE 5.25 Example 5.3. 
st 


DEFINITION 5.21 Coplanar Vectors a,,4,,...,4, are said to be coplanar if all of them lie in a single plane. In 
other words, when a,=OA;,1<i<n, then a, a,,...,a, are said to coplanar if all the points O, 
A,, A), ..., A, lie on a single plane. 


The following is a direct consequence of Theorem 5.15. 


THEOREM 5.19) The following are equivalent to each other for any non-zero vectors 4, b and é: 
1. G,b,é are not coplanar. 
2. G,b,é are linearly independent. 


3. For any real numbers, r, s and f, 


ra+sb+t¢=0>r=s=t=0 


5.5 | Components of a Vector 


Example [eee 


Let , b and é be non-coplanar vectors. Let A, B and Cbe 
points whose position vectors with respect to the origin 
Oare a+ 2b + 3c, —-2a + 3b + 5e and 7a — ¢, respectively. 
Then prove that A, B and C are collinear. 


Solution: We are given that 
OA=G+2b+3¢ 
OB =-24+ 3b+5¢ 
and OC =Ta-é 
Then 
AB=OB-OA 
=(—-24 + 3b +52) — (4 + 2b + 32) 


=-34+b+2é 


and 
AC=OC-OA 
=(74 —@) —(@+ 2b + 32) 
= 6a —2b-4é 
=-2(-34 + b + 22) 
Therefore 


AC =2AB 


By Corollary 5.6, AC and AB are collinear and hence 
A, B and C are collinear. 


Example eg 


Let a, b and ¢ be non-coplanar vectors. Prove that 
a+2b—c,4a+ b+ 3c and 2a — 3b + 2¢ arenon-coplanar. 


Solution: It is enough if we prove that these are line- 
arly independent. Let r, s and t be any real numbers such 
that 

r(@ + 2b —@)+ s(4a + b + 3) + (2a — 3b + 22) =0 
Then 


(r+ 45+ 2t)a+ (2r+s— 3t)b +(—r+3s + 20)é=0 


5.5 | Components of a Vector 


Since @, b and @ are non-coplanar, we have, from 
Theorem 5.19, that 


r+4s+2t=0 
2r+s—3t=0 
—r+3s+2t=0 


Solving these, we get that r= 0 = s = t. Therefore the given 
vectors are non-coplanar. 


Given any three non-coplanar vectors 4a, b and @, we shall prove in this section that any vector can be expressed as a 
linear combination of a,b and ¢ uniquely which facilitates us in representing any vector by a triad of real numbers. 
In particular, when the given vectors a, b and c are pairwise perpendicular, we have several advantages of the repre- 


sentation of vectors by triads of real numbers. 


THEOREM 5.20 
of real numbers such that 


PROOF 


Let @, b and é be any non-coplanar vectors. For any vector X, there exists a unique triad (r, s, t) 


X=rat+sb+tc 


Let x be a given vector. Choose points O, A, B, C and P such that 


OA=4,OB=b,OC=¢ and OP=<x 


If ¥=0, then we can take r=s=t=0 and these are unique since a, b and é are linearly indepen- 
dent (Theorem 5.19). Therefore, we can suppose that x #0. 
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Coro tiary 5.7 


PROOF 


Since OA, OB and OC are not coplanar, BOC,COA and AOB are three different planes. 
If P lies on the plane AOB, then by Theorem 5.15, there exist real numbers r and s such that 


OP =r0OA+sOB 
Therefore 
¥=rat+sb+0-€ 


Therefore we may assume that P is not in the plane AOB. Draw a line through P parallel to OC 
and let it meet the plane AOB at Q (Figure 5.26). Then there exists a real number f such that 
QP =tOC = tc. Since Q lies on the plane AOB, there exists real numbers 7 and s such that 


OQ=rOA+sOB (by Theorem 5.15) 


Now, 


OP =O00+OP=r0A+sOB+tOC 


Therefore 
¥=ra+sb+té 
Since G, b and é are not coplanar, they are linearly independent and hence 
ra+sb+t@=rat+sb+té 
= (r—r)a+(s—s,)b+(t-1,)é=0 
>r—-nh=s—-s,=t-t=0 


This implies r=r,,s=s, and ¢=¢,. Thus, there exist unique real numbers r, s and ¢ such that 


X=rat+sb+tc 


FIGURE 5.26 Theorem 5.20. Oo 


Any four or more distinct vectors are linearly dependent. 


Let A be any set of vectors having atleast four vectors. Choose distinct vectors a, b,é in A. If 
a,b,é are linearly dependent, then so are all the vectors in A. Suppose that G, b,é are linearly 
independent. Since there are atleast four vectors in A, we can choose x in A other than a, b,é. 
Then, by Theorem 5.20, xX is a linear combination of a, b and é and therefore the vectors in A are 
linearly dependent. Oo 


5.5 | Components of a Vector 


Next, we shall define the concept of angle between two vectors. If a and b are two vectors, we can choose points 
O, A and B such that OA =a and OB=b. Then the angle between @ and b is defined to be the smaller angle |AOB 
and is denoted by (a, b). However, we have to prove that the angle between a and b does not depend on the choice 
of O, A and B. This is proved in the following. 


THEOREM 5.21) Let O,A, B, O,, A, and B, be points such that 


OA=O,A, and OB=OB, 


Let |AOB and |A,O,B, denote the smaller angles between OA and OB and between O,A, and 
O,B,, respectively. Then 


AOB=|AO,B, 


B 
b ba 
O A A 
By 
b ba 
O71 a Ay 


FIGURE 5.27. Theorem 5.21. 


Proor| Let a=OA=O,A, and b= OB=O,B.. We shall distinguish the following two cases. First notice 
that both [AOB and |A,O,B, are in between 0 and z. 


Case I: Suppose that a and b are parallel. Then O, A and Bare collinear and O,, A, and B, are also 
collinear. If a and b are like vectors, then A and B lie on the same side of O and hence [AOB = 0° 
and similarly | A,O,B, = 0°. If a and b are opposite vectors, then A and B lie on different sides of O 


on the line AOB and hence |AOB =z and similarly | A,O,B, = 2. 


Case II: Suppose that @ and 5 are not parallel. Then O, A and B are not collinear and O,, A, 


and B, are also not collinear, as shown in Figure 5.27. Since OA=a=O0,A, and OB=b=O,B,, 
we have 


OA=0,A, and OB=O,B, 


Also, AB = b — a = A,B,, which implies AB = A,B,. Therefore, the triangles OAB and O,A,B, are 
congruent and hence |AOB =|A,O,B,. Oo 
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DEFINITION 5.22 Let @ and b be any vectors and O, A and B be points such that OA=4 and OB=b. Then 
the measure of the angle AOB which lies between o and mris defined as the angle between a 
and b and is denoted by (a, b). a and b are said to be perpendicular vectors if 


>, 0 
fp” 
(i,5)=" 

By Theorem 5.21, (4, b) is independent of the choice of the points O, A and B. Also, 0< (a, b)< x. In Figure 5.28, 
a and b are given such that (a, b) =0 or acute or obtuse or a. 


B 
b 
> > > 
O a A b B oO a A 
(4;.)=0 O<(a, b)<% 
B 
b 
> ~< fv > 
O a A B b O a A 
5< (3 b)<a (a, b)=x 
FIGURE 5.28 
1. (G,b)=(b, @) = (-a@, —b) = (-b, -@) 4. (-ra, sb) = — (, b) = (ra, —sb) for all r,s > 0 
2. (4,-b) =x - (a, b) =(-a, b) 5. (a,b) =0 4 and B are like vectors 


3. (ra, sb) = (a, b) for all positive real numbers r and s 6. (a,b) =n &4 and b are opposite vectors 


DEFINITION 5.23 _ If a,b and é are non-coplanar vectors, then the triad (4, b, é) is called a basis vector triad. If 
(a, b,c) is a basis vector triad and x is any vector, then the unique real numbers r, s and f¢ (as 


in Theorem 5.20) satisfying 
X=ra+sb+t 


are, respectively, called a-component, b-component and ¢ -component of x with respect to 
the triad (a, b,c). 


Let (a, b, c) be a basis vector triad and O, A, B, C be points in the space such that 
OA=a,OB=b and OC=¢é 


Since 4, b and ¢ are linearly independent, the points O, A and B are not collinear (see Theorem 5.18) and hence the 
angle (a, b)<. Also, in view of Theorem 5.15, c does not lie in the plane AOB. The basis vector triad (a, b, C) is said 


5.5 | Components of a Vector 


to be a right-handed system if, when observed from C, the angle of rotation from OA to OB in anticlockwise direction 
does not exceed 180°. (a, b, C) is said to be a left-handed system if it is not a right-handed system. 


DEFINITION 5.24 A right-handed system (i, j,k) of vectors is said to be orthogonal if every pair of these are 
perpendicular, that is, 


GN=G.H=hiI=F 


Let (i, j,k) bea right-handed orthogonal triad of unit vectors and O be a point in the space. Let OX, OY and OZ 
be directed lines along i,j and k, respectively. Then OX, OY and OZ are pairwise perpendicular and non-coplanar 
lines. The directed lines OX, OY and OZ are said to be the positive X-axis, the positive Y-axis and the positive Z-axis, 
respectively. From Figure 5.29, it can be observed that if a right-handed screw with axis along the Z-axis is rotated 
through an angle 90° from OX to OY, then it advances in the direction of positive Z-axis. 


x 
FIGURE 5.29 Right-handed system of orthogonal directed lines. 


The triad (OX, OY, OZ) is called a right-handed system of orthogonal directed lines. i, j and k are unit vectors 
along positive X, Y and Z axis, respectively. Hereafter, unless otherwise stated, (i,j,k) always denotes a right- 
handed triad of orthogonal unit vectors. 

Let (i, j,k) be a right-handed triad of orthogonal unit vectors. Choose a point O in the three-dimensional space 
and let A, B, C, A’, B’ and C’ be points in the space such that 


OA =-OA’ =i 
OB=-OB'=j 
and OC =-OC =k 


Then the lines AA’, BB’ and CC’ are pairwise perpendicular. Usually (i, j,k) is called an orthonormal basis and the 
lines AA’, BB’, CC are called the coordinate axes relative to o(i, j,k). O is called the origin and AA’, BB’ and CC’ are, 
respectively, called the x-axis, the y-axis and the z-axis. OA, OB and OC are called the positive directions and OA’, OB’ 


and OC’ are called the negative directions of the coordinate axes. 


THEOREM 5.22] Let (i,j,k) be an orthonormal basis of vectors. For any vector G, there exists a unique ordered 
triad (a,, a,, a,) of real numbers such that 


a=ait+tajt+ak 


and a@+> (a,, a), a;) is a one-to-one correspondence between the set V of vectors and the set R’ of 
ordered triads of real numbers. 


Proor| This follows from the fact that 7,7, k are non-coplanar and hence linearly independent and from 
Theorem 5.20. oO 
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DEFINITION 5.25 Let @ be any vector and (i, j,k) be an orthonormal basis of vectors. If @= a, + a,j + a,k, 


THEOREM 5.23 


PROOF 


THEOREM 5.24 


PROOF 


then we denote this by writing a=(a,,a,,a,). a,, a, and a, are, respectively, called the 
x-component (or i-component or the first component), y-component (or j-component or 
the second component) and z-component (or k-component or the third component) of a. 


Let a@=(a,,a,,a,) and b= (b,, b,, b,) with respect to an orthonormal basis (i, j, k) of vectors and r 
be any real number. Then the following hold: 


1. a 0a, a,=a,=0 


2. d+b=(a+b,a,+b,,4,+b,) 
3. —a =(-a,, —a,, —a,) 
4. ra=(ra,,ra,,1a;) 
These are consequences of the results that 
a=aitaj+a,k 
and b=bi+b,j +b,k 
and Theorems 5.8-5.11. Oo 


Let @=(a,, a), 4,) with respect to an orthonormal basis (i, j,k) of vectors. Then 


|a|= Ja; + a; + a; 


Let (OX, OY, OZ) be an orthogonal right-handed system of directed lines and i,j and k be the 


unit vectors along OX, OY and OZ, respectively. Then (i, j,k) is an orthonormal right-handed 
system of unit vectors. Let P be a point in the space such that 


OP =a=ai +aj +a,k 


Let Q be the foot of the perpendicular from P to the plane ZO.X, as shown in Figure 5.30. Draw 
perpendiculars from Q to the X-axis and Z-axis to meet at A and C, respectively. Then OCQA is 
a rectangle. We have 


FIGURE 5.30 Theorem 5.24. 


5.5 | Components of a Vector 


Since QP is perpendicular to the plane ZOX, QP is parallel to the Y-axis. Let B be a point on the 
Y-axis such that OB = QP. Now, 


a=OC+0OA+OP 
=OC+0A+OB 
=O0A+0OB+0C 


Therefore 
ai +a,j +ak=OA+OB+OC 
Since OA, OB and OC are linearly independent, we get that 


OA=a,i, OB=aj and OC=a,k 


Hence 
|OA|=a,,|OB|=a, and |OC|=a, 
Now 
|af =|OP? =OP?=O@°+ QP’ (since OQP isa right angle) 

=OC’+CQ’+QP* (since OCQ isa right angle) 
= OC’ + OA’ + OB? 
-d+a+d 

Thus 


|a|= Ja; +a,+a, oH 


Corottary 5.8] Let @=(a,,a,,a,) and b=(b,,b,,b,) be the position vectors of two points P and Q with respect 
to an orthonormal basis (i, j, kK). Then the distance between P and Q is given by 


PQ=V(4,-b)+(@-bY+(q-by 
ProoF| Let O be the origin and 
a=-OP=ai +aj+ak 
and b=OO=bi + bj +b,k 
Then 
PQ=0Q0-OP 
=(b,-a,)i +(b,—a,)j +(b,-a,)k 


Therefore 


PO=|PO|= y(b,- a)’ + (b)- a)’ + (b,- ay 


= V(a,- b+ (@-b y+ (@-by = 
DEFINITION 5.26 Let (i,j,k) be a right-handed orthonormal vector basis and @ any vector. Let a, B and 


y be the angles made by a with i,j and k, respectively. That is a =(G,i),B=(G,j) and 
y =(a,k). Then cos a, cos B, cosy taken in that order are called the direction cosines of a 


with respect to (i, j,k) and these are denoted by /, m, n, respectively. 
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THEOREM 5.25 


PROOF 


Let 0#4=(a,,a,,a,) with respect to a right-handed orthonormal vector basis (i, j,k) and /, m,n 
be direction cosines of a. Then 


[= 21 m= 2% and peace 
la| |a| |a| 
and Ptm+n=l1 


Let O be the origin and OX, OY and OZ be the directed lines along i,j and k, respectively 
(Figure 5.31). Let P be a point such that 


OP =4=ai +aj +a,k 


Let a, B, y be the angles made by 4 with i, j, k, respectively. Then cos @=/, cos B=m and cos y=n. 
From Figure 5.31, we have 


a,=OPcosa=rl and hence/= a. 
: 


a,=OPcosB=rm and hence m = 
; 


a 
a,=OPcosy=rn and hencen=— 
7 


where r= OP =|OP|=|a|. Now, 
a@=ai+ajt+ak 
=rli + rmj + mk 
Therefore 
r=l|al=(rly + (rm) + (ry =r’ (P +m +n’) 


Hence 


P+m+n=1 


since 4@#0 and hence r #0. 


P=(a4, @, €3) 


FIGURE 5.31 Theorem 5.25. || 


5.5 | Components of a Vector 


DEFINITION 5.27 Let (J, m, n) be direction cosines of a vector a. Then any triad (r, s, f) of real numbers are 
said to be direction ratios if (r, s, t) = c(l, m, n) for some position real number c. 


Note that, with respect to a given right-handed orthonormal unit vector triad (i, 2 k), any vector has exactly one 
triad of direction cosines, whereas it has infinitely many triads of direction ratios, one triad for each positive real 
number c. 


Let (i, j, k) be a right-handed orthonormal system of | 2. The direction ratios of PO are 
vectors and O the origin. Let P and Q be points such that 
OP =(a,,4,,a;) and OO = (b,, by, by). a ae a 
1. The direction cosines of PQ are 3. The direction cosines of i,j and k are (1, 0, 0), 
(0, 1, 0) and (0, 0, 1), respectively. 
Le by = 4, not) 


PO’ PQ’ PO 


Note: Let us recall that for a 2 x 2 matrix 


the determinant is defined as 


al Sass 
e é ae Cc 


and that, for a 3 x 3 matrix, the determinant is defined a 


4, A, a3 
et] ay, Ay yy | = Ay (Ay 3 — Gy 3Ayy ) — Ay (Ay) Ay — Ay3Qy, ) + A); (yy) — Ay As, ) 


43, Ay ay 


In the following we obtain a necessary and sufficient condition for three vectors to be linearly independent in 
terms of the determinant of the matrix of their coordinates with respect to any orthonormal vector triad. 


THEOREM 5.26] Let (i,j,k) be a right-handed orthonormal vector triad and a=(q,,4,,4;), b=(b,,b,,b,) and 
C =(c,,¢, ¢,) be vectors. Then a, b,c are linearly dependent if and only if 


a4 a 4, 
det) b, b, b,)/=0 
QO G& & 


PrRooF| Weare given that 
a@=aitajta,k 
b=bitbj+bk 


C=cit+tajt+ok 
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Suppose that G,b,é are linearly dependent. Then, there exist real numbers r, s, ¢, not all zero, 


such that 
ra+sb+te@=0 
that is 
rai +ajt+ a,k) +s(bi+bj + bk) +t(ci + Gj + ck) =0 
Therefore 


(ra, + sb, + tc, )i + (ra, + sb, + tc,)j + (ra, + sb, + tc,)k =0 


Since 7, j,k are not coplanar and hence linearly independent, it follows that 


ra, + sb,+ tc, =0 (5.3) 
ra, + sb,+ tc, =0 (5.4) 
ra,+ sb, + tc,=0 (5.5) 


Since one of r, s and t must be non-zero, we can assume, without loss of generality, that r 4 0. By 
multiplying Eqs. (5.3)-(5.5) by 


b,c, — b,c, 
b,c, — bye, 
and b,c, — bc, 


respectively and by adding all the resultants we get that 


det A=0 
where 
a bh ¢ 
A=|aq bh G 
a, b, ©, 
Since r #0, det A =0. Now, 
a4 G4 4, 
det|b, b, b, |=det Aé=det A=0 
CG G 6 


Conversely, suppose that the determinant is zero. Therefore, the homogeneous system of equa- 
tions (Vol. 1, Chapter 8) 


ax+by+cz=0 

a,x+b,y+oz=0 

a,x + by +e,z=0 
has a nonzero solution. Therefore 


(ax+by+ cz)i +(ax+byt G2) + (a,x + by + c,z)k =0 


That is, xa+ yb +zé=0 where at least one of x, y, Z is not zero. Hence a, b,é are linearly 
dependent. H 


5.5 | Components of a Vector 


Example ea 


Let 
a=3i +2j —4k 
b=2i -3j+k 
é=4i —j+2k 


Then find the sum a+b +c, its magnitude and direction 
cosines. 


Solution: 


G+b+é=(3i +2] —4k)+(2i -3j +k)+(4i —j +2k) 


=(34+2+4)i +(2-3-1)j +(-44+142)k 
=9] -2j-k 


The magnitude is given by 


|a+b+¢|=/9+(-27+(-1y = /86 


The direction cosines of a+b+€¢ are 


Example E574 


Let A_and B be points whose position vectors are 
2i + 3j —k andi — 2] + 2k, respectively. Find the position 
vector of the point C that divides AB in the ratio 3:2 
internally. 


Solution: We are given that 
OA=2i +3j-—k 
and OB =i —2j + 2k 


Then 
OG = 202i +37 — kK) + 3( - 27 + 2k) 
7 24+3 
_ (443)i +(6-6)j + (24+ 6)k 
5 
me Pas 
5 5 


Example Ba 


A boat is moving in a river. The velocity of the boat rela- 
tive to water is represented by 3i + 4] and that of water 
relative to Earth is i —3j, where i and j are unit vectors 
along North and East, respectively. Find the velocity and 
direction of the boat relative to the Earth. 


Solution: Iftwo particles Pand Q are moving with veloc- 
ities a and 5, respectively, then the relative velocity of P 
with respect to Q is @—b and that of Q with respect to P 
is b —G. See Figure 5.32. 


East 
P 
es 
Pid ' 
Ait+j - I 
iif 1 
¢ I 
it Fas 4 
ro i] 
ee ! 
¢ ! 
a 
¢ 1 
- : North 
Oo . 4 


FIGURE 5.32 Example 5.8. 


Let us assume that the velocity of Earth is 0. 

The velocity of water relative to Earth =i — 3). 
The velocity of the boat relative to water =3i + 4). 
Therefore 


3i + 4j = Velocity of boat — Velocity of water 
i —3] = Velocity of water — Velocity of Earth 
Adding these two, we get 
4i + j = Velocity of boat — Velocity of Earth 
= Velocity of boat relative to Earth 
Therefore, the speed of the boat is 


[47 +j|/=/? +2 =V17 


and its direction of motion makes an angle 


6= Tan"(3) 
4 


due East—North. 
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Example ea 


Prove that the points with position vectors 2i +j+ k, We know that P, Q, R are collinear if and only if 
6i — j + 2k and 147 —5j + 4k are collinear. OP, OQ, OR are linearly dependent. Now, consider 
Solution: Let O be the origin and P, Q and R be points 2 11 
such that det} 6 -1 2 
OP=21+j+k eo 
es es = 2[(-1)4 - 2(—5)]-1(6 x 4-2 x14) + 1[6(—5) — (-1)14 
OO = 61 7 +2k [(-1)4 — 2(-5)]- 1¢ )+I6(-5) — (-1)14] 
—_ bee eins ee =2x6-(-4)+(-16)=0 
and OR =14i —5j + 4k 


Therefore by Theorem 5.26, P, Q and R are collinear. 


Example [ae] 


Let P, Q, R and S be points with position vectors and 

3i -—2j —k,2i+3j —4k,-i+j+2k and 41 +5] +rk. ee ere 

Find the value of r so that P, Q, R and S are coplanar. PS =OS-—OP 

Solution: Let O be the origin. We are given that PN ey Eee Oh med = 
ee ee =i+7j+(r+Dk 
OP =3i -2j -k 
OO= ai 4 3] ie Now P, Q, R, S are coplanar if and only if PO, PR, PS 
are coplanar. Equivalently, 


OR=-i+j+2k 


ee et ee -1 5 -3 
OS = 41 +5] +rk det}-4 3 3 |=0 
Now, 1 7 r+il 
PO=O00- OP Now the given determinant equals 
=(2i + 3j —4k)-(3i -2j —k) -1[3(r +1) — 3x 7] — 5[-4(r +1) —3 x1] - 3(-4 x 7-3) 
<7 ese =-3r+18+20r+35+93 
ee Ree, eee =17r+146 
PR=OR-OP 
a . 32a tS Therefore P, Q, R, S are coplanar if and only if 17r+ 
=(-i + j+2k)—(3i —2j —k) 146 =0. That is 
=-4] +37 +3k _ -146 


17 


Example eae) 


Prove that the points A(1, 1,1), B(1, 2,3) and C(2,-1,1) Therefore 

are the vertices of an isosceles triangle and find the direc- ead) es ees 

tion cosines of AB, BC and CA. AB=OB-OA=j + 2k 
Solution: We are given that BCH OG OR aa as 
a ee and CA =OA-OC =-i +2 
OA=it+jtk 
a _ 2 Now, 
OB=i+2j+3k 


OG =25 -j+k AB=|AB|= 0° +2 +2 = 5 


5.6 | Vector Equation of a Line and a Plane 


Rr 2 —— = = 
BC =|BC|= yl + (-3)° + (-2)° =v14 Direction cosines of BC-(+y. _ = 
CA =|CA|=(-1) + 27+ 0 = V5 


Since AB = CA, the triangle ABC is an isosceles triangle. 


Direction cosines of CA = ( = 


os 1 2 
Direction cosines of AB =| 0, ~, —= 
[ V5’ V5 


5.6 | Vector Equation of a Line and a Plane 


We shall derive vector equation of a straight line and a plane in different forms using the results on collinearity and 
coplanarity proved earlier. 


THEOREM 5.27] Let A bea point with position vector a and let b be a given vector. Then the vector equation of 
the straight line parallel to b and passing through A is 


x=a+rb,reR 


Proor| Let O be the origin. Then, we are given that OA =4. Let L be the straight line parallel to b and 
passing through A. Let P be arbitrary point on L and OP =x. Since AP is parallel to b, we get 
that 


AP =rb 
for some real number r. Now, 
¥=OP=OA+ AP=a+rb 
Conversely, let P be a point such that 
OP=x=a+rb 
where ris a real number. Then 
AP = OP -OA=(a+rb)-G=rb 


and hence AP is parallel to b, and so AP is parallel to L. Since A lies on L, P also lies on L. Thus 
P lies on L if and only if 


OP=a+rb,reR te 


Corottary 5.9} The vector equation of the straight line parallel to a given vector b and passing through the 
origin is 


X¥=rb,reR 


THEOREM 5.28) Let (a,, a,, a;) be the coordinates of a point A with reference to a right-handed rectangular 
(CarTESIAN| Cartesian coordinate system OXYZ and let (r,, r,, 7,) be a triad of non-zero real numbers. Then 
Form oF Aj _ the Cartesian equation of the straight line passing through A and with direction ratios (7,, r,, 73) is 

LINE) 


X-&@_Y-% _27-& 
h h qs 


t,teR 
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PROOF 


THEOREM 5.29 


PROOF 


Coro.iary 5.10 


PROOF 


Let i,j,k be the unit vectors along the positive X, Y, Z axes, respectively. Let L be the 
straight line passing through A and with direction ratios (r,, r,, 3). The position vector of A is 
ai +aj+a,k =a, say. Lis parallel to the vector 


b=ritnjt+nk 
Let P(x, y, z) be an arbitrary point in the space. Then 
PliesonL<OP=4+tb for some real number t 
xi t yj +zk=(a,4+tr)i + (a,t+tm)j + (a,tty)k 


Sx=at+th, y=a,+h,z=a,+ihm,teR 


i) 


x-a = Za 
1 Y74 3-tteER 
i 6 h a 


Let A and B be two distinct points with position vectors a and b, respectively. The vector equa- 
tion of the straight line passing through A and B is 
¥=(1-rnat+rb,reR 
Let O be the origin. We are given that OA=a and OB=b and 
AB=OB-OA=b-a4#0 


Let L be the straight line passing through A and B. Then L is parallel to the vector AB and 
passing through A. By Theorem 5.27, the vector equation of L is 


¥=G@+rAB 
=G+r(b-@) 
that is 
¥=(1-r)a+rb,reR Oo 


Let A(a,, a,, a) and B(b,, b,, b;) be two distinct points in the space. Then the Cartesian equation 
of the straight line passing through A and B is 
X-& _Y7-% _%-& 
b-a, b,-a, b,-a, 


t,teR 


Let OXYZ be a right-handed rectangular Cartesian coordinate system and i,j and k be the 
unit vectors along the positive X, Y and Z axes, respectively. Let L be the straight line passing 
through A and B. Let P (x, y, z) be an arbitrary point in the space. Then 


OA=ait+aj+ak=G, say 
OB=bit+b,j+b,k=b, say 
and OP =xi + yj + zk 
Now 
Plieson L & xi + yj + zk =OP 
=(1-r)a+rb,reR (by Theorem 5.29) 
(x -a)i + (y—a)j +(z-a,)k =7[(b,-4,)i + (b,- a) + (b,-a)k] 


5.6 | Vector Equation of a Line and a Plane 


@&x-a=r(b,—4,), y—a,=r(b,—4a,), Z—a,=1(b,— a,) 


X-& _Y7-G 
b,-a, b,-a, b,-a, Oo 


Example [ae] 


Find the vector equation and the Cartesian equation of the 
straight line passing through 27 + j +3k and —4i + 3j —k. 


Solution: From Theorem 5.29, the vector equation 
of the straight line passing through a=2i + j +3k and 
b=-4i1 +3] -k is 
¥=(1-r)a+rb,reR 
That is 
¥=(2-2r-4r)i + (1-r+3r)j + (3-3r—-nk 
¥=(2-6r)i +(1+ 2r)j +(3-4n)k,reR 


Let A and B be the points such that 
OA=2i +) +3k 
and OB=-4i +3j —k 


The Cartesian coordinates of A and B are (2,1,3) and (—4, 
3, -1), respectively. From Corollary 5.10, the Cartesian 
equation of the line joining A and B is 


x-2 


y-1 2-3 


rreR 
4-2 3-1 1-3 
x-2 y-1 z-3 
-6 2 -4 
x-2_ 1=273 
3 —2 


Example [eae | 


Does the straight line passing through the points 
24+ 3b-¢ and 34+4b-2¢ intersect the straight line 
passing through the points @— 2b + 3¢ and a—6b + 6c. 
If so, find the point of intersection. (Here a, b,c are non- 
coplanar vectors.) 


Solution: Let L, and L, be the first and second 
straight lines given. Then the equations of L, and L, are, 
respectively, 

¥=(1—r)(24 + 3b —2) + r(3a + 4b — 22) 


=(2+na+(3+nb-(1+néreR (5.6) 


and  xX=(1—s)(4@—2b +32) + s(G— 6b + 62) 


=G+(-2-4s)b+(3+3s)é,reR (5.7) 
For L, and L, to have a common point, we have to 
find r and s such that the corresponding coefficients in 
Eqs. (5.6) and (5.7) of L, and L, are equal, that is 


2+r=1, 
3+r=-2-4s 
and -l-r=3+4+3s 


These give r=—1 and s =—1. Also, the point of intersec- 
tion is a+ 2b. 


Example a] 


Using vector methods prove that 


ee eee | 
a b 


is the equation of a straight line in intercept form (where 
the coordinate axes may be perpendicular or oblique). 


Solution: Let OX, OY, OZ be any non-coplanar vectors. 
Let i and j be the unit vectors along OX and OY, 


respectively. Let A and B be points on OX and OY, respec- 
tively, and 


OA=ai and OB=bj 
Then 


Let P(x, y) be an arbitrary point on the straight line AB. 
Choose a point Q on OA such that QP is parallel to OB 
(Figure 5.33). Then 


OO =xi-* 
a 
and OP=yj => B 


Also 


OP = 0G + OP =" OA+ 0B 
a 


Since P is a point on the line AB, 
OP =(1-r)OA+rOB 
for some re R. Thus 


OA + OB=(1-r)OA + OB 
a 


THEOREM 5.30 
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Since OA and OB are not collinear and hence linearly 
independent, we get that 


x 


—=1-r and Year 
a b 


From these two, we get that 


cone ae | 
a b 


= a 


O Q A 
FIGURE 5.33 Example 5.14. 


Let A be a point in the space with position vector @ with respect to the origin O. Let b and é be 


non-collinear vectors. Then the vector equation of the plane through the point A and parallel 


to b and @ is 


xX=a+rb+sc, randseR 


PROOF 


We are given that OA =4. Choose points B and C such that AB=b and AC =. The points A, 


B and C are not collinear, since AB and AC are not collinear (Figure 5.34). Therefore, there 
exists a unique plane passing through A, B and C. Let that plane be II. Then IT is the plane 
passing through the point A and parallel to the vectors b and c. 

Let P be any point with position vector x with respect to the origin O; that is, 


OP=x 


O 
FIGURE 5.34 Theorem 5.30. 


5.6 | Vector Equation of a Line and a Plane 


Since P lies on the plane I, then by Theorem 5.15, there exist real numbers r and s such that 


AP =rAB+sAC=rb+s¢ 


and hence 
¥=OP=OA+AP=atrbt+sé 


Conversely, if P is a point and rand s are real number such that OP = @ + rb + sé, then 


AP = OP -OA=OP -G@=rb+sé 
and therefore, again by Theorem 5.15, P lies on the plane determined by A, B and C. Thus P lies 
on IT if and only if OP=a+rb+sc for some real numbers r and s. LO 
Coro.tary 5.11] The vector equation of the plane passing through origin and parallel to the vectors b and @ is 
X=rbt+sc, rsEeR 

THEorEM 5.31] Let A, Band Cbe three non-collinear points with position vectors G, b and ¢, respectively, rela- 

tive to the origin O. Then the vector equation of the plane passing through A, B and C is 
¥=(1-r—s)a+rb+sc,r and seR 


Proor| Weare given that OA= a, OB =b _and OC =<. Let II be the plane passing through A, B and 
C. Then TT is parallel to AB and AC and is passing through A (Figure 5.35). Therefore, by 
Theorem 5.30, the vector equation of the plane I is 


¥=4+rAB+sAC,r,sER 


=a+r(OB-OA)+s(OC -OA) 


=a+r(b-G)+s(é-4@) 


=(1-r—s)a+rb+s¢é,r and seR 


FIGURE 5.35 Theorem 5.31. | 
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Coro.tiary 5.12 


PROOF 


Let A, B and C be non-collinear points with position vectors G, b and @, respectively, relative 
to the origin O. Then the vector equation of the plane passing through A and B parallel to ¢ is 


¥=(1-ra+rb+sé,r and seR 
We have OA =4,OB=b and OC =¢. Also, 
AB=OB-OA=b-a 


Let II be the plane passing through A and B and parallel to c. Then II is the plane passing 
through A and parallel to AB and c. By the Theorem 5.30 the vector equation of IT is 


¥=4+rAB+scé,r,seR 
=G+r(b-G)+s¢é 
that is 


¥=(1-rat+rb+sé,r and seR oO 


Example eae 


Find the vector equation of the plane passing through By Theorem 5.31, the vector equation of the plane 
the points (1, —2, 5), (0, -5, -1) and (3, 5, 0). passing through A, B and C is 


Solution: Let A = (1,-2,5), B = (0,-5,—1) and C = (-3, ¥=(1-r-s)it+rb+sé,r,seR 


5, 0). Let the position vectors of A, B and C relative to 
the origin be a,b and c, respectively. Then 


=(1-r—s)(i —2j +5k)+r(-5j —k)+s(-3i + 5/) 


OA =a=i -2) +5k — 
ORSha25; -% x =(1-r—4s)i +(-—2-3r+7s)j +(5-6r—5s)k 
and OC =é=-31 +5] 


THEOREM 5.32 


PROOF 


Four points A, B, C and D with position vectors a, b,é and d, respectively, are coplanar if and 
only if there exist real numbers 7, s, t and uw, not all zero, such that 


r+s+t+u=0 
and ra+sb+té+ud=0 
Suppose that there exist real numbers, 7, s, f and u, not all zero, such that 


r+s+t+u=0 
and ra+sb+té+ud=0 
Without loss of generality, we can assume that r #0. Then 


S+t+u=-r#0 
and ~(stt+u)a+sb+té+ud=0 
Therefore 

s(b —@) + t(€ —G@) + u(d —@) =0 


and hence 


SAB+tAC+uAD=0 


5.6 | Vector Equation of a Line and a Plane 


and one of s, ¢, u is not zero (since r+s+t+u=0andr#0). Therefore, AB, AC and AD are 
coplanar vectors and hence the points A, B, C and D are coplanar. 

Conversely, suppose that the points A, B, C and D are coplanar. Then the vectors AB, AC 
and AD are coplanar and hence there exist real numbers o and f such that 


AD=aAB+ BAC 
that is 
d—G@=a(b—4@)+ B(é-@) 
Therefore 
(1-a-B)a+ab + Be +(-1)d =0 
By taking r=1-—a-f,s=a,t= Band u=-1, we get that 
r+s+t+u=0 


and ra+sb+té+ud=0 o 


Finally we conclude this chapter by obtaining the equation of angle bisectors of the angle between two lines. 


THEOREM 5.33] Equation of the angle bisectors of the lines whose equations are 7 =@ + th and # =4 + sé is 


where ¢, s and A are scalar parameters. 


ProoF} The given lines are intersecting in the point A with position vector a and parallel to the vectors 
b and ¢ respectively. Let P be a point with position vector 7 on the bisector of angle LOM (see 
Figure 5.36). Through P draw a line parallel to ¢ meeting the line AL in Q. Therefore 


OAP =|APO => AQ= PO 


Hence 
b ~ 
10=4| =) and op=a ©) 
|D| |¢| 
Therefore 
AP =A0+ OP 
=>r-a=Aa eee 
|b] lel 
arava Boe 
|b] el 


Similarly, the other angle bisector can be seen as 


=a Poe 
|b] lel 
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FIGURE 5.36 Theorem 5.33. | 


WORKED-OUT PROBLEMS 


Single Correct Choice Type Questions 


1. Let a and b be non-collinear vectors. If the vectors 
(A-1)a+2b and 3a + Ab are collinear vectors, then 
the value of Ais 
(A) 2 or3 
(C) -2 or -3 


(B) -2 or 3 
(D) 2 or -3 


Solution: Since the vectors (A—1)a+2b and 34+ Ab 
are collinear vectors, there exists scalar x such that 


3a + Ab = x[(A-1)a + 25] 
=x(A-1)a+2xb (5.8) 


Since @ and b arenon-collinear vectors, the corresponding 
scalar coefficients on both sides of Eq. (5.8) must be 
equal. Therefore 


x(A-1)=3 and 2x=A 


On solving the equations for x we get 
A 
=—(A-1=3 
5 (4-1) 


and hence 4 = —2 or 3. 
Answer: (B) 


2. If ABCDE is a pentagon (see Figure 5.37), then AB+ 
AE+BC+DC+ ED+ AC is equal to 


(A) 6AC (B) 5AC_ (C) 4AC 


(D) 3AC 


Solution: We have 


AB+ AE+BC+DC+ED+ AC 


=(AB+ BC)+(AE+ ED+DC)+ AC 
=AC+AC+AC 


A B 
FIGURE 5.37 Single correct choice type question 2. 
Answer: (D) 


3. In AABC, let O and H denote the circumcentre and 
orthocentre, respectively. Then OA +OB+OC= 


(A) OH (B) 20H (©) <0H (D) 30H 


Solution: In Chapter 4 we have proved that 
AO=2RcosA 
and OD = RcosB 


where D is the mid-point of the side BC (Figure 5.38). 
Now 


OA+OB+OC=O0A+20D 


+A 


>| 


FIGURE 5.38 Single correct choice type question 3. 
Answer: (A) 


Note: With circumcentre as origin of reference, the 
position vector of the orthocentre is sum of the position 
vectors of the vertices of the triangle. Equivalently, in the 
Argand’s plane (complex numbers), if the circumcentre 
of a triangle is the origin of the coordinate axes, then the 
complex number representing the orthocentre is the sum 
of the complex numbers representing the vertices. 


4. a,b and ¢ are non-coplanar vectors. If a + b+é=xd 
and b+c+d= ya, where x, y are scalars, then 


(A) x=y=1 
(B) x=y=-1l 
(C) x=l,y=-l 


(D) @+b+é+d=(x+y)(G+d) 


Solution: From the given equations we get 


Equating the corresponding coefficients we get 
xy=1,x=-1,y=-1 
Answer: (B) 


5. D, Fand Fare the mid-points of the sides AB, AC and 
BC, respectively. Then the vector BE + AF equals 


(A) SBF (B) SBF (C) 2BF (D) DC 


Solution: Take A as origin (Figure 5.39) and let AB=b 
and AC =c. Therefore 


Worked-Out Problems 


Ap== 
2 
Ape 
2: 
and Ape 
2 
Now 


BE + AF =(BA+ AE) + AF 


-(-b+5)P%8 
2 2 


B 
FIGURE 5.39 Single correct choice type question 5. 
Answer: (D) 


6. If @=(m, —2, 5) and b = (1, n, 3) are collinear vectors, 
then 


5 -6 —5 6 
A = — — B — — 
ae ae Gs 
-5 6 5 6 
Cc =—_, = D =T, i 
(C) m Bena (D) m ae 
Solution: Since the vectors @ and b are collinear 


vectors, there exists a scalar x such that b = xa. Therefore 
(1, n, -3) = x(m, —2, 5) 
Hence 
mx=1,-2x=n and 5x=-3 


Solving these we get 


Answer: (C) 


7. Points D, E and F divide the sides BC, CA and 
AB internally in the ratio 1:4, 3:2 and 3:7. If the 
point P divides the side AB in the ratio 1:3, then 
AD+BE+CF is equal to 


Chapter 5 | Addition and Scalar Multiplication of Vectors 


(A) =CP (B) =CP (C) =CP (D) =CP 


4 


B 1 D Cc 


FIGURE 5.40 Single correct choice type question 7. 


Solution: Take A as origin and let AB=b, AC =<. 
Therefore 


7 
5 
Aue 
5 
AFL2 5 
10 
ree 
4 
Now 
AD + BE+CF-2® 4 (22 b)+(58 c| 
5 5 10 
=—(-4é +b) 
1 
=—(b-4¢ 
Th ¢) 
But 
CP = 2 -E=7(5-42) 
_ 10( b-4¢ 
~ 4{ 10 
BR ay) eee, 
=i D+ BE+CF) 
Therefore 


AD + BE + CF ==CP 


Answer: (D) 


Solution: 


8. Leta@=i+j—k,b=5i —3j —3k andé =3i — j +2k. 
If 7 is a vector in the direction of ¢ with magnitude 
|a + b|, then 7 is equal to 


(A) 32 (B) 2é (C) xc (D) =i 


We have 
a+b=6i —2j —4k 


=| +B\= (0+ 2+ # = /56 = 214 


Also 


: : . . =. se 
Unit vector in the direction of ¢ =— = 


é 
le] 14 


Therefore 


Answer: (B) 


9. The position vectors of three points are 2a — b +32, 
a—2b+ meandna — 5b where a,b,c are non-coplanar 
vectors and m,n are scalars. The three points are 


collinear if and only if 
9 9 
A = —2, = B = — = 
(A) m n 4 (B) m 4 n 
9 9 
Cc = 2, — D ==, — 2: 
(C) m n ‘A (D) m 4 n 
Solution: Let the points be P, Q and R, respectively. 


Then P, Q, R are collinear if and only if PO=xOR for 
some scalar x. This implies and is implied by 


—a—b + (m-—3)é =x{[(n -1)a — 3b - me] 


© x(n-1)=-1,-3x=-1 and m-3=-xm 


9 


ex=-,m=— n=-2 
4 


1 
3 ? 
Answer: (B) 


10. Let a,b and @ be non-coplanar vectors. Suppose 
A, B, C and D are four points with position vectors 
=¢+4b=3¢, 344 2b=5¢, —34 +80 —3é and +344 
2b+c¢. If AB=xAC+ yAD, then 


(A) x=1,y=1 (B) x=1,y=-1 
(C) x=-l,y=1 (D) x=-1, y=-1 
Solution: We have 


AB=xAC+yAD 
= 44 — 2b — 26 = x(-24 + 4b — 22) + y(-24 — 2b + 42) 


Equating the corresponding coefficients of both sides 
we get 


—2x-2y=+4 (5.9) 
4x-—2y=-2 (5.10) 
—2x+4y=-2 (5.11) 


Solving Eqs. (5.9) and (5.10), we get that x=-1 and 
y =-1 which also satisfy Eq. (5.11). 


Answer: (D) 


11. Let G,b,é be non-coplanar vectors which are the 
position vectors of three non-collinear points A, B 
and C, respectively. Points D and E divide the sides 
BC and BA in the ratios 5:2 and 2:1. Let the lines 
AD and CE meet in P. If O is the origin of reference, 
then 44+ 2b + 5¢=A(OP), where A equals 


(A) 11 (B) 7 (C) 3 (D) 4 
Solution: By hypothesis, 
~= 2b+5¢ _ a+b 


OD = oe and OE 


FIGURE 5.41 Single correct choice type question 11. 


Suppose AP: PD = x:1 and CP: PE = y:1. Therefore 


x[{(2b + 5¢)/7] +a _ op - Nea + b)/3]+é 
x+1 7 7 yt+1 


Since @,b,é are non-coplanar, in the above equation the 
corresponding coefficients on both sides must be equal. So 


1 2y 


x+1 3(y+)) oe) 
ee (5.13) 
T(x+1) 3(y+1) 
5x 1 
Hx+t yt aa 


From Egs. (5.12) and (5.13) we get 


Worked-Out Problems 


whose values also satisfy Eq. (5.14). Therefore 


OP= 4a+2b+5¢ 
11 
A=11 
Answer: (A) 


12. In AABC, E is the mid-point of AB and D is a point 
on the side BC such that BD: DC =2:1. The lines 
AD and CE intersect in Q. Then the ratio AQ: QD is 


(A) 2:1 (B) 2:3. (C) 3: (D) 3:2 


A 


B 2 D1 Cc 
FIGURE 5.42 Single correct choice type question 12. 


Solution: See Figure 5.42. Taking A as origin, let AB=b 
and AC =c. Therefore 


AE=+h 
2 
and Ap=-=* 


Let AQ:QD =x:1 and CQ: QE=y:1. Therefore 


x[(b + 22)/3]+ 100) _ y(b/2)+é 
x+1 yt 


Since b and ¢ are non-collinear vectors, we have 


x y 


= (5.15) 
3(x+1) 2(y+1) 
2x 1 
d — ee 5.16 
oF 3(x+1) y+ O79) 
Therefore from Eqs. (5.15) and (5.16) we have 
| ee ae ea 
2(yt+1)) ytl 
Hence y = 1 and x =3. 
Answer: (C) 


13. P, Q and R are the mid-points of the sides BC, CA 
and AB of AABC. If O is any point in the space (or 
in the plane of AABC), then 


OA + OB + OC =1(OP + OO +OR) 


where the value of / is 


A2 @®3 © 1 


Solution: Since P, Q and R are mid-points of BC, CA 
and AB, we have 


puck? C 
2 
— OC+O0OA 
Q= 2 
and or=-2 > a 


Therefore 


2(OP +OQ+ OR) =2(0A+ OB+OC) 
Hence A= 1. 
Answer: (D) 
14. If the points 
(2-a)i +27 +2k 
2i +(2-B)j + 2k 
2i +27 +(2-y)k 
and i+j+ k 
are coplanar, and aBy # 0, then 
(A) a+ Bt+y=1 


(B) Ue ge’ ag 
a p yY 
1 1 1 


Cc =1 
© i-@ ta8 toy 


(D) a+B+y=0 


Solution: Let the given points be respectively A, B, 
C and D. Therefore, the four points A, B, C and D are 
coplanar if and only if the three vectors AB, AC and AD 


are coplanar. Hence the vectors AB, AC, AD are linearly 
dependent (see Theorem 5.19). Therefore 


a -Bp 0 
a 0  -y|=0 (See Theorem 5.26) 
a-1 -1 -1l 

=> a(0-7v)+ Bl-a+y(a—-1)]=0 

= -ay - of + opy - By =0 

=> By + yat+ ap = apy 


ag dig dy dg 


Answer: (B) 


Chapter 5 | Addition and Scalar Multiplication of Vectors 


15. The perimeter of the triangle with vertices (3, 1, 5), 
(-1, -1, 9) and (0, -5, 1) is 


(A) 27. (B) 3V31.—s (C) 15s (D) 154+ Vé1 
Solution: Let the given points be A, B and C respec- 


tively. Then 
AB = (-4, -2, 4) 
BC =(1,-4, -8) 
CA = (3, 6,4) 
Therefore 
|AB|=/4+27+4 =6 
|BC|=/VP +448 =9 


|CA|=./34+ 64+ 4 = J61 
Answer: (D) 
16. The position vectors of the vertices A, B and C of a 


triangle are respectively (a, b, c), (b, c, a) and (c, a, b). 
Then AABC is 


(A) right angled 

(B) right-angled isosceles 
(C) equilateral 

(D) obtuse angled 


Solution: The sides are represented by the vectors 
AB=(b-a)i +(c—b)j +(a—c)k 
BC =(c—b)i +(a—c)j +(b-a)k 

and CA=(a-c)i +(b—a)j +(c—b)k 


Therefore 


|AB|=|BC|=|CA|= J(a— bY + (bc + (c- ay 


Hence AABC is equilateral. 
Answer: (C) 


17. ABCD is a quadrilateral. M and N are mid-points of 
the sides AB and CD, respectively, and the diagonals 
AC and BD intersect in ‘O’. If the points M, N and O 
are collinear, then ABCD is a 


(A) trapezium (not necessarily parallelogram, rectangle, 
square or rhombus) 


(B) parallelogram (not necessarily rectangle, square 
or rhombus) 


(C) rectangle (not necessarily square or rhombus) 


(D) rhombus (not necessarily square) 


Solution: See Figure 5.43. Take‘O’ as origin. Let OA =, 


OB =b, OC = 4a and OD= ub where A and ware scalars. 


Clearly a and b are non-collinear vectors. Therefore, 


a+b 


OM= 


ON = 


A M B 
FIGURE 5.43 Single correct choice type question 17. 


Since M, O and N are collinear, there exists scalar K such 
that 


ON = KOM 
That is 
Na : ub _ PAG : b) 
Therefore 
A=K=u 
and hence 


DC = Aa - ub = K(@-—b) =KBA 


So, the sides AB and CD are parallel and ABCD is a 
trapezium. 


Answer: (A) 
18. G@ and b are non-collinear vectors and 
@=xa+2yb 
B=-2ya+3xb 
and ¥=4a-2b 
If ¥ = 2a - B, then 
(A) x=Dy=2 (B) x=Z,y=2 
(©) x=Z,y=5 (D) x=2,y=3 
Solution: By hypothesis, 
4a-—2b=7 


=2a-B 


Worked-Out Problems 


=2(xa + 2yb) — (-2ya + 3xb) 
=(2x+2y)a+ (4y —3x)b 


Therefore 
2x+2y=4 (5.17) 
4y—-3x=-2 (5.18) 
Solving Eqs. (5.17) and (5.18), we get that 
a 10 4 
4 
Answer: (A) 


19. ABCD is a parallelogram and point P divides AD 
in the ration 3:1 internally. The line BP meets the 
diagonal AC in Q. Then the ratio AQ: QC is equal to 


(A) 2:3 


Solution: 


so that 


Therefore 


(B) 3:2 (C) 4:3 (D) 3:4 
Take A as origin (Figure 5.44) and let 


AB=b and AD=d 


C=b+d 


| 


3 
4 


d 


aN 


P= 


Suppose AQ: QC = p:1 and BO: QP = A:1. then 


This gives 


A[(3/4)d]+b  u(b+d) 
A+1 es 

1 pw 3a 

A+1 pt 4(A+1) 


3 
eg 


ees => 
3 u+1 4 


and - 
7 


Hence AQ: QC =3:4. 


A B 


FIGURE 5.44 Single correct choice type question 19. 


20. If none of the scalars x, y, z is equal to 1 and the 
vectors xi+j+k,it+yj+k and i+j+zk are 
coplanar, then 


1 1 1 
—— + —_ + —= 
1-x 1l-y 1-z 
(A) 0 (B) 1 (C) -1 (D) xyz 
Solution: According to Theorems 5.19 and 5.26, we 


have 
x 11 
1 y =0 
1 1 z 


The row operations R,— R, and R,— R, give 
x-1 1-y 0 
0 y-1 1-2z/=0 
1 1 Zz 
= (x-Dky- I-A -2)]-G- y)[0-G@- z2)]=0 
=> 2(x-1)(y-1I)-(«-1D0-z)+(0- y)-z)=0 
= z(l—x)Q—-y)+(—x)A-z)+0- y)@-z)=0 


Zz 1 1 

=> + + =0 
1-z l1-y 1-x 

= | - : =1 
1-z 1l-y 1-x 
1 1 1 

= + =1 
1-z 1l-y 1-x 


Answer: (B) 


21. In the two-dimensional plane, if a vector 7 of magni- 
tude 4 makes an angle 30° with the positive direction 
of x-axis, then 7 is equal to 


(A) 4V3i+j 
(Cy 2142/37 


(B) 21+ V3] 
(D) 2V3i +2] 


yA 


FIGURE 5.45 Single correct choice type question 21. 


Solution: Let OP =F where Ois the origin (Figure 5.45). 
Therefore its components along x-axis and y-axis 
are (|OP|cos30°)i and (|OP|sin30°)j, respectively. 


Chapter 5 | Addition and Scalar Multiplication of Vectors 


Hence 


7= {3} + (Si 
=2J3i +2] 


Answer: (D) 


22. If the vectors ai + aj + ck,i +k and ci + cj + bk are 
coplanar, then 


(A) a+c=2b (B) Lage 
ac b 
(C) c =ab (D) b’=ca 
Solution: Since the vectors are coplanar, we have 
aac 
1 0 1/=0 
c c b 


=> a(0-—c)-a(b-—c)+c(c—0)=0 
= -ac—ab+ac+c=0 


=>c’=ab 
Answer: (C) 


23. In AABC, D is the mid-point of BC and Fis the mid- 
point of AD. BE is produced to meet the side AC 
in F. Then BF is equal to 
(A) 4 EF (B) 3 EF (C) 2 EF (D) 6 EF 

Solution: See Figure 5.46. Take A as origin, let AB=b 

and AC =c. Then 


ap=Pté 
2 
and AE =-= 


According to Theorem 5.29, the equations of the lines 
BE and AC are, respectively, 


A 


- 


B 
FIGURE 5.46 Single correct choice type question 23. 


(b+Cc) 


F=(1-x)b +x 


“I 


and = yc 


where x, y are scalars. The two lines BE and AC intersect 
in F. Therefore, the position vector F must satisfy both 
equations. Hence equating the corresponding coeff- 
icients we get 


1-x+~=0 and 
4 
This gives 


Therefore 


Now 


_ 4(é -3b) 
42 
=4EF 
Answer: (A) 


24. If the vectors @ + b — Aé, 3a — 2b + 4¢, 34 - 7b + 146 
are linearly dependent (a, b, c are non-coplanar) 
then the value of A is equal to 
(A) 14 (B) 2 (C) 3 

Solution: Since the vectors are linearly dependent, by 

Theorem 5.26, 


(D) 4 


1 1 -A 

3 -2 4]|=0 

3 -7 14 
=> 1(-28 + 28) - 1(42 - 12) - a(-21+ 6) =0 
=> -30+151=0 
>A=2 


Answer: (B) 


25. The line joining the points i -2j +k and —2j +3k 
meets the plane passing through the points origin 


Worked-Out Problems 


(i.e., O) and the two points 47,2: +k at the point 
whose position vector is 


(A) =(6i —10j + 3k) (B) =(6i +10] + 3k) 


@) =(6i +10] — 3k) (D) =(6i ~10j — 3k) 
Solution: By Theorem 5.31, the equation of the plane 
passing through O,4j and 2i +k is 

7 =x(4j)+ y(2i +k) (5.19) 
Again, by Theorem 5.29, the equation of the line passing 
through the points i —2j + k and —2j + 3k is 


7=(1-z)G—2j+k)+2(-2j7+3k) (5.20) 


The common point of the plane and the line satisfies both 
Eqs. (5.19) and (5.20). Therefore, by equating the corre- 
sponding coefficient of Eqs. (5.19) and (5.20), we have 


2y=(1-z) (5.21) 
4x =-2(1- z)-2z (5.22) 
y=1-z+3z (5.23) 
Solving Eqs. (5.21)-(5.23), we get 
-1 -1 
— y= d z=— 
= oa. ene. 
Substituting these values in Eq. (5.19), we have 
7= =(4)) + =(2i +k) 
ly a3 r 
= a —10j + 3k) 
Answer: (A) 


26. If the vectors 


and é=i +09 + Bk 


are linearly dependent and |¢|= V3, then 
(A) w=+1, B=1 (B) w=1, B=-1 
(C) w=1, B=+1 (D) a=-1, B= 


Solution: Since the vectors a, b, @ are linearly depen- 
dent, by Theorem 5.26, we have 


1 
4|=0 
B 


eP Re 


1 
3 
a 


= (3B - 4a) — (48 — 4) + (4a -3)=0 
=>-B+1=0 
=>B=1 
Now |é|= V3 implies 
P+o0°+ BP =3 
So =1 


>a=+1 
Answer: (A) 


27. If 31+2j -Sk=x(2i-j +k)+ y(i+3j —2k)+2(-2i + 
j —3k) then 
(A) x=1,y=2,z=3 
(C) x=3,y=1,z=2 


(B) x=2, y=3,z=1 
(D) x=1, y=3,z=2 


Solution: Equating the coefficients of i,j and k on 
both sides we get 


2x+y—2z=3 (5.24) 
—x+3y+z=2 (5.25) 
x-2y-3z=-5 (5.26) 


Solving these equations, we have x = 3, y=1 and z =2. 
Answer: (C) 


28. The position vectors of the vertices A, B and C are, 
respectively, —j —3k,2i + j -2k and—5i + 2] —6k. 
The internal bisector of angle A meets the side BC 
in D. Then the length AD is 


1 11 15 310 
A) -— B) — Cc) — D) — 
OG SS io) ©) | 
Solution: It is known that D divides the segment BC 


internally in the ratio of AB: AC. Now 
AB=it+2j+k 
AC =-6i +3j —3k 
and hence AB= 6 and AC = /54 =3V6. Therefore 
AB: AC=1:3 
Now 
BD:DC = AB: AC =1:3 
= AD= =(-i +3]) 


= AD==Vi0 


Answer: (D) 
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29. Let a,b and é be non-coplanar vectors. Let L and I 
be a line and a plane whose equations are 


7 =G@+2b+1(a-Z) 
and 7 =x(a+2b)+ y(2b +2) 
respectively, where ¢, x, y are scalars. Then 


(A) the line L meets the plane [in the point @—b +é 


(B) the line L meets the plane [I in the point 
2a+2b-—c 

(C) the line L and the plane TT have infinitely many 
common points 


(D) the line L does not intersect the plane IT 


Solution: Equating the corresponding coefficient of 
the line and the plane, we have 


x=1+t 
x+y=1 
and y=-t 
Therefore, the equation of the line L is 
7 =G+2b-y(a-Z) 


=(x+ y)(@+ 2b) — y(a-2) 


=x(G+2b)+ y(2b +2) 
All points of the line L lie in the plane IT. 
Answer: (C) 
30. If 
aad a@a+1 
b bb b+1/=0 
c ctl 


and the vectors A=(l, a, a’), B=(\, b, b’) and 
C =(1, c, c’) are non-coplanar, then abc is equal to 


(A) 1 (B) -1 (C) 2 (D) -2 
Solution: Let 

aa a+l1 
A=|lb BD b’+1 
c ce c+ 

a a| \jaa@a i 

=|b b bl+|b B 1 

c ce cl le el 


1lad|{aea@ 
=abcll b Bl+ b BP 


1c ec] ce ¢@ 


laa 
=(abc+1)/1 b bP 


lce 


Multiple Correct Choice Type Questions 
1. Consider the cube OAFBDCEP (see Figure 5.47) Then 
(A) OA+OB+OC=OP 
(B) OE +OF +OD=20P 
(C) OP+CF+BE+DA=40A 
(D) OA+OC+OE=30P 


FIGURE 5.47. Multiple correct choice type question 1. 


Solution: We can suppose, the cube is unit cube and 
OA =i, OB=j,OC=k. Therefore 


(A) We have 


OA+OB+OC=i+j+k=OP 
Therefore (A) is true. 
(B) We have 
OE+OF+OD=(i+k)+(it+j)+( +k) 
=2(i+j+k) 
=20P 


Hence (B) is true. 
(C) We have 


OP +CF+BE+DA=(i+j+k+(-k+i+j) 
+Cjtit+h+CG-k+i) 
=4]) =40A 


(C) is true. 


Worked-Out Problems 


Since A, B,C are non-coplanar, they are linearly inde- 
pendent and hence 


laa 
1 b b#0 


1lce 


(by Theorem 5.26). Therefore A=0 > abc+1=0. 
Answer: (B) 


(D) We have 
OA+O0C+OE=i+k+(itk) 
=2(i +k) 
Hence (D) is not true. 
Answers: (A), (B), (C) 


2. Let G, b, @ are non-coplanar vectors. Then 
(A) the vectors @ — 2b + 3é, -24 + 3b — 42, @-3b + 5é 
are coplanar. 
(B) the vectors given in (A) are linearly independent. 
(C) if @—2b + 32 = x(-24 + 3b — 42) + y(@— 3b + 52) 
then x =-1/3 and y=1/3. 


(D) @—2b + 3é cannot be written as a linear combina- 
tion of the vectors —2a + 3b — 4c and a—3b+ 5c. 


Solution: 
(A) We have 
1 —-2 3 
-2 3 —4/=1(15-12)+2(-10 + 4) + 3(6 —3) 
1 -3 5 


=3-12+9=0 


Therefore the vectors @—2b+3¢,-24+3b—4¢ 
and G@—3b+5¢ are linearly dependent and hence 
they are coplanar. This implies (A) is true and (B) 
is not true. 


(C) It is true because by equating the corresponding 
coefficients on both sides we have 


—2x+y=1 
3x -—3y=-2 
and —4x+5y=3 


On solving these equations, we get that 


8 
aa 


Answers: (A), (C) 


3. Let a, b, c be non-coplanar vectors. Consider the 
four points A, B, C and D whose position vectors are, 
respectively, —a + 4b —3¢,3a + 2b —5c¢,3a + 8b—Sc and 
—3a+2b+¢. Then 
(A) A, B, Cand D are non-coplanar 


(B) A, B, Cand D are coplanar 

(C) AB, AC, AD are linearly dependent 

(D) AB, AC, AD are linearly independent 
Solution: Points A, B, C and D are coplanar if and 
only if the vectors AB, AC and AD are coplanar 


and hence AB, AC and AD are linearly dependent 
(Theorem 5.19). We have 


AB = 44 —2b-2é 
AC = 44 + 4b -2¢ 
AD =-24-2b+4é 
Now 
A oa. OS aah, al 
4 4 -2)=8]2 2 -1 
See A. ek. aa S 
= 8[2(4- 1) +1(4 - 1) -1(-2 +2)] 
=8(9) #0 


Hence AB, AC, AD are not linearly dependent. Hence 
they are independent and non-coplanar. 


Answers: (A), (D) 


4. In AABC, D and E are points on BC and AC, respec- 
tively, such that BD = 3 DC and AE =4 EC. The lines 
AD and BE intersect in P. Then 


(A) AP: PD =16:3 
(B) AP: PD =15:3 
(C) BP: PE =15:3 
(D) BP: PE=15:4 
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B 3 D 1 Cc 
FIGURE 5.48 Multiple correct choice type question 4. 


Solution: Take A as origin. Let AB=b and AC =é. 
Therefore by hypothesis, 


Apa and AE =“ 


Suppose BP: PE=A:1 and AP: PD =wu:1. Then 


b+A(42/5)__ u(b + 32) 
At+1 4(u+1) 


Equating the coefficients of b and é on both sides we get 


1 L 


ja Mu+) (5.27) 
om a , DN rae 1 ee 
Therefore 

4A _ 3 

S(At+1) A+1 
15 


4A=15 or A=— 
4 


Hence BP: PE = 15:4 and so (D) is true. 
Substituting the value of A = 15/4 in Eq. (5.27) we get 


4_ ou 
19 4(u+1) 
16u+16=19u 
_16 
3 


Therefore AP: PD = 16:3 and so (A) is true. 
Answers: (A), (D) 


L 


Matrix-Match Type Questions 


1. The position vectors of the points A, B, C and D are, 
respectively, a, b, 24+ 3b and a@— 2b. Match the items 
of Column I with those of Column I. 


Column I Column IT 
(A) AC is (p) 3b-a 
(B) DB is (q) 24+ 2b 
(C) BC is (r) @+3b 
(D) AC + DB+ BC equals (s) 24+8b 


Solution: 
AC = (24+ 3b)-@=4+3b 
DB=b-(a—2b)=3b-4 
BC =(24 + 3b) —b = 24+ 2b 
AC + DB+ BC =2a+8b 
Answer: (A) > (r), (B) > (p), (C) > (q), (D) > (s) 


2. ABCD isa quadrilateral and ADEFis a parallelogram 
(see Figure 5.49) with AF=BC. If AB=b, AC=¢ 
and AD=d, match the items of Column I with those 
of Column II. 


> 


A b B 
FIGURE 5.49 Matrix-match type question 2. 


Column I Column IT 

(A) DE is equal to (p) é-b 

(B) BC equals (q) 2 , d 
oe 


(C) If Yis the mid-point of DC then _(r) 
AY is equal to 

(D) If X is the mid-point of ABand Y (s) ¢- d 
is the mid-point of DC then XY is 


Worked-Out Problems 


Solution: 
(A) and (B) DE= AF = 
AC+AD 


(C) AY= 
Ppa ays ay 
2 2 

-~AY axa ctd=b 


(D) AX = 


Answer: (A) = (p), (B) > (p), (C) > (q), (D) > (r) 


3. Let i,j,k be unit vectors along positive x-, y- and 
z-axes, respectively, with ‘O’ being the origin. Match 
the items of Column I with those of Column II. 


Column I Column IT 
(A) The points i +] +k,i+2j+3k  (p) right 
and 2i —j +k form angled 


(B) The vectors i +2] +3k,2i +7 +3k (q) scalene 
and —3i — 37 — 6k form 


(C) The vectors -i -j — 4k, -3i +37 
and 4i —-27 + 4k form 


(D) The points Ty j+ 10k,-i +6j+6k (s) equilateral 
and —47 + 97 + 6k constitute the 
vertices of a triangle which is 


(r) isosceles 


Solution: 
(A) Let the given points be A, B and C, respectively. 
Therefore 
AB = j +2k 
BC =i -3] -2k 
CA=-i +2] 
Now 
AB+BC+CA=0= the points A, B, C form a 
triangle 
Also | AB|=|CA|=,/1 + 2? >A ABC is isosceles. 


Answer: (A) > (r) 


(B) Let ai +2] + 3k, b=2i + j + 3k and ¢=-3i - 
37 — 6k. Now 


a+b+é=0 
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implies that G, b,é form a triangle. Also 


Column I Column IT 
|a|=|b|=V14 ae . 3 5 3 
(A) The position vector of P is (p) wae +j) 
Therefore a, b, c form an isosceles triangle. 1 
Answer: (B) > (r) (B) The position vector of R is (q) ae + 57) 
(C) Let Se : cers 
. (C) The position vector of M is G@) 2.264147) 
a=-i-j—4k J2- 
J . e (D) If the line OM meets the (s) —(i +5j) 
b=—3i + 3j diagonal PR in the point 7, 3 
and €=4i -2j+ Ak then OT equals 
Now Solution: Let i and j be the unit vectors along Ox 
ee Oe and Oy, respectively (Figure 5.50). 
CTOs GN Now OP =3 and |xOP = 45° implies 
implies that a, b,¢ form a triangle. Also OP =(3cos45°)i + (38in 45°); 
|af + |bP =18 + 18 = 36 =|¢ 3 24 
= a" +j) 


Therefore @,b and @ form a right-angled isosceles : 
triangle. Answer: (A) — (p) 


Answer: (C) > (p), (1) Again, |xOR = 135° and OR = 4 implies that 


(D) Let the given points be A, B and C, respectively, ye 
so that On i+j) 
AB=-i -j -4k =22(-i +j) 
BC =-3i1 +3] Answer: (B) > (r) 


oo . The position vector of Q is given by 
and CA=4i -2j+4k 


Bee ese pase OP + PO =OP + OR=—~(-i +7}) 
Now AB+ BC+CA=0=> 4, B,C form a triangle. V2 
Also 


Ay 


|ABP =18 =|BCP =18 
and |CA|= 36 


implies that AABC is right-angled isosceles. 
Answer: (D) => (p), (r) 


4. In the Cartesian plane, a man starts at origin and 
walks a distance of 3 units in the North-East direction 
and reaches a point P. From P, he walks a distance 
of 4 units in the North-West direction to reach a 
point Q. Construct the parallelogram OPQR with 
PO and PQ as adjacent sides. Let M be the mid-point 
of PQ. Match the items of Column I with those of 
Column II. 


*Y 


FIGURE 5.50 Matrix-match type question 4. 


Therefore 


om - B/N2G + i) + NaC +7i) 


_2i+107 i+57 


ne) 


Answer: (C) > (q) 
Now, by Example 5.4, 


PT:TR=1:2 


Comprehension-Type Questions 


1. Passage: If @ and b are the position vectors of two 
points A and B respectively, then the position vector 
of the point P which divides the segment AB in the 
ratio m:n(m+n#0) is 


na+mb 
m+n 


Answer the following three questions. 


(i) InAABC, Dis the mid-point of AB and Fis a point 
on the side BC such that BE: EC = 1:2. The lines 
AE and CD meet in P. Then, the ratio AP: PE = 


(A) 2:3 (B) 3:2 (C) 3:4 (D) 4:3 
(ii) In the Question (i), the ratio CP: PD is 
(A) 4:1 (B) 1:4 (C) 3:1 (D) 3:1 


(iii) In AABC, a line is drawn parallel to the side BC 
meeting the sides AB and AC in M and N respec- 
tively. The lines BN and CM intersect in E. Then 
the line AE divides the segment BC in the ratio 


(A) 1:2 (B) 3:1 
(C) 1:1 (D) 2:3 externally 
C(c) 


FIGURE 5.51 Comprehension-type question 1 part (i). 


Solution: (i) and (ii): Take A as origin and let AB=b 
and AC =c. Therefore 


Worked-Out Problems 


Therefore 
OT= 1(OR) : 2(OP) 
_ (4/V2)(-i + j) + 2G/V2)G + AI 
3 
- 26459) 
Answer: (D) —> (s) 
and AE = = é 


Suppose AP: PE =A:1 and CP: PD = w:1. Therefore 


A[(2b + 2/3] — 


Lp L[(1/2)b] +¢ 
A+1 


ut+l 


Since b and é are non-collinear vectors, the corre- 
sponding coefficients of b and ¢ on both sides are 
equal. Therefore 
24 
3(A4+1) 2(u+1) 
A _ 1 
3(A+1) (ut+1) 


(5.29) 


and (5.30) 


Solving Eqs. (5.29) and (5.30) for 2 and i we get 
3 
=4 d A== 
L an es 


Hence AP: PE =3:2 and CP: PD =4:1. 
Answer: (i) — (B); (ii) — (A) 
(iii) Take A as origin and let AB=b, AC =é (see 


Figure 5.52). Suppose the line AE meets the side 
BCin D. 


B(b) e C(c) 
FIGURE 5.52 Comprehension-type question 1 part (iit). 


Since MN is parallel to BC, it follows that 


AB AC = 
so that AM=Ab and AN = 2é(A>0). Therefore 
from Theorem 5.29, the equation of the line BN is 


7 =(1—1)b + t(AZ) (531) 
and the equation of the line CM is 
7 =(1—s)é + s(Ab) (5.32) 
From Eqs. (5.31) and (5.32) 
1-t=sd and 1-s=ta 
so that 
t=——=5 
1+a 
There the position vector of E is 
a 
qi +C) 
Now, the equation of the line AE is 
ee (b +2) (5.33) 
At+1 
and the equation of the line BC is 
7F=(1-y)b+yé (5.34) 


Since D is acommon point of the lines AF and BC, 
from Eqs. (5.33) and (5.34), we have 


Ax 


1- = 
- A+1 


y 


which implies that y = 1/2. Hence the position vector 
of D is (b + c)/2. Therefore the ratio BD:DC = 1:1. 


Answer: (iii) — (C) 


2. Passage: If i,j and k are unit vectors along positive 
directions of the coordinate axes, then every vector 
r can be represented as r=xi + yj +zk uniquely. 
Answer the following three questions. 

(i) Ifx(i + j + 3k)+ y(3i - 37 +k) + 2(-4i + Sj) = 
Axi + yj + zk) where at least one of x, y, z is not 
zero, then the number of distinct values of A is 
(A) 1 (B) 2 (C) 3 (D) 0 

(ii) If x(j +k) + y(-j + 2k) + zk =i, then 
(A) x=0, y=1,z=-1 
(B) x=-1,y=1,z=-1l 
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(C) x=-1, y=-1,z=-1 
(D) no real values of x, y, z exist 


(iii) If x(2i —j +k) + y(i+2j -3k) + 2(3i + aj +5k)=0 


where x, y, z are scalars such that (x, y, z) # (0, 0, 0) 
then the value of a is 


(A) 3 (BR) 3 (CG +4 (D) 4 
Solution: 
(i) Equating corresponding coefficients of both sides 
we get 
x+3y-4z=Ax 
x—-3y+5z=Ay 
3x+y=Az 


(ii) 


(iii) 


Therefore 
(1-A)x+3y-4z=0 
x-(3+A)y+5z=0 
3x+ y-Az=0 


The above is a homogeneous system of equations 
and hence it has non-zero solution, if 


1-A 3 -4 
1 -3-A 5|=0 (See Volume 1, Chapter 8) 
3 1 -A 
In expanding the determinant, we have 
MA+1/P=0 


Therefore A = 0, -1. If A= 0, such scalars x, y, z with 
(x, y, z) # (0, 0, 0) do not exist. Hence 2 =-1. 

Answer: (A) 
From the given equation 


~i +(x-y)j+(x+2y+2)k =0 


Therefore 
-1=0 
x=y 
and x+2y+z=0 


which is impossible. Therefore no real values of 
xX, y, Z exist. 


Answer: (D) 
The given relation implies 


2x+ y+3z=0 
—-x+2y+az=0 


and x-3y+5z=0 


Therefore 
2 1 3 
-1 2 aj=0 (Volume 1, Chapter 8) 
1 -3 5 
= 2(10 + 3a) — 1(-5 - a) + 3(3 - 2) =0 
=> 7a+28=0 
>a=-4 


Answer: (C) 


3. Passage: Let 7 =a@+ sb and 7 =G +t be lines passing 
through the point a and parallel to the vectors b and 
c, respectively. Then the equations 


ce [> =| 
and r=at+t —+— 
|b| él 


are the angle bisectors of the two lines. Answer the 
following three questions. 


(i) If a and b are non-collinear vectors, then the 
vector a+ b bisects the angle between a and J, if 


(A) |a|=|5| 

(B) angle between a and b is0 or z 

(C) G,b form adjacent sides of a parallelogram 
(D) a,b form adjacent sides of a rectangle 


The vector —i + j -k bisects angle between the 
vectors a and 3i + 47. Then, unit vector along a is 


— 


(ii 
itp #k 
V3 


21 =] 42k 
3 


(A) 


(B) 
(C) S(-li +10j —2k) 


(D) a (hi +10] +2k) 


(iii) The position vectors of the points A and B are, 
respectively, i +3j-—2k and 3i+j-—2k. If O 
is the origin and the internal bisector of |AOB 
meets the line AB in P, then OP is equal to 


(A) it+j—-k (B) 2(i + j -k) 
(© a (D) Resi +h 
Solution: 


(i) G+) is a diagonal of the parallelogram for which 


Worked-Out Problems 


a parallelogram bisects the angle between two 
adjacent sides if either it is a rhombus or a square. 
In any case the two adjacent sides must be of equal 
lengths. Hence a + b bisects angle between @ and b 
if |a|=[b]. 
Answer: (A) 
(ii) Let 


| su 


=xi + yj +zk 


Ey 


so that x’ + y+ 2’ =1. Let b =3i +4). Therefore by 
Theorem 5.33, equation of the bisector of the angle 
between a and b is 


7 a ob 
r=Rt —— 
(iz nl 


[sia sjoeks® a 


Therefore 


is j-ka[aivsjraks® ti) 


for some scalar t. Hence 


Now 
r+ y+ Z=1 
= (3t+5)/+(5—-4t) + 25= 257 


15 
>f=— 
2 
Therefore 
x= ath = a and z= = 
45 5 ~ 45 
Answer: (C) 


(iii) |OA|=|OB |= V14 = AAOB isanisosceles triangle. 
Hence P is the mid-point of AB. Therefore 


OP= 5(OA + OB) 
=2(i + j -k) 
Answer: (B) 


a and b are two adjacent sides. A diagonal of 


Assertion-Reasoning Type Questions 


In the following set of questions, a Statement I is given 
and a corresponding Statement II is given just below it. 
Mark the correct answer as: 


(A) Both Statements I and II are true and Statement II 
is a correct explanation for Statement I 

(B) Both Statements I and IJ are true but Statement II 
is not a correct explanation for Statement I 

(C) Statement I is true and Statement II is false 

(D) Statement I is false and Statement II is true 


1. Statement I: Let ABCD be a trapezium in which AB 
and DC are parallel sides. The diagonals AC and BD 
intersect in O. If M and N are the mid-points of AB 
and CD, then M, O, N are collinear. 


Statement II: If @ and b are non-collinear vectors 
(i.e., not parallel), then every vector 7 in the plane of 
a and b can be expressed as 7 = xa + yb where x and 
y are scalars uniquely. 


Solution: Statement II is Theorem 5.15. Take the point 
O as origin and let O0A=a and OB=b so that OC = xa 
and OD = yb, where x and y are scalars (Figure 5.53). 


A B 


FIGURE 5.53 Assertion—reasoning type question 1. 


Since M and Nare mid-points of AB and CD respectively 


oma“ 
2 
and ON == 


Since DC is parallel to AB we have 
xa — yb =A(b - 4) 
Again, since a and b are non-collinear, by Statement II 
x=-A=y 


Therefore 
ON=eh @r?) --10M 


Therefore the points M, O, N are collinear. 
Answer: (A) 
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2. Statement I: If the vectors a, b and @ are non- 
coplanar, then the points with position vectors 
a—2b+3c,2a+3b—4c and —7b + 10¢ are collinear. 


Statement II: Three points P, Q, R are collinear if 
and only if PQ=AQR for some scalar A. 


Solution: Statement JI is true according to 
Definition 5.17. Let A, B and C be the three points in 
Statement I so that 


AB=4+5b-T7é 
and BC =-2a4-10b+14¢ 
=—2AB 


Therefore A, B, C are collinear points. 
Answer: (A) 


3. Statement I: Let a, b, € be_non-coplanar vectors. 
Then the vectors 3a—7b—4c,3a—2b+c and 
a+b+2¢ are linearly dependent. 


Statement Ik: Three vectors are linearly dependent if 
and only if one of them is a linear combination of the 
other two vectors. 


Solution: Proof of Statement II: Suppose a,b and é 
are linearly dependent. Therefore there exist scalars x, y, 
z not all zero such that 


xa+yb+zé=0 


é= (=a + (=2}6 
z Zz 
so that ¢ is a linear combination of a and b. Conversely 
suppose if xa + yb =c, then 


If z #0, then 


xa@+ yb +(-1)é=0 


and -1 #0. Hence G, b, é are linearly dependent. Hence 
Statement IT is true. . 

Let the vectors in Statement I be a, B and y respec- 
tively. Let y = xa + yf. That is, 


a@+b+2é=x(3a—7b — 42) + y(3a- 2b +2) 


On equating the corresponding coefficients both sides 
we get 


3x+3y=1 (5.35) 
-7Tx-2y=1 (5.36) 
—-4x+ y=2 (5.37) 


Solving Eqs. (5.35) and (5.37), we have 


which also satisfy Eq. (5.36). Therefore 


7=-=a+=B 


Integer Answer Type Questions 
1. If the vectors —2i +3j + yk and xi —6j + 2k are 
collinear vectors, then the value of x -— yis__ 
Solution: Since the vectors are collinear, there exists 
scalar A such that 
~2i +37 + yk =A(xi —6j +2k) 

Therefore Ax =-2, -6A=3 and 2A=y. Now A=-1/2 
implies that x =4, y=—1. Therefore x —- y=5S. 

Answer: 5 


2. A, B, C are three points whose position vectors are, 
respectively, d—2b + 3c,2a+3b—4c and —7b +10c 
where a,b are non-coplanar vectors. If AC =mAB, 
then the value of —m is ____ 


Solution: We have 
AC = mAB 
= -G-5b +76 =m(a4+5b- 72) 
=-m(-@ —5b + 7é) 
=>-m=1 


Answer: 1 


3. If the vectors 3i + 3] + V3k, i+k and “ai + V37 +xk 
are coplanar, then the value of x is 


Solution: Since the given vectors are coplanar, they 
are linearly dependent (Theorem 5.19). Hence 


Pa 


3 
1 1)=0 (Theorem 5.26) 
V3 VB A 


w 
Ww 


Hence by Statement II, @ and 7 are linearly 
dependent. 


Answer: (A) 


Therefore 
3(0 — V3) — 3(A — V3) + V3(V3 - 0) =0 
That is 
-3/3 — 34 +3V3 +3=0 
Therefore A= 1. 


Answer: 1 


4. LetG@=i+Ajt+k andb=i+j+k. If|a+b|=|a|+|| 
then the value of A is 


Solution: Since 


|a + b|=|a| +15] 


by Theorem 5.7 the vectors @ and b are like vectors. 
Therefore there exists positive scalar x such that 


a=xb 


On equating the corresponding coefficients of both sides 
we get x =1,x =A. Therefore A= 1. 


Answer: 1 


5. Let A, B, C be the vertices of a triangle whose posi- 
tion vectors are, respectively, a, b and c. Mis the mid- 
point of the side AB. If T is a point on the segment 
MC whose position vector is 


G+b+é 
3 


then the ratio CT: TM = A:1 where / is equal to 


Solution: Clearly T is the centroid of AABC. Hence 
CT: TM =2:1. 


Answer: 2 


| 


5.1 Directed line segment: If A and B are distinct points, 
then the ordered pair (A, B) is called directed line 
segment and is denoted by AB. 


5.2 Support of a directed line segment: For the directed 
line segment AB, the straight line AB is called support. 
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Many directed line segments may have the same support. 


5.3 Same direction or opposite direction: Let AB and CD 


be two directed line segments. Consider the line AC. 
If the supports of AB and CD are parallel and both B 
and D lie in the same half plane determined by the line 
AC, then AB and CD said to have the same direction. 
If B and D lie on opposite half planes of AC, then AB 
and CD said to have opposite directions. 


A A 
B 
A ¢——————— 
<_—__ er 
Ss directi . 
ame direction Same direction 
Y ¥ 
A A 
B 
Ae————- 
D Opposite —— FA 
<——*C direction D 
e—_— 
| yo epesle direction 
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AB and BA are of opposite direction. 


5.4 Magnitude or length: The distances AB is called 


5.5 


5.6 


magnitude of the directed line segment AB and it is 
denoted by | AB]. Note that | AB| is equal to |BA|. 


Equivalent directed line segments: Two directed 
line segments AB and CD are said to be equivalent 
if they have same direction and same magnitude. 


Theorem: Let Sbe the set of all directed line segments. 
Define relation R on Sas R={(AB,CD)|AB and CD 
are equivalent} 


Then R is an equivalence relation in S, which divides 
S into equivalence classes having the following three 
properties. 

(1) Every directed line segment must belong to 
exactly one equivalence classes. 

(2) Any two directed line segments belonging to the 
same equivalence class are equivalent (i.e., same 
direction and same magnitude). 

(3) Directed line segments belonging to different 
equivalence classes are not equivalent. 


Note: For the above theorem see Chapter 1 of Volume 1. 


5.7 


Vector: Each equivalence class discussed in the 
above theorem is called a vector. Usually we denote 
vectors by a, b,c,7, p, etc. 
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(i) Vector a means it is an equivalence class of all 


(ii) 


(iii) 


5.8 


equivalent directed line segments. 


Vector a can be represented by any directed line 
segment AB belonging to the equivalence class 
a. For example, if AB belongs to a, then we 
write a= AB. The magnitude of a is defined to 
be |AB|. 


Two directed line segments AB and CD repre- 
sent the same vector if and only if they have the 
same direction and same magnitude. 


Zero vector or null vector: The collection of all 
directed line segments PP, where P is any point from 
a vector is called zero vector and is denoted by 0. 


quick took 


Zer 
We 


5.9 


5.10 


o vector has no direction and has zero magnitude. 
can consider 0 in any direction. 


Support of a: The support of any directed line 
segment AB belonging to a is considered to be the 
support of a. 


Unit vector: The equivalence class of all equivalent 
directed line segments of magnitude 1 is called unit 
vector. 


Parallel or collinear vectors: Two vectors @ and b 
are said to be collinear vectors (parallel vectors) if 
any support of a is parallel to any support of b. 


Like and unlike vectors: Two collinear vectors are 
said to be like or unlike vectors according as they 
have the same direction or opposite directions. 


The vectors @ and b in the figure below are like 
vectors. 


Also @ and b in the following figure are unlike 
vectors. 


5.13 Unit vector in the direction of a: If a non-zero 
vector a and a unit vector é are like vectors, then 
é is said to be unit vector in the direction of a. 


5.14 Coplanar and non-coplanar vectors: A set of 
vectors (or collection of vectors) are said to be 
coplanar vectors if their supports are in the same 
plane or parallel to the same plane, Vectors which 
are not coplanar are called non-coplanar. 
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(i) Any two vectors are coplanar because if a= OA 
and b=OB, then the lines OA and OB deter- 
mine a plane. 


(ii) If a=OA, b=OB and é=OC, then G, b, aie 
coplanar if and only if the four points O, A, B and 
C are coplanar. Hence coplanarity or non-copla- 
narity arises only when there are more than two 
vectors. 


5.15 Vector addition: If a= OA and b = AB, thena@+b 
is defined as the vector OB. a + (—b) is denoted by 
a—b. 

B 
b 
O A 
OF 
a 


5.16 Theorem: Let a, b and @ be three vectors. Then 
(i) @+b=b+4 (Commutative law) 
(ii) (@+ b) +6 =a+(b +2) (Associative law) 
(iii) @+0=0+a=4 for all vectors a 
(iv) G@+(-a@) =-a@ + a =0 (-@iscalled additive inverse 
of a) 


(v) @+%=box=b-a 


5.17 Theorem: Let a and b be two vectors. Then 


(i) |a+d\< |a|+ |b| and equality holds if and only 
if a and b are like vectors. 


(ii) ||a|-|b]| <|a— b| and equality holds if and only 

if a and b are like vectors and |a|>|b|. 
5.18 Multiplication of a vector with a scalar: Let a be 
any vector and A any scalar (i.e., real number). Then 

(i) Aa is equal to 0 if either 2=0 or @=0. 


(ii) If A>O and a<0, then Aq is defined to be the 
vector in the direction of a with magnitude 
Ala. 


(iii) If A<O and @+0, then 44 is defined to be 
the vector in the opposite direction of a with 
magnitude (—A)|a]. 


(i) |Aa|=|Alla| 


(ii) a and Aa are collinear vectors. 


5.19 Theorem: Let a,b be vectors and m, n be scalars. 
Then the following hold. 


(i) m(na) = n(ma) = (mn)a 
(ii) m(a + b)=ma+mb 
(iii) (m+n)a=ma+na 
(iv) m(—a) =(—m)a = -(ma) 


(v) la=a 
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If a@#0, then a/|a| is a unit vector in the direction of 
a and —(a/|a|) is a unit vector in the opposite direc- 
tion of a. 


5.20 Position vector of a point: Let ‘O’ be a fixed point in 
the space, called origin of reference. If A is any point 
in the space, then the vector OA is called the position 
vector of the point A with reference to the origin. 
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If O is the origin and a is any vector, then there exists 
point A in the space such that OA =a. 
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5.21 Theorem: If a and b are the position vectors of the r=xa+ yb i in one and only one way. In particular, 

points A and B, respectively, then AB =b — 4. if i and j are unit vectors along positive directions 

of x and y axes, respectively, and / is any vector in 

5.22 Division formula (Section formula): Let a and b the plane, then r=xi + yj, where (x, y) are the 
be the position vectors of two points A and B, coordinates of the point P such that OP =r. 


respectively. Then the position vector of the point 
which divides AB in the ratio m:n is ON quick 00K 


In the Cartesian plane, point P (x, y) is identified with 
the vector OP = xi + yj where ‘O’ is the origin of the 
coordinate axes. 


na+mb 
m+n 


The same formula is valid for both internal and 
external division. The position vector of the mid- 


point 1s 5.26 Space representation: Let a, b and é be three non- 
coplanar vectors and 7 be any vector. Then there 
exists unique triad (x, y, z) of scalars such that 
r=xa+yb+zc. In particular, let i,j and k be 
unit vectors along the positive directions of the x, y 
and z axes respectively. Let 7 be any vector. Then 
there exist unique triad (x, y, z) of scalars such that 
r=xi + yj + zk and (x, y, z) are coordinates of the 
5.23 Results: point P such that 7 =OP. Hence in the space, we 
(i) the position vector of the centroid G of AABC is identify vector xi + yj + zk as the point (x, y, z). 


QI 
+ 
kot 


A P B 


eS 5.27 Linear combination: If a,,a,,d,,...,a, ate vectors 


and x,,X,,...,%, are scalars, then the vector x,a, + 
= + ; é X,4,+---+x,a, is called a linear combination of 

where a,b and © are, respectively, the posi- a a 
tion vectors of A, B and C. a, a,,..., 4, 

© of atetahelton ABCD to the centroids of MLSS 
D of a tetrahedron ABCD to the centroids of 
the opposite faces are concurrent. This point is 
denoted by G andis called the centroid or centroid 
of the tetrahedron. G divides the segment joining 


the vertex to the centoid of opposite face in the 
ratio 3:1 and its position vector is 


w] ol 


(i) Ifa and b are two non-collinear vectors then every 
vector in the plane of a and b can be written as a 
linear combination of a and b uniquely. 


(ii) Every vector can be uniquely represented as a 
linear combination of three non-coplanar vectors. 


1. - 2. oe 
ri +b+c+d) 
7 5 . 5.28 Linear independence and dependence: Vectors a, 
where a,b, ¢ and d are position vectors of A, a,...,a, are said to be linearly dependent, if there 
B, Cand D, respectively. exist scalars x,, x,,..., X,, not all zero (that is at least 


one x,#0) such that x,a,+x,a,+---+x,a,=0. 
Vectors which are not linearly dependent are called 
linearly independent. 
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Vectors a,,a,,...,4, are linearly independent if and 
only if 


(iii) If @,b and é are the position vectors of A, B 
and C, respectively, of AABC with respect to 
circumcentre as origin, then the position vector 
of the orthocentre of AABC is 4+ b +é. 


5.24 Theorem: Three points with position vectors G, b 
and ¢ are collinear if and only if there exist scalars 
x, y, and z not all zero such that xa + yb+ zc =0 
andx+y+z=0. a= 0 


5.25 Plane representation: If G@ and b are two non- 7 oy Sg See all 
collinear vectors, then every vector r in the plane 
determined by a and 5 can be represented as 


5.29 Theorem: Vectors a,,4,,...,a, are linearly depen- 
dent if and only if one of them is a linear combina- 
tion of the remaining. 


5.30 (i) Two vectors are non-collinear if and only if 
they are linearly independent. 

(ii) Three vectors are non-coplanar if and only if 
they are linearly independent. 


 auick 00K 


(i) Two vectors are collinear if and only if they are 
linearly dependent. 

(ii) Three vectors are coplanar if and only if they are 
dependent. 

(iii) In the three-dimensional space the maximum 
number of linearly independent vectors (the 
vectors may change) is three. That is, more than 
three vectors are linearly dependent. 

(iv) Ifa finite set of vectors contains zero vector then 
they are linearly dependent. 


5.31 Theorem (Important): Let G=a,i + a,j +ak,b= 
bi+b,j+6,k and ¢=ci+cjt+ek. Then a,b,¢ 
are linear dependent (hence coplanar) if and only if the 


a4 G4 4, 
det |b, 5, b,) =0 
CO OG 


Note: The above condition also holds good even if a, b, c 
are represented as linear combination of any three non- 
coplanar vectors, that is by taking some /, m and fi in 
place of i, 7 and k, respectively. 


5.32 Parametric vector equation of a line: 

(i) The equation of the line passing through point 
whose position vector is a and parallel to a 
vector b isf=a+tb,teR. 

(ii) Vector equation of the line passing through 
two points a and b isr =(1-ft)a+¢tb,teR. 


5.33 Plane equations: 


(i) The vector equation of a plane passing through 
a point whose position vector is a and parallel 
to two vectors b and € is 


F=a+tb+sc,t and seR 


(ii) Equation of the plane passing through two 
points a and b and parallel to a vector ¢ is 


7=(1-fa+th+sé,t and seR 
(iii) Equation of the plane passing through three 
points a, b, ¢ is 
7=(1-t-s)@+th+sé,t and seR 
5.34 Theorem: Three points A, B and C with position 


vectors a, b and ¢, respectively, are collinear if and 
only if there exist scalars x, y, z not all zero such that 


x+y+z=0 
and xa + yb+zé=0 
5.35 Theorem: Four points A, B, C and D with position 


vectors a,b,c and d are coplanar if and only if 
there exist scalars x, y, z and wu not all zero such that 


x+y+ztu=0 

and xa+yb+zé+ud=0 
5.36 Angle between two vectors: Let a =OA and 
b=OB. Then the measure of |AOB which lies 


between 0 and zis defined to be the angle between 
a and b and is denoted by (4, b). 
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0<(G,b)<7z. The left equality holds if and only if a, b 
are like vectors and right equality holds if and only if 
a, b are unlike vectors. 


5.37 Note: Let @ and b be two vectors. Then 
(1) (a,b) =(b, a) = (-G, -b) = (-b, -a) 
(2) (@,—b) = — (a,b) = (-a, b) 
(3) (G, b) = (xa, yb) for all positive x and y 
(4) (—xa, yb) = 1 -(xa, yb) = (xé,—yb) for all posi- 


tive x and y 


5.38 If (4,b)=90°, then @ and b are called perpendic- 
ular or orthogonal vectors. 


5.39 Right- and left-handed systems: Let @ = OA, b = OB, 
é = OC. When observed from the point C,if the angle 
of rotation of OA towards OB in anticlock sense 
does not exceed z, then (a,b,c) is called right- 
handed system. System which is not right handed is 
called left-handed system. 


Note: 


(1) In a system (G,b,¢) if two vectors are inter- 
changed then the system will change. 


(2) In a system if a vector is replaced by its additive 
inverse, the system will change. 


(3) If the vectors are cyclically permuted, the 
system does not change. 


5.40 Components of a vector: Let (a,b,é) be a right- 
handed system of non-coplanar vectors. If 7 is any 
vector then 7 can be expressed as # = xa + yb + zé, 
and x, y, z are called components of 7 w.r.t. the 
system (a,b,é). In particular, if #=xi + yj + zk 
then x, y, z are x-component, y-component and 
z-component of 7, respectively. 
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QS 
(i) If F=xi + yj + zk, then|7|= x? + y+ 2. 
(ii) Let P= (@,, y,, Z,) and QO =(&,, yp, Z,) so that 
OP=xi+yj+zk 
and OO=x,i + y,j+ ak 


Hence 
PO = (x, - ay +(y,- y)i PU = z,)k 


and |PO| = es x se UR +(y)- yy ile ae 


5.41 Direction cosines (DCS) and direction ratios 
(DRS) of a vector: Let X’OX,Y’OY and Z’OZ 
be mutually perpendicular lines called coordinate 
axes. Let i,j,k be unit vectors in the directions of 
OX, OY and OZ such that (i, j,k) isa right-handed 
system.Let a beanyvector,andlet a = (4, i), B=(, i) 
and y =(4, k) (ie., the angles made by 4 with i, j 
and k respectively). Then the ordered triad 
(cosa, cos B, cos) is called direction cosines of a. 


5.42 If i, m,n are DCS of @ w.r.t (i, j,k), then 2 + m’ + 
n=1. 
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(i) If (J, m, n) are DCS of G, then li + mj +nk isa 
unit vector parallel to a. In a sense unit vector 
parallel to a given the DCS of a. 


(ii) If (2, m,n) are DCS of a vector a and A #0, then 
(Al, Am, An) are called DRS of a. 


| EXERCISES 


Single Correct Choice Type Questions 


AG Ina regular hexagon ABCDEF, vector ABLAC + 
AD+ AE + AF is equal to 


(A) 2AD (B)3AD (C) 4AD_ (D) 6AD 

2. ABCD is a quadrilateral and not a parallelogram, 
described in this order. Let P, O, R and S be the mid- 
points of the sides AB, BC, CD and AD, respectively. 


Then PORS isa 
(A) parallelogram (B) rectangle 


(C) square (D) rhombus 


3. Let A and B be points whose position vectors are, 
respectively, i +3j —2k and 3i + j — 2k. The bisector 
of the angle AOB (‘O’ is the origin) meets the segment 
AB internally in C. Then the vector OC is equal to 


(A) i+j+k (B) 2. +7 -k) 
(C) i+j-k (D) 47. +7 +k) 
4. Let a, b, c be non-coplanar vectors. If 
G+ 3b + 4é = x(@+ 5b — 22) + y(G — 2b + 32) 
+ z(6a + 14b + 42) 


10. 


then 
(A) x=-3, y=2,z=1 
(C) x=-3, y=-2,z=1 


(B) x=3,y=-2,z=1 
(D) x=3, y=2,z=1 


. @ isa vector in the Cartesian plane (in which OX and 


OY are coordinate axes) has components 2p and 1. 
The axes are rotated in the same plane about origin, 
through the angle 45° in the counterclock sense. The 
components a with respect to the new system of axes 
are 2p + 1 and 1. Then the value of p is 


(A) 0 (B) ~Lor 5 (C) = orl (D) lor-1 


. Let the points A, B and C be represented by the 


vectors i + j,-4i +2j and 2i +3), respectively, in 

the Cartesian plane. Then the length of the median 
through B of AABC is 

5 2 

A) = B) = 

(> Bs 


OF OF 


. ABCD is a tetrahedron and O is a point in side the 


tetrahedron. The lines AO, BO, CO and DO meet 
the opposite faces in P, Q, R and S, respectively. 
Then 


AP BQO. CR. DS _ 
OP OQ OR OS 
OP OQ OR OS 

+ + + = 
AP BO CR DS 
AO BO CO DO 
— +— + — +— = 1 
OP OQ OR OS 
OP OQ OR OS 

+ + + =1 
OA OB OC OD 


(A) 


(B) 


(C) 


(D) 


The line passing through the point 24+3b and 
parallel to the vector ¢ cuts the plane 


7=G—b+t(@+b-2)s(4+é-b5) 


where ¢ and s are scalars in the point whose position 
vector is 

(A) 244+3b4+4é 
(C) 24-3b -4é 


(B) 24-3b4+4é 
(D) 24+ 3b-4¢ 


. P is the mid-point of the side AD of the parallelo- 


gram ABCD. The line BP meets the diagonal AC in 
Q and the line CD in R. Then RQ: QB is equal to 


(A) 2:1 (B) 1:2 (C) 3:1 (D) 1:3 


The three points i —2j + 3k,2i+ 3j- 4k and ~Tj+ 10k 
(A) are collinear 
(B) form the vertices of a right-angled triangle 


V1: 


12; 


13. 


14. 


15. 


16. 


(C) form an isosceles triangle 
(D) non-collinear 


OXYZ is a rectangular coordinate system. Keeping 
Z-axis fixed, the X- and Y-axes are rotates in their 
plane through angle 45° in the anti-clockwise sense. 
If the components of a vector with respect new 
system are 2V2,3¥2 and 4, then the components of 
the same vector with respect to the original systems 
are 


(Ais14 
(Cj). 5 4y2 


(B) -1,5,4 
(D)=1,5.492 


In AABC, AB=2i +47 +4k and AC =2i +2j +k. 
Then the length of the median through A is 

V7 
(4) S- ws 


(C) 52 = (D) 102 


a, b,é are non-zero vectors such that they are pair- 
wise non-collinear. It is given that a + 2b is collinear 
with c and b + 3c is collinear with a. Then the vector 
a+2b+3c is 
(A) equal to 0 
(C) parallel to a 


(B) parallel to b 
(D) parallel to ¢ 


Let a, b,é be non-coplanar vectors and x=2a+ 
3b—C, y=a—2b + 2¢ and Z=—2a + b — 2c. Then the 
vector 3a — b+ 2c in terms of x, y and Z is 

(A) 5x¥+2y+3z (B) 3x+5y+2z 

(C) 2x+5y+3z (D) 5x+3y+2z 


Let a,b and ¢ be three non-coplanar vectors and 
p=5a+6b+7¢,q=7a—-8b+9¢ andr=3a+20b+ 
Sc. If f= xp + yq where x and y are scalars, then 
(A) x=l=y (B) x+y=1 


(D) x=2,y=-1 
A, B, Cand D are four points whose position vectors 


are, respectively, Ai + sj +k,-i-k,5i+ 97 +4k and 
-it+k. If AB=xAC+yAD, then 


=o 2 
A) x=—,y=— 
(A) a aa 
2. = 
B = -, =— 
By ted = 
3 2 
C) x=Ly=2 
(C) #=50=3 


(D) real values of x and y do not exist 
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17. Let A and B be two points whose position vectors 


18. 


= 


eo eae Se See 


are 5i and 5j, respectively. A point P divides the 
line joining A and B in the ratio AP: PB = 4:1. If the 
position vector of P has magnitude less than or equal 
to /37 , then 


(A) Sshe (B) A<-6 ot 42 


Dlr 


(C) A20 (D) 0<A<1 


In AABC, E is the mid-point of the median AD. The 
line BE meets the side AC in F. Then AC equals 


(A) 3 AF (B) 2. AF 


(C) 3CF (D) CF 


19. ABCD is a quadrilateral. P, Q, R and S are the mid- 


points of the sides AB, BC, CD and AD, respectively. 
The lines PR and QS intersect in E. If ‘O’ is any point 
other than any point mentioned above, then the 
vector OA + OB + OC + OD is equal to 

(A) 80E (B) 60E 


(C) 40E (D) 30E 


20. ABCDE is pentagon in which AB, CD are parallel 


and AE, BC are parallel. The lines BE and AD inter- 
sect in X. Then the ratio AX: XD is equal to 


(A) 2:5 (B) 5:2 (C) 2:3 (D) 3:2 
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Vector multiplication may 
concern any of the following 
articles: 


¢ Dot product: Also known 
as the “scalar product,” 
an operation which takes 
two vectors and returns a 
scalar quantity. 


e Cross product: Also 
known as the “vector 
product,” a binary opera- 
tion on two vectors that 
results in another vector. 


e Triple products: Products 
involving three vectors. 


¢ Multiple cross products: 
Products involving more 
than three vectors. 
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In the previous chapter, we have discussed the operations of addition of vectors and multiplication of vectors by scalars. 
In this chapter, we consider two more important operations on vectors, namely, scalar product (or dot product) and 
vector product (or cross product) and discuss certain applications and properties of these. These will be used to derive 
vector equations of a plane in several forms. 


6.1 | Scalar or Dot Product 


In this section, we introduce the concept of scalar product or dot product of two vectors and present a geometrical 
interpretation which will be used in deriving the vector equation of a plane in the normal form and the orthogonal 
projection of a vector on another vector. Let us begin with the following. 


DEFINITION 6.1 Let d@ and 5 be vectors. Then we define 


a@b=0 ifa=Oorb=0 


and ab =|a||b|cos@ ifa Oandb 0 


where @is the angle between the vectors aand b. a> is called the dot product of a and b, just 
because a dot xis used here. Since a> is defined as a scalar, it is also called the scalar product 
of aand b. 


For any two vectors @, b let us recall that the angle between dand b is denoted by (a,b) (see Definition 5.22, 
Chapter 5) and we note that 


( a@,b)=a (a,b)=(4, b) 
and (a, b) = (b, a) 
In this notation, we have 
a> =|a||b|cos(a, b) 
=|b||a|cos(b, a) 
= bxi 


for any non-zero vectors a and b. If either of aor b is azero vector, then clearly by Definition 6.1 we have a>b = 0 = bxi 
and therefore, for any two vectors a and b, 


arb = bx 
That is, the scalar product operation is commutative. However, we cannot talk on the associativity of this operation, 
since a> is scalar and hence (a>})>€ is not defined whereas (a>) ¢ has meaning according to the concept of multi- 


plication of a vector with a scalar. 7 
The following are easy verifications and listed for the sake of ready reference on the angle (4, b). 


The following hold for any non-zero vectors a and b. 3. (G@,b)=90° ab=0 
1. 0 (4b) 180° 4. 90°<(a,b) 180° cos(aé,b)<0 ab<0 
2.0 (4,b)<90° cos(a@,b)>0 ab>0 


Before going for the various properties of the scalar product of two vectors, we will first give a geometrical 
interpretation. 


6.1 | Scalar or Dot Product 


DEFINITION 6.2 Let aand b be non-zero vectors and O, A and B be points in the space such that a=OA and 
b = OB. Let Q be the foot of the perpendicular from B to the line OA. (Figure 6.1). Then 


B B 


Q " Q O a A 
FIGURE 6.1 Definition 6.2. 
1. The scalar component (or, simply, the component or the projection) of b along @ is defined as OQ if (@, b) < 90° and 
as —-OQ if (a, b) > 90°. 


2. The vector component (or the orthogonal projection) of b on is defined as the vector OO. 


1. The component of b on is ascalar and the orthog- 3. Let A, B, C and D be coplanar points, a = AB and 

onal projection of b ona isa vector. b= CD. If the perpendiculars from C and D to the 
line AB meet AB at P and Q, respectively, then 
PO is the orthogonal projection of bond. See 
Figure 6.3. 


Gar B : 
al Jal grea 
Cc 


is the orthogonal projection of b on. See Figure 6.2. 


2. If é is a unit vector and b is any vector, then (b-é)é 
is the orthogonal projection of b oné and, for any 
non-zero vector 4, 


B 
B, [i be L | 
A P S Q B 
a FIGURE 6.3 
f) 
>= : é 
© : @ 2 4. If b is perpendicular to a, then the orthogonal 


projection of b ona is the zero vector. 


Bb Jie b is parallel to a, then the orthogonal projection 
of b on ais b. 


FIGURE 6.2 
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THEorem 6.1| Let G@andb be non-zero non-parallel vectors. Then 


ee 7. Gb 
1. the projection (or the scalar component) of b ona is Tay 
a 
fa > DM 
2. the orthogonal projection (or the vector component) of b on @ is lap a. 
a 


ProoF} Choose points O, A and B such that a= OA and b= OB. Let AOB = 9. Draw perpendicular BP 
to meet OA at P. Then OP or OP is the projection of b ona, according as @ 90° or @> 90° as 
shown in Figure 6.4. Then, if @ 90°, 


a> =|a||b| cos@ =|a||OB| cos@ =|a| OP 
and hence 
ead 
|a| 
If @> 90°, then 
a>b =|a||b| cosé 
=|a||b|( cos(180° @)) 
= |a|OBcos(180° @) 


= |a|OP 
and hence 

aixb 
op =“ 

|a| 

Thus (a)/|a| is the projection of b on d. 
B B 
b b 
(7) 
0 
O a P A P O A 
(a) (b) 
FIGURE 6.4 Theorem 6.1. | 
In the above, if € is the unit vector, in the direction of a, that is, 
se a 
la| 
then 
emu #.@ @ — bs 
OP =(b¥é)é= byt, 4 =" 5 
a\"|a| al 


6.1 | Scalar or Dot Product 


From Figure 6.4(b), we have ra 


PB=OB OP=b 


and therefore 


THEOREM 6.2 


PROOF 


(bxi)a la 
lal? 


is the orthogonal projection of b in the direction 
perpendicular to a in the AOB plane. 


The following hold for any vectors @ and b and scalars wand B. 
1. (@a)> = a(a>b) = aX ab) 

2. (aii)X Bb) = oB(a>) 

3. ( a)b= (a>b)=ax b) 

4. ( G)X b)=a 


These are trivial if @=0 or b=0 or a@=0 or B=0. Therefore, we can assume that a and b are 
non-zero vectors and a and f are non-zero scalars. Recall that (a, b) denotes the angle between 
a and b and that 


( a,b)=a (a,b)=(a, b) 


If ~> 0, then 
(atd)>b =| cia||b| cos(ad, b) 
= a|a||b| cos(G, b) 
=a(a») 
If a< 0, then 


(ad) =|aa||b| cos(a a, b) 
=|a\|a\|b|cos[x ( a a,b)] 
=| alla||b|cos[z (a,b)] (since a >0) 
=( a) |a||b|[ cos, 6) 
= a |a||b| cos(a, b) 
= a(a>b) 

This proves (1). To prove (2), consider 
(ai) Bb) = [4x Bb)| 
= of (Bb) >i] 
=a B(bxi) 
= a B(a>) 


(3) and (4) follow from (1) by taking w= 1 and/or B= 1. oO 
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1. For any vectors a and b, 2. If @ and b are like vectors, then (a, b)=0° and 


cos(4,b)=0 (a,b) =90° 


Therefore 


arb =0 


THEOREM 6.3 


PROOF 


hence cos(d, b) =1, so that a> =|al|b|. 


3. Ifa andb are unlike vectors, then (a, b) = 180° and 
hence cos(4,b)= 1, so that b= |al|D|. 


= PaaS ee 4. axi=|a\|a\|=|a\’. Here afterwards, a@ means axi. 


The following hold for any vectors G, b and €. 

1. GXb+0)=@b+4% 

2. (4+ b)€ =a + DE 

We prove this in the case when a,b and é are coplanar vectors and skip the general case. Let 


us suppose that a,b and ¢ are non-zero coplanar vectors and O, A, B and C are coplanar points 
such that 


a@=OA,b=OB and ¢=BC 
Then 
b+¢=OB+ BC=OC 


Draw perpendiculars BP and CQ from B and C to the line OA to meet at P and Q respectively. 
Let é be the unit vector in the direction of a; that is, 


Q A 


a 
(b) 
FIGURE 6.5 Theorem 6.3. 


Coro.tary 6.1 


6.1 | Scalar or Dot Product 


Now, we have that 


OP = the orthogonal projection of b on @ 
PO =the orthogonal projection of ¢ on a 


and OO = the orthogonal projection of b + é on @ 


and therefore, by Quick Look 2 [part (2)], we have 


OP =(b€)é 
PQ=(2¥)é 
and OO =[(b+2)¥€]é 
Now 


[(b + é)€]Jé =O0 
=OP+PO 
=(b€)é + (@€)E 
=[(b€) + (@€)]é 

Since @ is a unit vector, it follows that 
(b+ 0)€ =D¥+ OE 
Now, 
aXb +é)=(b+¢)xi 
=(b + €)x|a| é) 
=|a|[(b + €)%] 
=|4| (Dé + @€) 


=|a| (bx) + |a| (@€) 


Also, 


For any vectors d,, @,,...,4,,,, by,... 


n? 
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Corottary 6.2] For any vectors a, b and C, 


Coro.iary 6.3 


PROOF 


aXb @)=ab at 
and (4 b)€=(G€) (bd) 


For any non-zero vectors a, b and ¢, 


or G_b is perpendicular to é 


We have 


Q1 
ml 
lI 
Oo} 
° 
a 
QI 
mI 


is perpendicular to c 


The following are direct consequences of the above and of the facts that lal =axi and a> = bx for any vectors 


a and b. 


Coro.tary 6.4] The following hold for any vectors a, b and €. 


THEOREM 6.4 


PROOF 


= 


. [a+ bP =|aP +|bP + 2a 
.|@ bP=|aP+|bP 2a 
. (@+b)xa b)=|aP [bP 


. |@+b4+eP =|aP+lbP + ep + 2(G>b + be + GH) 


= & WN 


The following hold for any vectors a and b. 


1 
2 
3. 
4. |a>b|=|a||b| G@=0 or b=0 or G and 5 are parallel 
5. |a+b| |a|+|d| 
6. |a+b|=|a|+|b| a=0 or b=0 or G and bare like vectors 
7. \la| [bl] |@ bl \al+|b] 
(1) and (2) follow from the fact that 

ami =|al 
3. We have 

|a>b| =||a||b| cos | 

=|a||b||coso| 
|al|b| 


since |cos@| 1. 


6.1 | Scalar or Dot Product 


4. If @=0 or b=0, then 
|a>b|=0=|allb| 
Now, for any non-zero vectors a and b, 
|a>b|=|a|[b| |cos8|=1 @=0 or x 


where @is the angle between a and b. 
5. We have 


|a+ bP =|aP +|bP +2a> 
lap +|bP + 2\a|b| 
=(\a|+|bly 
and hence |a+b| |a|+|b|. 
6. If @is the angle between a and b, then 
|a + b|=|a| +|5| 
a> =|a||b| 
|a||b|(cos@ 1)=0 
a-0 or b=0 or cos@=1 
a=0 or b=0 or @=0° 
a=0 or b=0 or Gand bare like vectors 


7. Consider 


and hence 
|a| |b] |a 5d| 
Similarly, 
|b] |a| |b aj=|a 5| 
Therefore 


lla] [bl] |@ B] lal+| bl=|a| +15 a 


Next, we express the dot product of given two vectors in terms of the components on the unit vectors along the 


coordinate axes with respect to a given rectangular coordinate system OXYZ. If i,j and k be unit vectors along 
OX, OY and OZ, respectively, then, since cos 0° = 1 and cos 90° = 0, we have 


and ix =0=jk=kx 


Recall that (i, j,k) is called a triad of orthogonal unit vectors. 
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THEOREM 6.5| Let @ bea vector and (i, j,k) be a triad of orthogonal unit vectors. Then 


PROOF 


THEOREM 6.6 


PROOF 


Coro.iary 6.5 
(CAuCcHY— 
SCHWARTZ 

INEQUALITY) 


PROOF 


a= (a> )i + (G})j + (@k)k 


We have learnt earlier that there exists a triad (a,, a,, a,) of real numbers such that 


a@=aitajt+ak 
Now, 
aX =(ai +aj +ak)x 
=a,(i%)+a,(jx)+a,(kx) 
=4, 
and, similarly aj =a, and @« =a,. Thus 


a=(ax%)i + (@4)j +(@k)kK 


Let (i, j,k) be a triad of orthogonal unit vectors and 
G@=aitajt+ak 
and b=bit+b,j +bk 
Then the dot product of @ and b is given by 
a>b =a,b,+ ab, + a,b, 
and in particular, 
|a|= Jar + a +a; 
From Theorem 6.5, we get 
a>b = aXb,i + b,j + bk) 
= b, (ax) + b,(@¥) + b,(@) 
= ba, + b,a, + b,a, 
=a,b,+ a,b, + a,b, 
Also, we have 
|a? =a =a; +a,t+a, 
and hence 


|a|= Jar +a +a; 


For any triads of real numbers (a,, a,, a,) and (b,, b,, b;), 


(a,b, + a,b, + a;b,)° (a + a; + a;) (b + b; + b;) 


and the equality holds if and only if a,, a,, a, are proportional to b,, b,, b;. 


This follows from Theorem 6.6 and Theorem 6.4 [parts (3) and (4)] by taking @=ai +a,j + a,k 


and b=bi +b,j + bk. 


6.1 | Scalar or Dot Product 


THEorem 6.7| Let (i,j,k) be a triad of orthogonal unit vectors and 
a=ai+aj+a,k 
and b=bi+bj +bk 
be two non-zero vectors. Then the angle between @ and b is given by 


Cos | a> mieat a,b, + a,b, + a,b, 


|allb\~ J@+a+a Jb+ b+ be 


ProoF| If @is angle between a and b, then 


a> =|a||b| cosé 
and hence 
cos@ = ab = a,b, + a,b, + a,b; 
allo] J+ e+e Je+e+e 
so that 
patos" a,b, + a,b, + a,b; : 
\@+@+a Je+e+h Py 


Coroutary 6.6| Let @=a,i +a,j +ak and b=b,i + b,j +b,k be two non-zero vectors. Then 
1. G and b are perpendicular to each other if and only if a,b, + a,b, + a,b,=0. 


2. @ and b are parallel if and only if there exists a scalar t such that a, = tb,, a, = tb, and a, = tb,. 


Example fea 


Find the dot product of the vectors 6i+2j+3k and where @=(4,b), the angle between @ and b. Now, 


2i 9] +6k and the angle between them. mb-6 242 (9)43 6-12 


Solution: Let 


Therefore 
a=6i +2j+3k pe ab 
and b=2i 97 +6k 7 \al|b\~ 
Then 
Ge! 12 
|a|= (+2 +3 =364449=7 ees a ae 
and = |b|= 27+ ( 9° + @ =./4+ 81436 =11 2 
=Cos” —- 
We know that a 
a> =|a||b| cosé 


Example fay 


Let a= i+ 2] 3k andb=3i j+2k. Prove that a+b [P+2'+( 3] B+( 1% +2*] 
and a_ b are perpendicular to each other. 0 


Solution: We have, by Corollary 6.4 [part (3)], that 
(4+b)xXa@ b)=|aP |bP 


Therefore,a+b anda _ b are perpendicular to each other. 
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Example Reza 


Find the angles of the triangle whose position vectors of | This implies 
the vertices arei+2j 5k, 2i+2j+k and2i+j k. 


[A =Cos ' ae, 
Solution: Let ABC be the given triangle and 310 
@=OA=i+2j 5k Similarly, we can find that |B, the angle between BA 
a a and BC is given by 
b=OB= 21+2j+k 
eh ee BAXBC 
d €=OC=2i+j k B=Cos' —s 
an ra i+j |B (BA||BC| 
Then 
ee ee eee " 
AB=OB OA= 3i+6k 105 
and AC=OC OA=i j+4k and 
Now |A is the angle between AB and AC. Therefore |C =Cos ! CAXCB 
esce jo |CA|XCB|~ 
[A =Cos ! aaa 1 
| AB|XAC| =Cos'! —=, 
a7) 
agg ( 3) 1+0 ( 1)+6 4 


In the following we prove certain important geometrical results using the dot product of vectors and its properties. 


THEOREM 6.8] Let A, B and Crepresent the angles of a triangle ABC and a, b and c represent the lengths of the 
sides opposite to them, respectively. Then 


1. @=b’ +c 2bccosA (Law of cosines) 
2. a=bcosC+ccos B (Projection formula) 


ProoF| See Figure 6.6. Let BC =4, 


FIGURE 6.6 Theorem 6.8. 


6.1 | Scalar or Dot Product 


1. We have 
(é,b)=180° A 
where (é, b) is the angle between é and b. Since BC = BA + AC, we have G@=¢ + b. Therefore 
a’ =|aP=|é + bP 

=|éP +|bP + 2é 

= +b’ +2|é||b| cos(é, b) 

=C+b+2cbcos(x A) 

=b’+c 2becosA 


2. Consider 


BC=BA+AC= (CA+AB) 
We have 


= (CA+ AB)xBC 
= CAxBC ABxBC 
= |CA||BC|cos(CA, BC) |AB||BC|cos(AB, BC) 


= bacos(x C) cacos(x B) 


= abcosC + accosB 
Therefore 
a@ =a(bcosC + ccos B) 


or a=bcosC +ccosB oH 


Try it out We can prove that other laws of cosines and projection formulae, namely, 
1. b=cC +a 2cacosB 

2c=a+b 2abcosC 

3. b=ccosA + acosC 

4. c=acosB+bcosA 


THEOREM 6.9} The altitudes of a triangle are concurrent. 


ProoF| Consider a triangle ABC and draw perpendiculars from A and B to BC and CA to meet them at 
D and E, respectively. Suppose that O is the point of intersection of AD and BE. Join C and O 
and produce it to meet AB at F. With reference to O, let the position vectors of A, B and C be 
a,b and ¢ respectively. From Figure 6.7 we have the following: 
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THEOREM 6.10 


PROOF 


FIGURE 6.7 Theorem 6.9. 


Since AD BC, OAxBC =0 and hence G@X{é b)=0 so that 


art = ar 
Similarly, from BE AC, we get that 

bxi = be 
From these two, we have 

ax = b¥ 


and hence (b a) =0. Therefore CF AB. Thus the altitudes of the triangle ABC are 
concurrent. oO 


The perpendicular bisectors of the sides of a triangle are concurrent. 


Let ABC be a triangle and D, FE and F be the mid-points of the sides BC, CA and AB, respec- 
tively. Let the perpendicular bisectors drawn to the BC and CA at D and E meet at O. Join 
O and F. Let a, b, ¢ be the position vectors of A, B, C, respectively, with respect to O. Now 
(see Figure 6.8), we have 


Hence 
BC=BO+OC= b+é 
CA=CO+OA= +4 
AB=AO+OB= a+b 


A 


FIGURE 6.8 Theorem 6.10. 


6.1 | Scalar or Dot Product 


Also 
ee 
D=—=(b+¢ 
=(b +2) 
~— 1 
E= -(c+a 
5(E +a) 
—. {. - 
OF =~(a+b) 
2 
Since OD BC, 


b+ Ox b+é)=0 
and hence |é' =|b/. Similarly, from OE CA, we get |a/ =|é. Therefore |aP =|bP and hence 
OF AB =>(a+ 5) a+b) 
1.- 
=-(\bP lar)=0 
1 (BP la?) 


Thus OF is perpendicular to AB, so that OF becomes the perpendicular bisector of AB. Thus, the 
perpendicular bisectors of the sides of a triangle are concurrent. | 


THEOREM 6.11) Let wand f be any non-negative real numbers such thata+f a. Then 
1. cos(a@+ B)=cosacosB sinasinB 
2. cos(a@ fB)=cosacos B+ sin asin B 


Proor]| Leti and j be the unit vectors along the rectangular coordinate axes OX and OY, respectively. 
Choose a point A in the XY plane such that OA = is a unit vector making an angle @ with the 
positive X-axis. Also choose a point B in the XY plane such that OB = b is a unit vector making an 
angle B with the positive X-axis. Draw perpendiculars AP and BQ to OX (Figure 6.9). Then we have 


Y 
A 


A (cos @, sin a) 


B (cos B, —sin B) 
FIGURE 6.9 Theorem 6.11. 
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=(OP)i +(PA)j 
=cosai +sinaj 
b=OB 
=00+ OB 
=(0Q)i +(QB)j 
=cosBi_ sin Bj 
Therefore, we get that 
cos(a + B)=|a||b|cos(a, b) (since |a|=1=|b}) 
= arb 
=(cosa@i +sinaj)Xcosfi sin Bj) 
=cosacosB sinasinB 
Similar technique yields 


cos(a  B)=cosacos f+ sinasin B o 


THEOREM 6.12) The angle ina semicircle is a right angle. 


ProoF| Consider a circle with AOB as a diameter and O as the centre. Let P be an arbitrary point on the 
semicircle, as shown in Figure 6.10. With reference to O as the origin, let the position vectors of 
A and P be a and p, respectively. Then 


Ql 


AP=OP OA=p 
and BP=OP OB=p ( G@)=pta 
Now, 

AP»BP=(p 4)Xp+4) 
=|pP laf 
2 2 


=r r=0 


where r is the radius of the circle. Thus AP is perpendicular to BP and hence [APB = 90°. 


=< > 
77 O a 


FIGURE 6.10 Theorem 6.12. |_| 


6.1 | Scalar or Dot Product 


Example | 6.4 | 


In a triangle ABC, let D be the midpoint of BC. Then A 
prove that 
AB’ + AC’ =2(AD’ + BD’) 
Solution: See Figure 6.11. Consider A as the origin. Let b C 
b and ¢ be the position vectors of B and C respectively. 
Then 
BC=BA+AC= b+é 

1 B D Cc 
and BD= AG b) FIGURE 6.11 Example 6.4. 
Ais Now consider 

as a 2(AD’ + BD’) = 2(|ADf +|BD/) 
oe ee eee 
=5 +50 b) =2 qlbrel+ ale bf = 
1- | By Corollary 6.4, we have 
= a + Cc) 
2(AD? + BD*)=>(\bF-+\éf+ 26x + [2+ [BF 2b%€) 
=|bP +|éP=AB’+ AC? 
Example 


Prove that the smaller angle between any two diagonals 
of a cube is 


Cos | 2 
3 


G 


D 
\ 
‘ 
\ 
\ 
\ 
\ 
/ ‘ / 
F ~ 
O 
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\ at 
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E 
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\ 
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\ 
\ 
\ 
XN 


A B 
FIGURE 6.12 Example 6.5. 


Solution: Let OABCDEFG be a unit cube as shown 
in Figure 6.12. Keeping O as origin, let OA=i,OC=j 
and OG=k. Then i, j,k form an orthogonal unit 
vector triad. Consider the diagonals OE and BG. From 
Figure 6.12, we have 


OE=OB+ BE 
=OA+AB+BE 
=OA+0C+0OG (since AB=OC, BE=OG) 


=i+j+k 
and 
GB=GO+OB 
= k+OA+AB 
=it+j k 


Let @ be the smaller angle between the diagonals OE 
and GB. Then 


OE>GB 
cos @ = ————— 
|OE||GB| 
(2 D+ 1+1 (CD 
(?+P+P /P+P+( iy 
wh 
3 
Thus 
@=Cos! =. 
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6.2 | Vector Equations of a Plane and a Sphere 


Using vector addition and multiplication of a vector by a scalar we have derived vector equations of a straight line and 
a plane in the previous chapter. In this chapter, using dot product of vectors, we derive vector equation of a plane at 
a given distance from the origin and perpendicular to a given vector. 


THEOREM 6.13} The equation of the plane, whose unit normal drawn away from the origin is n and whose distance 


PROOF 


from the origin is a, is given by 
r.n=a 
This is called the equation of a plane in normal form. 


See Figure 6.13. Let R be an arbitrary point in the required plane and the position vector of R 
with respect to the origin O be r. Let a perpendicular be drawn from the origin to the plane to 
meet the plane at N. Then RN is perpendicular to ON. Since the distance from the origin to the 
required plane is given to be a, we have 


a= ON =ORcos(7, ni) = OR|n| cos(F, 7) 


since 7 is a unit normal. Therefore 


On the other hand, if P is any point such that 


OPm=a 


then 


NPxi=(OP ON)>xi 


=OPxi ON™i 
=a anm 
=a a=0 


and hence PN is perpendicular to ON. Since the required plane is perpendicular to ON and 
passes through N, it follows that P lies in the required plane. Thus 7» =a is the equation of the 
required plane. 


Oo 
FIGURE 6.13 Theorem 6.13. 


CoroLtary 6.7) Equation of the plane passing through the origin and perpendicular to the unit vector 7 is ri = 0. 


PROOF 


The proof follows from Theorem 6.13 and the requirement that the plane passes through the 
origin and hence the distance from the origin to the plane is zero. CO 


6.2 | Vector Equations of a Plane and a Sphere 


If R= (x, y, z) with respect to an orthogonal system of | Therefore the equation of the plane in Theorem 6.13 
coordinate axes passing through the origin O and the __ reduces to 
direction cosines of the normal to the plane are /, m, n, 


respectively, then, with the usual notation, xl+ ym+zn=a 


This is the Cartesian equation of the plane in normal 
form. Also, the Cartesian equation of the plane passing 
and i=lit+mjptn cE through the origin and having /, m, n as the direction 
cosines of its normal is 


F=xi +yj+zk 


and hence 
xl+ ym+zn=0 
rom=xl+ym+zn 


Next we derive the vector equation of a sphere. First recall that if C is a fixed point in the space and a is a fixed 
non-negative real number, then the set of all points P in the space such that CP = ais called the sphere with centre at 
C and radius a. 


THEOREM 6.14} Let be the position vector of the centre C of a sphere S with radius a. Then the vector equation 
of S is given by 


|FP  2RH€+léPaa 
ProoF]| See Figure 6.14. Let P be an arbitrary point in the space and 7 be the position vector of P with 
respect to the origin O. The position vector of the centre C is given as c. Then we have 


OP=fr 
OC =é 
and CP=OP OC=F é 


Now 


Pisa pointonthesphereS CP=a 


IFfP+|éP 2Fx€=a° 
Thus the vector equation of the sphere with radius a and centre at C with a position vector ¢ is 


FP 2Hé+|eP=e 


g 


Oo 
FIGURE 6.14 Theorem 6.14. |_| 
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Coro.tary 6.8) Ifthe origin O lies on the sphere S whose radius is a and centre at C with position vector ¢, then 
the vector equation of the sphere S is given by 


[FP =27r€ 
ProoF| The general equation of a sphere with radius a and centre at C (with position vector C ) is given by 
FP E+ |eP=a° (6.1) 
If the origin lies on the sphere, then 
OP 20€+|éP=a@ 
and hence |¢/ = a’. Substituting this in Eq. (6.1), we get the equation of the sphere as 


FP = 2m i 


Coro.ttary 6.9} Equation of the sphere with radius a and centre at the origin is given by 


Proof! Substituting ¢=0 in Eq. (6.1), we get the equation as |7f =a’. a 


oe. QUICK LOOK 6 


Let us consider the Cartesian form of the sphere with _If the origin lies on the sphere, then 
radius a and centre at C = (c,, c,, c;). Then ate 
c+Go+Gq=a 
€=OC=ci +¢,j +ok : 
and the equation of the sphere reduces to 


Let P= (x, y, z) be an arbitrary point in the space and yee er ee 


Cig OS asd If origin is the centre of the sphere, then equation of 


Then Plies on the sphere S if and only if CP =a’; that is, | Sphere reduces to 


ho Dn aD 
(x cGy +(y Gy+z C\eatae x+y+z7=a 


This is the Cartesian form of the equation of the sphere 
with radius a and centre at C = (c,, c,, ¢;). 


Try it out The following is a generalization of Theorem 6.12: 
Any diameter of a sphere S subtends a right angle at any point on S other than extremities of the diameter. 


THEOREM 6.15} Let AB be a diameter of a sphere S and P be a point on S. Then 
APBP =0 
Proor| Leta be the radius and C the centre of the sphere $. Then 
AC=CB= BC 
AP=AC+CP 
BP=BC+CP 


THEOREM 6.16 


PROOF 


Coro.tiary 6.10 


PROOF 


6.2 | Vector Equations of a Plane and a Sphere 


Hence 


AP»BP = (AC + CP)XBC + CP) 


=(CP+AC)XCP AC) 
=|CPP |ACP 
=. a =0 4 
Let A and B be any distinct points in the space and a = (1/2)AB. Let C be the mid-point of AB. 
Then the sphere S$ with radius a and centre at C is given by 
S={P:APxBP = 0} 
By Theorem 6.15, 
S {P:APxBP =0} 


On the other hand, let P be any point in the space such that APxB8P =0. Then 


CP=CA+ AP 
and CP=CB+BP= CA+BP 
Therefore 
CP? = CP>CP 
=(CA+ AP)XCB+ BP) 


=(AP+CA)XBP CA) 


=APxBP AP>CA+CAxBP CA>CA 

=0+CAXBP AP) @ 

=CAXBA a 

=CAX2CA) a 

=2a a =i 
and hence P lies on the sphere. Thus 

S={P: AP»BP =0} a 
Let A and B be two given points with position vectors a and b, respectively. Then the equation 
of the sphere with AB as a diameter is 
(7 G@)XF b)=0 


If P is a point with position vector 7, then AP=7 G@ and BP=F b. Therefore, by 
Theorem 6.16, P lies on the sphere with AB as a diameter if and onlyif(r a)*r b)=0. 


DEFINITION 6.3 Let ,and_ ,betwo planes and n, and n, be unit normals to ,and_,, respectively. Then 


the angle between 7, and n, is called the angle between ,and_ ,. 
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Since a given plane has two different unit normals (one 
is opposite to the other), angle between a given pair of 
planes is not unique. In general, there are two angles 
between a given pair of planes. If 9is one of them, then 


THEOREM 6.17 


mx @is the other. If m, and 7, are unit normals to the 
planes ,and_,, respectively, then Cos '(v,»,) is an 
angle between the planes ,and_ ,. 


Let A be a point in the space with position vector a and v be any non-zero vector. Then the 


vector equation of the plane passing through A and perpendicular to 7 is 


PROOF 


AP is perpendicular to n; that is, (7 


(F @)>i=0 


If P is a point in the space with position vector 7, then P lies on the required plane if and only if 
a) = 0. O 


Example | 6.6 | 


Find the equation of the plane passing through ( 2, 1, 3) 
and perpendicular to 3i + j + 5k. 


Solution: Let O be the origin and A =( 2, 1, 3) be the 
given point. Then the position vector of A with respect 
to the origin is 


OA= 21+] +3k 


If P=(x, y, z) is any point in the space, then the position 
vector of P is 


OP=xi+yj+zk=7, say 


Then P lies on the required plane if and only if 
AP is perpendicular to 3i + j + 5k 
(OP OA)xX3i + j +5k)=0 
[(x+2)i+(y Djit+(z 3)\kPBi+j+5k)=0 
(x+2)3+(y 1)+( 3)5=0 
3x+y+5z=10 


This is the equation of the required plane. 


Example fez 


Find the angles between the planes 2x 3y 6z=5 and 
6x+2y 9z7=4. 


Solution: Let 
F=xi+ yj +zk 
a=2i 3) 6k 
and b=6i + 2] 9k 
Then vector equations of the given planes are 
Fai=5 and 7PH=4 


Here G/|a| and b/|b| are unit vectors perpendicular to 
the given planes. If @ is the angle between these planes, 
then 


2 6+( 3) 2+( 6) (9) 


+( 3+( 67 J6+27+( 9P 


20 
77 
Therefore 
@=Cos! » 
77 
The other angle is 
a Cos! Lu 


77 


6.3 | Vector or Cross Product 


Example peaa 


If|FP 273i +4] + 6k)+4=0 represents the equation 
of a sphere, then find the centre and radius of the sphere. 


Solution: The equation of a sphere whose centre is the 
point with position vector ¢ and radius a is 


(F @)XF é)=a 
Simplifying we get 
PH 2WE+O€=a 


[FP 2me=a? |éP (6.2) 


6.3 | Vector or Cross Product 


The given equation is 
|7P 273i +47 +6k)+4=0 (6.3) 
Therefore comparing Eqs. (6.2) and (6.3) we get 
G=31 +47 +6k 
and wale, 4 
Thus the centre is (3, 4, 6) and the radius is 


ylcP 4=/38+4+0 4=2V15 


We introduce the concept of vector product or cross product of two vectors and study its various properties and appli- 
cations in finding vector areas and volumes of certain geometrical figures. 


DEFINITION 6.4 Let @ and b be any vectors. We define 


0 if d@and b are collinear or d=0 or b =0 


G@ b= | 
|a||b| sine x 


where 0 = (4, b) is the angle between a and b and f is the unit vector orthogonal to both a 
and b such that (4, b, n) form a triad of right-handed vectors. ab is called the vector product 
(since it is a vector) or cross product (since is used in between a and b in contrast with the 
dot product a, b) of a and b. Figure 6.15 shows the vector product. 


FIGURE 6.15 


Definition 6.4. 


Note that if a =0orb = 0, then @ and b are obviously collinear and hence a b=0. Conversely, if a b =0, then 
a=0 or b=0 or @ and b are non-zero collinear (parallel) vectors. 


THEOREM 6.18} For any vectors a and b 


ja bl alld] 


Proor| We can assume that a and b are non-zero non-collinear vectors (otherwise a b=0 and the 
result is trivial). Then 0< (a, b)<a and hence 0<sin(a,b) 1 so that 


|a bl|=|a||b||”|sin(@,b) |a\|d| 


since 7 is a unit vector. 
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We have proved earlier that the dot product is commutative in the sense that a>b = bx for all vectors @ and b. 
The vector product is not commutative, that is, a b may not be equalto b a. However, we have the following. 


THEOREM 6.19) For any vectors a and b, 


PROOF 


Coro.iary 6.11 


THEOREM 6.20 


PROOF 


a b= (b 4@) 
Thatis,@ bandb Gare opposite to each other. 
If one of G and b is the zero vector or if @ and b are collinear, then 
a b=0= 0s b a 


Therefore, we can assume that a and b are non-zero and non-collinear vectors. Let @ be the 
angle between a and b and n be the unit vector perpendicular to both a and b such that 
(a, b,n) is a right-handed system. Then, by Definition 6.4, we have 


a b=(\a||b|siné)A 
Since (b, 4, i) is a right-handed system, we have 

b G=(\b|la|sin@)( 7) 
(\a||b| sin@)n 


Il 
— 
QI 
ao 
wm 
| 


We have 


= 

i 
ll 
ol 
Q) 


|=|a||b| sino 


where @is the angle between a and b. 


The following hold for any vectors @ and b and scalars / and m: 

1. (4) b=b G=a ( b)= (@@ 5b) 

2.( a) ( b)=a b 

3. (la) b=l(G@ b)=a (Ib) 

4. (la) (mb)=Im(a_ b) 

All these equalities hold good trivially if a =0 or b=0 or G@ and B are collinear or /=0 or m=0. 
Therefore we can assume that a and b are non-zero non-collinear vectors and / and m are non- 


zero scalars. Let @be the angle between a and b and n be the unit vector perpendicular to both 
a and b such that (a, b, n) is a right-handed system. 


1. The vector triad ( @, b, 7) becomes a left-handed system while ( a, b, i) becomes a right- 
handed system. Also, the angle between aandbisz _ 0. Therefore 


(a) b=[| allblsin(x @)]( A) 
= (|al|b|sino)n 
= (@@ b) 
=b Ga 


6.3 | Vector or Cross Product 


and 
a x (-b) =-[(-b) xa] 
~(@xb) (by the above equality) 


2. We have 


(-) x (-B) = -[a x (-b) | =-[-@x b)] =a x5 


3. Let us first assume that /> 0. Then the angle between Ja and b is @and |/a| =/|a|. Therefore 
since (in, b, n) is a right-handed system 


(la) x b =(|la||b| sino), 
=(14||b| sind)A 
=I(@xb) 

If /<0, then —/> 0 and, by (1) above, we have 


(Ia) x b =-{(-I)a x B] 


=~(-l) (4x b) 
=I(4xb) 
Also, 
a x (Ib) =—(Ib) x @ =-I(b x @) = (-b x @) = l(a x b) 
4, We have 


(la) x (mb) = Ifa x (mb)] = Im(a x b) i 


THEOREM 6.21) For any vectors a and b, 
ax(a4+b)=axb 


ProoF| This equality trivially holds if @=0 or b=0. Therefore, we can assume that @ and b are non- 
zero vectors. Let O be the origin and choose points A and B such that OA=4 and OB=b. 
Complete the parallelogram OABC. Let D be the foot of the perpendicular from C to the line 
OA (Figure 6.16). Now we have 


C=a+b 


O a A D 
FIGURE 6.16 Theorem 6.21. 
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Clearly,a (a+ b) and a@_ b have the same direction. Also, regarding the magnitudes, we have 
|a (4+b)|=|a||a + b|sin|COD 
=|a|OC sin|COD =|a|CD 


=|a| AC sin|DAC 
=|4||b|sinLAOB=|a_ | 


Thus@ (4+b)=a@ b. a 


Coro tary 6.12] For any vectors a and b and any scalar A, 


PROOF 


@ (Aa+b)=a b 
If A=0, this is trivial. Suppose that A 0. Then 


a (Ad+b)=a A i+ sb. 
=AG@ a+—b; 
. Il; 
=A a gee (by Theorem 6.21) 
=a b oO 


Note: The proof of the following theorem is bit lengthy. The reader may skip the proof in first reading and assume 


its validity. 


THEOREM 6.22 
(DisTRIBUTIVE 
Law) 


PROOF 


For any vectors 4, b and C, 

1.a@ (b4+0=(@ b)+ @ 

2. (@+b) @=(4 2)+(b @) 

(2) is a simple consequence of (1), because 


(4+b) ¢= [é (a@+b)] 


= [€ a+ 5), by) 


=a C+b ¢ 


1. This is trivial if @=0 or b=0 or @=0. Therefore we can assume that a, b and é are non-zero 
vectors. We shall distinguish the following cases. 
Case I: Suppose that b and é are linearly dependent. In this case there exists a scalar, @such 
that b= a@é and hence 


@ (b+é)=a (aé+2) 


=a [(a+1)c] 
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=(a+1)(axc) 
=a(axc)+(axc) 
=[a x (ac)]+ (ax Cc) 
=(4x b)+(axé) 


Case II: Suppose that 6 and ¢ are linearly independent and a x(b+¢)=0. Then @ and 
b+€ are non-zero parallel vectors and hence b+€=Ad for some scalar A. Now, we have 


axé=ax(Aa-b) 


[Ad x(Aa—b)], by Theorem 6.20 [part (3)] 


Sse has 


[Aa x(-b)], by Theorem 6.21 


=ax(-b), by Theorem 6.20 [part (3)] 
=-axb 
Therefore 
(4x b)+(@xé)=0=4x(b +2) 


Case III: Suppose that 5 and @ are linearly independent and @ is perpendicular to both 5 
and c. Let O be the origin and B and C be points such that OB=b and OC =<. Then O, B, 
C are not collinear (since b and ¢ are linearly independent, Figure 6.17). Choose a point D 
such that OBDC is a parallelogram. Then OD=5 + €. Now, choose points B’ and C’ such 
that OB’ =ax b and OC’ =axc. Then B’ and C’ lie in the OBC plane, since a is perpen- 
dicular to both b and c. Also, 


OB’ =|a x b|=|4||b|=|a| (OB) 
and OC’ =|4x¢|=|al||e|=|a|(OC) 


O B B 


FIGURE 6.17 Theorem 6.22 [part (1), Case III]. 
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Next, choose a point D such that OB D C isa parallelogram, as shown in Figure 6.17. Then 
we have, by the parallelogram law, 


OD =(4 b)+(a@ @) (6.4) 


Let_L be_a straight line passing through O and perpendicular to the OBC plane. Since 
(a,b,a 6) and (a,c,a Cc) are right-handed orthogonal systems, a rotation about the line 
L through the angle |BOC, so that the new direction of OB consider with the old direction 
of OC, brings OB along the old direction of OC . Therefore 


|B OC =|BOC 
and OBD =x |BOC =a |BOC=|OBD 
Since 
OB jy BD 
OB BD 


it follows that the triangles OB D and OBD are similar. Hence 


OD _,. 
— =Ial 
OD 

and |B OD =|BOD 


Also, since (@,b,@ 6) and (a,é,a@ @) are right-handed orthogonal systems, a rotation 
about the line L through 90°, so that the new direction of OB coincides with the old direc- 
tion of OB, brings OC along the old direction of OC. Therefore the same rotation brings 
OD along the old direction of OD and hence it follows that (4, OD, OD ) is a right-handed 
orthogonal system. Therefore OD anda (b +) have the same direction. Now 


OD =|a|(OD)=|a||b+é|=|4 (6 +0)| 
Thus OD anda@ (b+2) have the same direction and magnitude, so that 
G@ (b+@)=OD =(@ b)+(a @) [by Eq.(64)] 


Case IV: Suppose that b and @ are linearly independent, @ (b+) 0 and @ isnot perpen- 
dicular to b or c. If b=Aa for some non-zero scalar A, then 


G@ (b+@)=a (Aa+2) 


=a Cc (by Corollary 6.12) 


Similarly, we are through if ¢=Aa for some scalar A 0. Therefore, we can assume that a 
and b are linearly independent and that a and © are linearly independent. Let O denote the 
origin. Choose points A, B and C such that 


A=a,OB=b and OC=é 


6.3 | Vector or Cross Product 


Then the points O, A and B as well as the points O, A and C are non-collinear. Choose a 
point D in the OAB plane such that OD is perpendicular to OA and (a4,OD,a__b) is a right- 
handed system (see Figure 6.18). 


(b) 
FIGURE 6.18 Theorem 6.22 [part (1). case (iv)]. 


Let b be the orthogonal projection of bonOD.Thena b=a b andb b is parallel to 


a. Similarly we can choose a vector ¢ such that a is perpendicular toc,a c=a c and 


@ @ isparallel to a. If b and @ are linearly dependent, then as in case (i), 
G@ (b+®@)=a@ (b +2) 

=(4 b)+(a@ @) 

=(4 b)+(@ @) 
Now, suppose that b and é are linearly independent. Since a@ is perpendicular to both b 
and C, it follows from case (iii) that 

a (b+é)=(4 b)+(@ ¢) 

Since both b b andé @ are parallel to G, it follows that b+é (b +2) is parallel to a 
and hence 


a [(b+¢) (b +é)]=0 
and therefore, from case (ii), 


aG@ (b+é@) @ (b @)=a [(b+2) (b +é)]=0 
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and hence 


But we have 
G@ (b+¢)=(4@ b)+(@ Z) 

=(@ b)+(@ @) 

Thus, in any case,@ (b+é)=(@ b)+(a@ ©). a 


Note: The above proof is apparently involved and complicated. We offer an alternate proof later (see Theorem 6.45) 
which is elegant and simple. The strength of the above proof is that it is direct from the definition of the vector product. 


Next, we derive a simple formula for the vector product of two vectors in terms of their components in the direc- 
tions of an orthogonal right-handed system of unit vectors. First, let us have the following. 


k) be a right-handed orthogonal unit vector triad. Then 


THEorEM 6.23] Let (i, j, 
li i=0=j k k 
2i j=k,j k=iandk i=j 
3. j i= kk * iandi k= j 
Proor| 1. Follows from the fact that @ a@=0 for any vector @. 
2. Since (i, j, k) is a right-handed system and k is the unit vector orthogonal to both i and j, 


we have 
i j=lilli|sint k=k 
Similarly j k=i andk i= j. 
3. Follows from (2) and the fact that@ b= b G for any vectors @ and b. Oo 
THEOREM 6.24} Let Gi i. k) be a right-handed orthogonal system of unit vectors and a= ai +a,j +a,k and 
b=bi+bj + bk. Then 
G@ b=(ab, a,b,jit (ab, ab,)i+(ab, ab,)k 
ProoF| We have 
a@ b=(ait+ajt+ak) (bi+bj +k) 
=ab(i i)+ab,(i j)+ab,i k) 
+ab(j i)+ab,j j)+ab(j k) (by Theorem 6.22) 
+a,b(k i)+a,b(k j)+ab,(k k) 
=ab,k ab,j a,bk+a,b,i+a,b,j a,b,i (by Theorem 6.23) 
=(a,b, ayb,)it+(ab, ab,)j+(ab, ab,)k al 


Note: The above expression for @ b can be given in the form of a determinant as 


ij k 
G@ b=\a, a @, 
b, b, »b, 


6.3 | Vector or Cross Product 


THEorEM 6.25] Let a@=aji +a,j +.a,k and b=b,i + b,j +.b,k be non-zero vectors where (i, j,k) isaright-handed 
system of orthogonal unit vectors. Let @ be the angle between a and b. Then 


(a,b, a;b,)° 
( a@)( 4) 
a,b, + a,b, + a,b; 


sin@ = 


and cos@ = 


Proor]| Sincead 6 =|a||b|sin@ 7, we have 


: la b| (a,b, a,b,)° 
sin@ = = 


abl 


and hence 
cos@=,/1 sin’@ 


| a; )( by) (a,b, a,b,y° 


2. 2. 
ax b 


_ a,b, + a,b, + a,b, 
(a+ a+ a fb + b+ Be Py 


Note: In the above, the value of sin 9 will not give us the value of 0, since the sine function is not an injection on the 
interval [0, z]. However the cosine function is an injection on the interval [0, z] and hence @is determined uniquely by 
the value of cos @. For these reasons, the formula for cos 6 is more useful in determining the angle between two vectors. 


THEOREM 6.26] For any vectors @ and b, 


= = = axa 
ja bP=|aP|bP (@by =|". 
a>d 


SiS 


a 
b 
ProoF| These equalities hold trivially if a =0 or b=0 or @ and b are collinear. Therefore we can assume 
thata 0,b 0 anda and Db are not collinear (parallel). Then 
G@ b=(\al|b|sin@) x 
where Gis the angle between a and b and fis a unit vector perpendicular to both a and b such 
that (a, b, n) is a right-handed system. Now, we have 


|a@ bP=|aP|bP sin’@ (since |”|=1) 
=|af|bP (1 cos’ 6) 
=|aP|bP |aP|bP cos’ 6 
=|aP|bP (@by 
=(Gxi)(b>) (ab) (@b) 


QI 


= the determinant 


Si & 


SX 
oa! aI 


QI 
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THEOREM 6.27] Let a and b be two non-zero and non-parallel vectors. Then a unit vector n perpendicular to 
both a and b is given by 


b ae (a,b, a,b, yi 
| 2 
b| ‘| (a,b, a,b,) 
where @=a,i +a,j +a,k and b=bi + b,j +k. 
ProoFl This isa direct consequence of Definition 6.4 and Theorem 6.24. Oo 


Note: The signs + or depend on whether (4, b, 7) is a right-handed system or a left-handed system. 


In the following we derive a formula for the cross product of two vectors when they are expressed as linear combi- 
nations of three given non-coplanar vectors. This generalizes Theorem 6.24. 


THEOREM 6.28] Let (@,b,@) be a non-coplanar vector triad and 
Q=rat+nb+ré 
and B=s+s,b+5,é 


Then 


ProoF| Using the distributive law of cross product over addition (Theorem 6.22), we have 
G@ B=(ra+rnb+r2) (s,4+5,b+ 5,0) 
=ns,(@ b)+7s,@ 2)+n3(b a+ns,(b 2) 
+ns(€ G)+ns,(E b) 


= (HS; nS))(b C) (FS, BS)(C a)+(FRS, 45,) (4 b) 


5 Sy 53 oO 


Try it out If (4,5, ¢€) is an orthogonal right-handed system of unit vectors, then Theorem 6.28 implies 
Theorem 6.24, sincead b=c,b C=aandc a=b. 


Prove it. 
Example MR 
Let@=2i 3j+5k andb= 7+4j+2k. Then find the oo ¢ 
cross product ab and unit vectors perpendicular to a $e i pe ; 
both a and Db, (a,b, a,b,) 1 & G&G, 


b, b, &b; 


Solution: Recall the formula 


6.3 | Vector or Cross Product 


Substituting the values we get The unit vectors perpendicular to both @ and b are 
i jk 44 6 4 1 o67 97 n 
= +t—— =+ Jj +5k) 
@ b=|2 3 5 lab] V782 
2 


=(6 20)i (44+5)/+(8 3)k 
= 261 9j+5k 


Example a] 


Let ABC be a triangle, BC= a,CA=b and AB=é. and hence @+ b= @. Now, by Theorem 6.21, we have 
Then prove that Sy 


a b=b ¢=¢é a 
and 
Solution: First observe that B g=5 +B)=5 ae A we 
a@+b+é=BC+CA+ AB=BA+ AB=0 
Therefore 


If a=2i j+ k and b=3i +4 J k, find angle between Therefore 


a and b 
sing-= ES. [15 
Solution: If @is the required angle, then ~ 6/26 V156 
ab Also, 
nea” 2 
lal|d| Gb =28+( 1)441( 1=1 
Now Therefore 
ai b a 7 +57 ke ee 
3 4 1 
Hence 
la ( 3° +5°+10 = 155 , 


fates? ——, 
|a|=,/27+( 1p +P = V6 oS ise" 


|b|= 3+ 44+( 1% = 


Note that for finding the angle between a and b, use of the dot product is more suitable. 


Example fen) 


Let @=2i +j 2k and b=i + j. Let @ be a vector such Solution: We have 
that @¢=|¢|,|é a|=2V2 and the angle between a b 
and ¢ is 30°. Then find the value of |(@_ b) ¢|. laj=./2?+ 17 +( 2Y =3 


and |b|= JV +74+0? =V2 


Chapter 6 | Multiplication of Vectors 


Now, 2V2=|é 4| implies that |é a[=8. Therefore and la bl=3 
lef +laP 2(éa)=8 Therefore 
= 2 =] _ es = 
lef+9 2|cl=8 (a@ 6) él=|a dllé|sin30° 
(lé| 1)°=0 -yyi-3 
|c|=1 +3 
Also 


ij &k 
@ b=(2 1 2=2i 2j+k 
11 0 


6.4 | Vector Areas 


The orientation of a closed curve is usually denoted by an ordered trial of non-collinear points on the curve as indi- 
cated in Figure 6.19. Consider the plane region D bounded by a closed curve described in the anticlockwise sense. 
It is indicated by the ordered trial (P,, P,, P,) of points on it (see figure (a) below). In the figure (b), the region D is 
bounded by a curve described in the clockwise sense and it is indicated by the ordered trial (P,, P;, P,). While the area 
of the region D is independent of the orientation of the bounding curve, the vector area depends on the orientation 
of the bounding curve, as we see from the definition given below. 


P3 Ps 


P, P, 


P, Pp» 


—n 


(a) (b) 
FIGURE 6.19 Orientation of closed curve. 


DEFINITION 6.5 _ Let D be the plane region bounded by an oriented closed curve C whose orientation is indi- 
cated by an ordered triad (Q,, Q,, Q,) of non-collinear points on C. The vector area of D is 
defined as An, where A is the area of the region D and nis the unit vector perpendicular 
to D such that (Q,Q,, Q,Q,, 7) is a right-handed system. In Figure 6.19(a), (RP, BP, n) isa 
right-handed system and in this case A 7 is the vector area of the region D. In Figure 6.19(b), 
(PP, PP, n) in a right-handed system and hence, in this case, the vector area of the region 
Dis A( n). 
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1. For any plane region, there will be two vector areas 2. The magnitude of the vector area of the plane region 
and they are opposite to each other. is the usual area of the region and its direction is 
perpendicular to the plane of the region. 


6.4 | Vector Areas 


THEOREM 6.29] The vector area of a triangle ABC is 


5(AB AC) 


1?) 


B a 
FIGURE 6.20 Theorem 6.29. 


ProoF| Consider a triangle ABC (Figure 6.20) and let its area be__. Let 1 be the unit vector perpen- 
dicular to the plane of the triangle ABC such that (AB, AC, n) forms a right-handed system. 
Then the vector area of the triangle is n. But, we have 


= Area of the triangle ABC 
= . be sin A 
2 


= 5 |AC||AB| sin A 
Therefore the vector area of the triangle ABC is 


3(AB AC) 


Corottary 6.13] The vector area of a parallelogram (Figure 6.21) with adjacent sides G@ and b is@_ b. 


a 
FIGURE 6.21 Corollary 6.13. 


Corottary 6.14] Let ABC be a triangle and @, b and é be the position vectors of A, B and C (with respect to the 
origin O), respectively. Then the vector area of the triangle ABC is 


AG e)+(é a)+(@ Db) 
Proor| The vector area of the triangle ABC is given by 
(AB AC)-H6 a E A 


[(b c)+{b (M+ a A+(( a ( A] 
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Note that three points A, B, C are collinear if and only if the vector area of the triangle 
ABCis 0. O 


THEOREM 6.30) The vector area of a parallelogram ABCD is 
[2 
gee BD) 


ProoF| Consider a parallelogram ABCD (Figure 6.22). Let O be the point of intersection of the diago- 
nals AC and BD. Let AC=a and BD=D. Then, we have 


= 
_ 


and BO=O 


Nilo ws 


Now 


Vector area of the parallelogram ABCD = Vector areaof OAB 
+ Vector areaof OBC 
+ Vector areaof OCD 
+ Vector areaof ODA 


Hence vector area of the parallelogram ABCD is given by 


5A OB)+(OB OC)+(OC OD)+(OD OA)| 


1 4G b b G@ @ bb a 
= 5 2 : a + = 
2 2° oe a aa oo. Be 
iG b) (b @)+(@@ b) (6 @)| 
iG b)+(@ B)+(@ 5B)+@ BDI 
= 5a b) 
| ee 
=5(AC BD) 

D Cc 
b 
2 
A B 


FIGURE 6.22 Theorem 6.30. oO 
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THEOREM 6.31} Let A, Band C denote the internal angles of a triangle ABC (Figure 6.23) and a, b, c denote the 
lengths of the sides opposite to these angles respectively. Let 


s=5(atb+o) 


Then the following hold: 


oe b oc 
‘ sinA sinB~ sinC 


(Note that this is called the sine rule for triangles.) 
2. The area of the triangle is given by 


= ,/s(s a)(s_ b)(s c) 


ProoF| 1. From Theorem 6.29, the vector area of the triangle is 


5(AB AC)= +(BC BA) 


(CA CB) 
Therefore 
|AB AC|=|BC BA|=|CA CB 
That is, 
cbsin A = acsin B = basinC 
Hence 


a b Cc 


snA sinB sinC 


2. Let BC =4,CA=b and AB =. Then |a|=a,|b|=b and |é|=c. We have 


BC+CA=BA= AB 


Therefore 


A c B 
FIGURE 6.23 Theorem 6.31. 
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Hence 
(a + b)-(4 +b) =(-2)-(-@)=¢ 
a+b’ +2(a-b)=C 
ab=5I ?_(a+b°)| (6.5) 
Now 
A= 5|CAxCBI 
Therefore 
4A? =|b x af 
=|aP |b -(@-by 
= (|a||b| + 4-5) (\al|b| -a-b) 
7 ab+5(e-a -B) | ab 3-8} [by Eq. (6.5)] 
= F1e (aby ]K(a+ 6 C] 
= F[e-(a-b)|(c+a-b) (a+ b=) (at b+0) 
=F (at b+c)(atb-0)(b+e-a)(c+a-b) 
= 5 28-2(3 c)-2(s — a)-2(s — b) 
= 4s(s — a) (s — b) (s—c) 
So 


A=.,/s(s— a) (s—b)(s—c) oO 


THEOREM 6.32] For any @and ¢e(0, z], 


sin(@ — @) =sin@cos@ — cos@sing 


Proor| Fix a right-handed rectangular Cartesian coordinate system OXYZ and i,j and k be the unit 
vectors along OX,OY and OZ, respectively (Figure 6.24). The required equation is trivial 
if 9=@ or one of them is zero and the other is z. Therefore, we can assume that 0# @ and 
{0, 0} # {0, z}. Choose points P and Q in the XY-plane such that OP = OQ =1, OP makes an 
angle ¢ and OQ makes an angle @ with the positive direction of the X-axis. Then the points O, 
P and Q are non-collinear, since 0 # ¢€ [0, a] and {6, ¢} # {0, z}. Now, we have 


OP =(cos@)i +(sing)j 
and OO =(cos6@)i + (sin@)j 
Therefore 


OP x OO =(sin@ cos@ — cos@sing)k 
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But 


OP OQ=(OP)(OQ) sin(OP, OO) ii 
= sin(OP,OOQ) ii 

where 4 is the unit vector orthogonal to the OPQ plane (= OXY plane) such that (OP, OQ, i’) is 
a right-handed system. Also, 

(OP,OO)=0 and nv=k ifO>¢ 
and (OP,OO)=% @ and fi= k ifo>e@ 
In either case, we have 

OP OQ=sin(6 @)k 
and hence 


sin(@ )=sin@cos@ cos@sing 


Y: 


FIGURE 6.24 Theorem 6.32. G 
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Though we have proved the above theorem only for @ __¢, as we have learnt it from trigonometry. 
and @ [0, a], this holds good for all real numbers 6 and 


We conclude this section with few examples in which we make use of the results proved in this section and earlier 
sections. 


Example fee 


Find the area of the parallelogram having 2i 37 and =(3 Oi (2 0)7 +(0+9)k 
3i =k as adjacent sides. Sy eee ae 
=31+2j4+9k 
Solution: The vector area of the given parallelogram 


ge Therefore the area of the parallelogram is 
is given by 


2 3 |3i +27 + 9k|=./3°+ 2°+ Y =J/94 sq. units 
(2i 3j) (i &k) 0 


Il 
WN 
uo 
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Find the vector area of the triangle having vertices and 
(1, 2,3), (2,5, 1) and( 1,1, 2). Also find its magnitude. oar ee ee 
AC=( i+j+2k) (§+2j+3k) 
Solution: Let A=(1, 2,3), B=(2,5, 1) and C=( 1, > tf 


1, 2). Then the position vectors of A, B and C with ay 
respect to the origin are Therefore 
OA=i +2) + 3k Vector areaof ABC= 5(AB AC) 
OB=2i+5j) k a 
ee ij ik 
and OC= i+j+2k li, 3 #4 
2 
2 1 #1 
Then 
a 54 4 fe ee 
AB=OB OA = 7i +97 +5k) 


=(2i+5j k) (+27 +3k) The magnitude of the vector area of ABC is 


v5 +814+25= 5s Sq. units 


Example pens 


=i+3j 4k 


For any vector a, prove that Similarly 
ja iP+|a jP+|a kP=2\aP la jP=aj+a; 
F = z = = and |a kP=a+a@ 
Solution: Let d=aji +a,j + a,k. Then we have 
Sw oo & Hence 
FFE 
s + : J - = = 0, ps 2,1 kP= 2 2 2 2 2 2 
a@i=la, a aj=aj ak la iftla jf+la kf=(@+a)+(q@+a;)+(qQ+q) 
p= = 2(ai + a +a) 


> |2 
Therefore =2|al 


la iP=@+al 


6.5 | Scalar Triple Product 


We shall introduce the concept of scalar triple product and discuss certain properties and geometrical interpretation 
of this. 


DEFINITION 6.6 The scalar triple product of three vectors a, b and Z is defined as (a b)>€ and is denoted by 
[a b c]. This is also called the box product or simply box [a b c]. 


oe. QUICK LOOK 10 


1. [4b] is a scalar, since it is the dot (scalar) product 3. Ifa, b and ¢ are non-zero and non-coplanar vectors, 
of the vectorsa b andc. then [abc] 0. 

2. [abc] =0 a=(or b=0 or é=0, or G,b or b, é or 
c,a are collinear, or ¢ is perpendicular toa_b. 


> 


6.5 | Scalar Triple Product 


For non-zero and non-coplanar vectors @, b and ¢, the scalar triple product [a b é] can be interpreted geometri- 
cally as the volume of the parallelopiped with a,b and ¢ as coterminus edges. This is proved in the following. 


THEOREM 6.33] Let a,b and ¢ be non-zero non-coplanar vectors. Let O, A, B and C be points such that OA=4, 
OB=b and OC=c. Let V be the volume of the parallelopiped with OA,OB and OC as 
coterminus edges. Then 


1. (@ b)¥€=V if (G,b, 2) is a right-handed system. 
2. (@ b)€= Vif (G,b,2) isa left-handed system. 


ProoF| Since a,b and é are non-coplanar, the points O, A, B and C are non-coplanar. Complete the 
parallelopiped OADBFCGE having OA, OB and OC as coterminus edges (Figure 6.25). 


if 


D 
FIGURE 6.25 Theorem 6.33. 


1. Suppose that (@, b, 2) is a right-handed system. Draw the perpendicular CM to the plane deter- 
mined by OA and OB and N be the foot of the perpendicular to the support of a b from C. 
Let n be the unit vector in the direction of ab. Then (a, b, n) is a right-handed system. Let 
Obe the angle between a_b and ¢; that is, |CON = 0. Then 


V =(Area of the base parallelogram OADB) (Height of the vertex C from the base) 


=(4 b)x¥€ 
=[ab ¢] 
2. Suppose that (@, b, é) is a left-handed system. Then (4,b, @) is a right-handed system and 
hence 
V=(@ b)x c)= [a bX] 
Therefore 


(4 b= V al 
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THEOREM 6.34 


PROOF 


Coro.iary 6.15 


PROOF 


THEOREM 6.35 


PROOF 


Let a, b and @ be three non-zero vectors such that no two of them are collinear. Then 
[abc]=0 a,b and Garecoplanar 


Suppose that a, b and é are coplanar. Since a b is perpendicular to the plane determined by 
a and b, it follows that ab is perpendicular to ¢ and hence 


(4 b)¥€=0 


Conversely, suppose that (a b)€=0. Then @ 5 is perpendicular to ¢. But, by the definition 
ofa b,wehavethata _b is perpendicular to both a and b. Therefore a_b is perpendicular 
to a,b and c. Thus a,b and ¢ are coplanar. BH 


Four distinct points A, B, C and D are coplanar if and only if [AB AC AD]=0. 


This follows from Theorem 6.34 and the fact that A, B, C and D are coplanar if and only if 
AB, AC and AD are coplanar. Oo 


Let OXYZ be a rectangular Cartesian coordinate system and i,j and k be unit vectors along 
the positive axes OX, OY and OZ, respectively. Let 


a@=ai+ajt+ak 
b=bi +b,j+dk 
G=ci +oj+ok 


be any three vectors. Then the scalar triple product [4 b ¢] is precisely given by 


a4 aq 4, 
[abc]=|b, b, b, 
Cc G&G C, 


From Theorem 6.24, we have 
G@ b=(ab, ab,)it+(ajb, ab,)j+(ab, ab)k 
=(a,b, ab,)i (ab; ab)j + (ab, ab,)k 
Therefore 
[abé]=(@ bye 
=(a,b, a,b,)c, (ab; a,b,)c,+(ab, ab,)c, 


a4 G4 4, 
a b, b, b, 
GQ G&G oO 


Coro.tary 6.16} Any vectors 


a@=aitaj+ak 
b=bit+bj+b,k 


C=qitaj+ok 


6.5 | Scalar Triple Product 


are coplanar if and only if the following determinant is zero: 


a4 G4 4, 
b, b, b,;=0 
GQ G& 


THEOREM 6.36] For any vectors a, b and é, 


that is 
(4 b)€=(b @)x4i=(€ Gb 


Proor| If one of G,b and @ is 0 or if any two of them are collinear, then the equality trivially holds. 
Therefore, we can assume that all of them are non-zero and no-two of them are collinear. Also, 
we can assume that a,b and ¢ are non-coplanar. If (a, b,c) is a right-handed system, then so 
are (b,c, a) and (c,a, b) and hence, by the Theorem 6.35 


(4 b)é=(b @>xi=(€ G)>b = Volume of the parallelopiped = V 
If (G, b, é) is a left-handed system, then so are (b, é,@) and (2, a, b) and hence 


(@ b)€= V=(b @xi=(E Gb al 


THEOREM 6.37) For any three vectors a, b and é, 
(@ b)¥é=axXb 2) 
(That is, in a scalar triple product, the operations dot and cross can be interchanged.) 
ProoF| From Theorem 6.36, 
(4 b)€=(b @)xi=aXb 2) 


since dot product is commutative. Oo 


Corottary 6.17] Let a, B and y be three non-coplanar vectors and 
G=a,+a,B + ay 
b=ba+b,B+by 
C=Ca+ cB + 6,7 

be any vectors. Then 4, b and é are coplanar if and only if 


a4 aq 4, 
b, b, b,;=0 


CG G&G 
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ProoF| By Theorem 6.28, we have 


i 77 &@ GB 
a b= 


a, a, a, 
b, b, b, 
= (a,b, a,b, )(B Y) (4b; ab\yY a)+(ab, ab,)\(a B) 
Therefore 
[abé]=(@ b)¥ 


= (ab, a,b,)(B Y)AXC,a) (ab; a,b, (7 &)Xc,B) 
+(ab, ab) B)Xc,7) [since(B 7¥)P=0=(B 7)¥, etc] 
=[(ab, a,b,)c, (a,b, a,b,)c,+ (ab, a,b,)c,]La B | 


since, (B 7)pa=(7¥ G>xB=(& B)¥ =[& B7] (see Theorems 6.36 and 6.37). Therefore 


lm & ae) 
[abc]=|b, b, bila B7] (6.6) 
CO G 


Since &, B and 7 are coplanar, [@ B 7] 0. Therefore 


a,bandéarecoplanar [ab ¢]=0 
a4 a 4&, 
b, b, b,)=0 
G4 OG G Py 


Os QUICK LOOK 11 
1. During the course of the proof of Corollary 6.17, we 2. Using the property that determinant of product of 


have proved the following result. two square matrices is equal to the product of the 
If a, B, Y are non-coplanar vectors and determinants of the matrices, the following result 
‘ is a 7 can be easily proved: 
a=a0+a,B + ay If 1,m,n,a,b,¢ are two sets of vectors each of 
me ba+b, B +b which is expressed in eae of i vj a k then 
gaa ees L lima 1% 
C=C0+6B8 +67 eS f mI 
ead oy i (i) [[mal(@ b)=|m mai mob 
Then A Wa WE 
4 & 4 e Se os 
Bree Bi nae ba Id 1x 
labcl=\b, b, bj [a By] x 2 = 
Gy ty (ii) [1 mn][abc]=|ma mb met 
na nd nx 


which is same as Eq. (6.6). 


THEOREM 6.38] The volume of a tetrahedron with @, b and ¢ as coterminus edges is 
1,7. 

—|[abec 
alla bz] 
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Proor| Let OABC bea tetrahedron and OA = a, OB= b and OC =¢. Let V be the volume of the tetra- 
hedron OABC (Figure 6.26). Then the volume is given by 


V= $(Area of the base AOAB)(Length of the perpendicular from C to the base AOAB) 


Draw perpendicular CN from C to the triangle OAB and perpendicular CM from C to the 
supporting line of a x b. 


FIGURE 6.26 Theorem 6.38. 


Then 
CN=OM 
= Length of the projection of é on @ x b 
_|@xb)-e| 
lax b| 


_ [abe] 


Also, 


Therefore 


Coro.tiary 6.18) The volume of a tetrahedron whose vertices are A, B, C and D is 
= (AB AC AB) 


PrRooF] Since AB, AC and AD are coterminus edges of the tetrahedron ABCD, it follows from 
Theorem 6.38 that the volume of the tetrahedron is 


=(\[AB AC ADI) 
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Consider the vectors @=2i —-j+k,b=i-3j-5k and = 2(12 — 20) + 1(-4 + 15) + 1(-4+ 9) 
c =3i —4j —4k. Prove that they are coplanar. =0 


Solution: For the given vectors we have Hence a,b, are coplanar. 


[a b €]=(4xb)-é 


2 -1 #1 
=/1 -3 -5 
3 -4 -4 
Example a) 
Leta, b and ¢ be non-coplanar vectors and let @ = 3a + AC =} -G@=-64 + 62 


2b —5é, B =—3a + 8b — 5é, 7 =-34 +26 +E and 6=-a+ ee ee ot 
4b — 3¢ be four points. Prove that a, B, y and 6 are D=6—G@=—4a + 2b + 2¢ 
coplanar. Therefore 


Solution: Let A, B, C and D be four points and O -6 6 0 


be the origin such that OA=&, OB=B, OC=7 [ABACAD]=|-6 0 6|[@bé] (see Quick Look 11) 
and OD=6. Then 


AB=B-@ =[-6(-12) -6(-12 + 24)][a 5 @] = 


= (-34 + 8b — 52) — (3a + 2b — 52) eee ee 
Therefore AB, AC and AD are coplanar. Hence the points 


=-64 + 6b A, B, Cand D are coplanar. So a, B, Y and 6 are coplanar. 
Example ae | 
Find the volume of the parallelopiped with 2i =3], = 2(-1) + 3[-1—(-3)]+0G) 
i+j-—k and 3i —k as coterminus edges. =i 


Solution: Let @=2i -3j,b=i+j-—k and é=3i-—k. — Therefore the volume of the parallelopiped is 


Then " 
[ab c]|=4 
2 -3 0 
[abc]=|1 1 -1 
a al 


We have discussed in the previous chapter about the vector equation of a plane in various forms. In the following, 
we obtain vector equation of a plane using dot, cross and scalar triple products. Also, we introduce the concept of 
skew lines and derive a formula for the shortest distance between two skew lines. In the following, we fix a point O as 
the origin of reference and adopt the notation that A(a) is a point, that is, a is the position vector of a point A with 
respect to the origin O. Let us first prove the following. 


THEOREM 6.39] Let A(@) be a point and 5 and é be two non-collinear vectors. Then the vector equation of the 
plane passing through A and parallel to the vectors b and ¢ is 


[Fb c]=[ab ¢] 


PROOF 


THEOREM 6.40 


PROOF 


THEOREM 6.41 


PROOF 


6.5 | Scalar Triple Product 


Let P(r) be any point in the required plane. We may assume that A P. Then 
Pliesinthe plane Vectors AP, b and é are coplanar 


[AP b é]=0 


Thus the equation of the plane passing through A and parallel to b and Z is 
[F be] =[ab¢] a 
Let A(@) and B(b) be two given distinct points and é a vector. Then the vector equation of the 
plane passing through A and B and parallel to ¢ is 
[Fb é]+[F ¢ a] =[a b ¢] 

Consider an arbitrary point P(7) A. Then 

P(F) lies in the required plane Vector AP AB is perpendicular to the plane 
AP AB is perpendicular to é 
(AP AB)¥€=0 
APXAB 2)=0 
aA a a= 
(F aXb €+é a)=0 


Thus the vector equation of the required plane is 


[Fb é]+[F ¢ a] =[a b ¢] a] 


Let A(a), B(b) and C(é@) be three given non-collinear points. Then the vector equation of the 
plane passing through A, B and Cis 


[Fb é]+ [Fé a]+[F ab] =[4b ¢] 


Let be the plane passing through A, B and C and P(r) be an arbitrary point. Then 


P(r) lies on A, B,C and P are coplanar 


PA, PB and PC are coplanar 


a ¥,b rand c_ /Farecoplanar 
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THEOREM 6.42 


PROOF 


Fb F) ( F)]=0 
PX(b @)+(E G@)+(@ b)=aXb 2) 


— 
1 


[Fb é]+[F Ca]+[F ab] =[ab ¢] 
Thus the vector equation of the plane is 
[Fb é]+[F ca]+[F ab] =[ab ¢] al 
The vector equation of the plane containing the line r=a+ tb,t R and perpendicular to the 
plane 7>¢ =q is [fr bc]=[ab c]. 


Recall that the vector ¢ is normal to the plane r>€ = q. Since the required plane contains the line 
r=a+tb,t R, itshould pass through the point a and is parallel to the vectors b and c. Thus, by 
Theorem 6.39, the equation of the required plane is [7 b c]=[a b c]. Oo 


DEFINITION 6.7 Skew Lines Two lines in the space are said to be skew lines if there is no plane containing 


both the lines. 


Note that if two lines intersect, then there is a plane containing both of them and hence they are not skew lines. 
Therefore, two skew lines have no common point. However, they will have a common perpendicular. In the following 
we prove that any two skew lines have a common perpendicular and derive a formula to find its length. 


THEOREM 6.43 


PROOF 


Let L, and L, be two skew lines. Then there exists unique pair (P, Q) of points with P on L, and 
Q on L, such that PQ is perpendicular to both L, and L,. 


Let A(a) and C(c) be points on L, and L,, respectively, and let b and d be parallel to L, and L,, 
respectively (Figure 6.27). Then the equations of L, and L, are 


7F=a+tb 
and F=C+sd 


where rand s are scalars. Observe that L, and L, are not parallel if and only if |b>d|_|b||d|. 
Consider the following simultaneous equations: 


(bd)s |bPt=(@ @)b (6.7) 
|dP's |bxd|t=(@ @)pd (6.8) 


FIGURE 6.27. Theorem 6.43. 


6.5 | Scalar Triple Product 


Since |b||d| |b>d|, Eqs. (6.7) and (6.8) have unique common solution, say (s,, t,) Let P and Q be 
the points on L, and L, corresponding to ¢, and s,, respectively. Now, we have 
bxPO=b¥X(E+s,d) (4+1,)] 
=bX(é a)+(sd_ 1,b)] 
=bxXé G)+s,b>d tb 
=0 [from Eq. (6.7)] 
Therefore, PQ is perpendicular to b and hence to L, (since b is parallel to L,). Similarly, using 
Eq. (6.8), we can prove that PQ is perpendicular to L,,. 
Next, we will prove that P and Q are unique. If P and Q are points on L, and L,, respectively, 
such that P Q is perpendicular to both L, and L,, then the corresponding scalars s and t satisfy 


Eqs. (6.7) and (6.8). By the uniqueness of (s,, f,) it follows that P = P and Q =Q. Thus P and Q 
are unique on L, and L,, respectively, such that PQ is perpendicular to both L, and L,,. o 


Note that, if P and Q are points on L, and L, respectively, then PQ PQ. Therefore PQ is the shortest distance 


between L, and L,. 


THEOREM 6.44 


PROOF 


The shortest distance between two skew lines whose equations are =a + tb and? =C+sd,s, 
t R,is 


@_Ox5_a)| 
|b d| 
By Theorem 6.43, there are unique points P and Q on L, and L,, respectively, such that PO is 


perpendicular to both L, and L,.Then PQ is parallel to bd. Choose points A and C such that 
OA=a and OC =c, where O is the origin. Now, we have 


PQ = Magnitude of the projection vector of AC or PO 


= Magnitude of the projection vector of AConb d 


= Ié_a)xb_ 4) (see Theorem 6.1) 


|b d 
_|@_ axb_ A) 
|b dl 
Note that PQ is the shortest distance between L, and L,. o 


Example ae] 


Let A= (2,3, 1), B=(4,5,2) and C=(3,6,5). Findthe Then, by Theorem 6.41, the equation of the plane passing 


equation of the plane passing through A, B and C. through A, B and Cis 
Solution: Let O be the origin. Then, we are given that [7b c]+[F éa]+[F ab]=[ab ¢] 
a=OA=2i+3j k ay 2) ie ye 2) be or Zz) 2S. 
eel tee De oe 4 5 24+/3 6 5]4+]2 3) =4 5 2 
b=OB=41 +5j +2k 
3 6 5 j2 3 YY 4 5 2) 33 6 5 


é = OC =3i + 6j + 5k 


ae Alternate Solution: Problems of this type can be solved 
Let ¢ =xi + yj + zk be the position vector (with respect directly as follows without referring to Theorem 6.41. 


to the origin O) of an arbitrary point P in the space. 
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P(F) lies on the plane passing through A, B and C 


AP, AB and AC are coplanar 


[ 


P 


AC]=0 


G=(x 2)it(y 3)f+(zt+ Dk 
G@=2i1 +27 +3k 


a=i +3] +6k 


and 


3 6 
=(x 2)(12 9) (y 3)(12. 3) 
+(z+1)(6 2) 
=3x 9y+4z+25 
Thus, the equation of the plane passing through A, B and 
Cis 
3x 9y+4z74+25=0 


Find the shortest distance between the following skew Then 
lines: 
ee ae ac= 4j 
L: r=( 27 k)+t(4i 3k) Ss ta: S 
See Se Oe i j ok 
fee Ee) Eee Ay ae) b d=|4 0 3/= 1274147 16k 
2 4 
Solution: Let . 
aG@=i 2 k From Theorem 6.44, the shortest distance between L, 
eee and L, is 
b=4i 3k be ten m m . = 
Ses ake, (@_6)xXb_ DI _IC4/)x 121 +14) 16k) 
c=it2j k |b dl | 12i+14j 16k| 
d=2i 4j 5k |( 4)14| 56 28 
(12) + (14) + (16) 596 149 
As per note under Theorem 6.22, the following is an alternate proof of Theorem 6.22. 
THEOREM 6.45} For any three vectors a, b, € 
G@ (b+@)=a b+a & 
ProoF| Let? be any vector. Since the dot product is distributive 
FAG (b+¢) @ b) @@ @)| 
=7Xa (b+0)] 7a b) FXa ©) 
=(7 &@)b+¢) 7Xa@ b) FXG @) (-- dotandcrosscan be interchanged) 
=(7 @»Xb+2) (F G>b (# G)>€ (-- dotand cross can be interchanged) 
=(7 @)fb+é b €] (+. dot product is distributive) 
This is true for any vector 7. Therefore 
a@ (b+é@) (@ b) @@ @=0 
G@ (b+é@)=a b+a EG a 


6.6 | Vector Triple Product 


6.6 | Vector Triple Product 


The concept of scalar triple product of three vectors is introduced in the previous section and using this we have 
derived equations of a plane in different forms. In this section we introduce the notion of the vector triple product of 
three vectors and discuss certain properties. 
DEFINITION 6.8 For any three vectors G, b and ¢,(@_ b) @ iscalled the vector triple product of a, b and €. 
In respect of scalar triple products, we have proved that 

(4 b)€=aXb @) 


Such type of associativity does not hold for vector triple products. For, consider the following example. 


Example ey 


Let @=i+j+2k,b=i+2j +k and é=2i + j +k. Prove ij k 
that associatively does not hold. That is prove that b G=|1 2 1J=i+ ] 3k 
(a b) ¢ a@ (b C¢) 711 
Solution: For the given vectors we have ij k 
ij k a (b @)=|1 2\= Si+5j 
@ b= 1 2l= 3i+j7t+k 1 3 
12 1 


Therefore (4 b) @ @ (b 2). 


THEOREM 6.46] The following hold for any vectors a, b and é. 
1. (G4 b) G=(@€)b (b>¥€)a 
2.4 (b @)=(@€)b (ab)é 
Proor) 1. Ifa andb are collinear, say a=tb,t R, then 
(4 b) €=0 é=0 
and (ax€)b (bx%)a=(tb¥)b  (b>€) (th) =0 


and hence (1) holds. Also, if ¢ is parallel to a b, then ¢ is perpendicular to both @ and b 
so that a =0=b>€ and therefore 


(@ b) é€=0=(@€)b (bO)a 


Therefore, we can assume that @ and b are non-collinear and € is not parallel to @_b. 

Fix the origin O and select points A and B such that OA=a and OB=b. Let i be the 
unit vector in the direction of OA and let j be the unit vector perpendicular to 7 in the 
OAB plane. Let k be the unit vector perpendicular to the OAB plane such that (i, j,k) isa 
right-handed system of orthogonal unit vectors. Note that the plane OAB is same as the XY 
plane. Now, we have 


c=citoj+ok 
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Coro.iary 6.19 


PROOF 


THEOREM 6.47 


PROOF 


Therefore 
(4 x b) x € = (a,b,k) x (Gi +.) + Gk) 
=a,b,c,j —a,b,ci 
= a,¢,(b,i + b,j) - (b,c, + b,c, )ai 
=(a-C)b —(b-c)a 
2. We have 


ax (bx é)=-[(b x é) x] 
=-[(b-a)é - (é-4)b] 
=(G-2)b - (@-b)é ey 
Let G, b and é be vectors such that a and b are non-collinear and b is perpendicular to neither 
a nor c. Then 
(ax b)x@=ax(bxZ) 
if and only if the vectors a and ¢ are collinear. 
Suppose that 
(4x b)x@=ax(bx2) 
Then 
(G-2)b — (b-2)a =(G-2)b - (4-b)E 
Therefore 
(b-2)a =(a-b)é 
Since b is not perpendicular to @ and to G, we get that b-é and 4-b are non-zero scalars. 


Therefore a and ¢ are collinear. 
Conversely, suppose that a and ¢ are collinear. Then ¢ = Aa for some scalar A. Now, consider 


(ax b)xé-ax (bx @)=(@x b) x (Aa) - 4 x (b x AG) 
= Al{(a x b) x a} - {a x (b x a)}] 
= A[(a-a)b — (b-a)a — (G-a)b + (b-a)a] 
=0 


Therefore 
(4x b)x@=ax(bx2) ei 

Let @,b and @ be any vectors such that b is perpendicular to both @ and é. Then 

(4x b)x@=ax (bx2@) 
We have 4-b =0=2-b. Now, 

(a x b) x € = (G-2)b — (b-@)a = (G-0)b 

a x (b x @) = (G-)b — (G-b)é = (G-2)b 
Therefore 


(4x b)x@=ax (bx) Oo 


6.6 | Vector Triple Product 


In the following we derive formulae for scalar and vector products of four vectors and apply there to get a repre- 
sentation of vectors in terms of three non-coplanar vectors. 


THEorEM 6.48] The following hold for any four vectors @, b,é and d. 


1. (@ b)xé d)= =(@€)(b>d)  (a@d)(b>€) 


a a 
De bd 


and, in particular, 


2. (4 b) (€ d)=[aed]b [bédla=[abdlé¢ [abé|d 
ProoF]| 1. We have 
(4 b)xXé d)=atb (é d)] (by Theorem 6.37) 
=a%(b»d)é (b>€)d]_ [by Theorem 6.46, part (2)] 
=(b»d)(@€)  (b>€) (@d) 


_|we . 
be byd 
and 
|a bP=@ b)xa@ 5) 
=(b>b) (ax) (bx) (@) 
=|aP|bP @by 
2. We have 


(4 b) (€ d)=[axXé d)|b [bxé d)]a [by Theorem 6.46, part (1)] 


[ 
=[a@éd]b [béd]a 
(4 b) (¢ d)=[(@ b)d]é [(a@ b)¥€]d [by Theorem 6.46, part (2)] 
=[axb d)lJé [axXb @]d 
=[abdjé [abé]d - 


If @,b and @ are any non-coplanar vectors, then we have proved earlier in Chapter 5 (Theorem 5.20) that any 
vector 7 can be uniquely expressed as xa + yb + zc for some triad (x, y, z) of real numbers. We express these compo- 
nents x, y and z in terms of scalar triple products in the following. 


THEOREM 6.49] Let a,b and é be non-coplanar vectors. Then any vector 7 can be expressed as 


Proor| Byreplacing d with 7 in part (2) of Theorem 6.48, we get that 


Therefore 


iis Chapter 6 | Multiplication of Vectors 


polbOlg lee, eel 
[abc] [abc] [abc] 
Note: In the above, if 7 = xi + yj + zk, then 

vET y LEAT yng [6A 
[abc abc abc] 

THEOREM 6.50] Let a,b and ¢ be non-coplanar vectors. Then b @é @ and a 

any vector d canexpressed intermsof b ¢c,¢ aanda bas 

72 Be Ga 

[abc] [abc] [abc] 


PrRooF| We have 


[b ¢ @ @ G@ bl=[abef 0 


komt 


since a,b and ¢ are non-coplanar. Therefore, b ¢,c a@anda_ b are also non-coplanar. Let 


d=x(b ¢@)+y(é G)+z2(a b) 
Since @{é @)=0=4xa 5b), we have 


a@d=x[axXb 2)] 


= [4b ¢] 
Similarly, 
bd = y[b ¢ a] = [ab ¢] 
and @xd = 2[¢ Gb] = [a bc] 
Therefore 
a= a+ ee + 


i 
2] +3k. Express d interms of b @,é 


and b. b c,¢ aanda_ b. Wehave 
Solution: First note that [abc]=5 
[b ¢ é@ a@ @ Bl=[a 5 ef @d=(1 6)+(1 2)+( 3)=11 
1 4 bd =(2 6)+( 1)24+(3 3)=19 
=2 13 @éd=(1 6)+( 1)2=4 
10 


j and d=6i + Therefore a,b and_¢ are coplanar and hence so are 
a a 


From Theorem 6.50, we have 


c)+ aC a)+ =a b) 
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| WORKED-OUT PROBLEMS 


Single Correct Choice Type Questions 


1. Let @=Si j +8k and b=i+j+Ak. If the vectors 
a+b anda_ Db are orthogonal to each other then |A| 
is equal to 


(A) V80 (B) V90 (C) V88 (D) V99 

Solution: By hypothesis 
(4+b)xa b)=0 
Therefore 
lar |bP=0 90=2+27 
This implies 
|A|=V88 
Answer: (C) 


2. If a is a unit vector and Xx is any vector such that 
(x+a)*x a)=48 


then |x| is equal to 


(A) 4 (B) 5 (C) 6 (D) 7 
Solution: We have 
48 =(X+a)XX a) 

=|xP laf 

=lxf 1 
Therefore 

|x|=7 
Answer: (D) 


3. If @ is the angle between the vectors i+3j+7k and 
i 3j+7k, then cos @is equal to 


41 40 42 39 
ai By Cy Dp). 
(A) Py oa ©) 
Solution: Let 
@=i+3j+7k 
and b=i 37 +7k 
By Theorem 6.7, 
59/59 59 
Answer: (A) 


4. The vectors Axi 67 +3k and xi +2] +2Axk make 
an obtuse angle with each other for all real x. Then 2 
belongs to the interval 


4 4 
My 2G B) <,0 
(A) 3.0, (B) 5 
4 4 
C —,0 D) 0,= 
© 4 (D) 0.3 
Solution: By hypothesis, 


(Axi 6] + 3k)Xxi +2] + 2Axk) <0 
for all real x. Therefore 
Ax’ +6Ax 12<0 
for all real x. This implies 
361’ + 482 <0 
3A°+ 40 <0 


sae Per 
3 


When A =0, then clearly 
( 67 +3k)xXxi +2j)= 12<0 
Therefore 
=<A 0 
Answer: (B) 
5. Let a and b two vectors such that |a|= 2/2 and|b|=3 
and contain angle 45°. A parallelogram is ee ee 


with @ 3b and 5a+2b as adjacent sides. Then the 
length of the larger diagonal is 


(A) ¥393.  (B) V493 (C) V593.— (D) V693 
Solution: The diagonal vectors are 
(5a+2b)+(@ 3b)=6a b 
and (Sa+2b) (@ 3b)=4a+5b 
Now 
\6a bP =36|aP 12a>6 +|b/P we Corollary 6.4) 


=36(8) 12(2V2)(3) Fet9 


=288 72+9=225 
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Therefore 
6a b|=15 
Also 
|4a + 5bP = 16 |af + 40(a>b) + 25|bP 


= 16(8) + 402N2)(3)5 +25(9) 


= 128+ 240+ 225 
= 593 
Therefore 
|4a + 5b| = /593 


Hence this is the larger diagonal. 
Answer: (C) 


6. In the two-dimensional analytical plane having rect- 
angular coordinate system, A and B are two points on 
the curve y=2*? such that OAX¥ = 1 and OB™ =2, 
where i is the unit vector in the positive direction of 
the X-axis. Then |40A OB| is equal to 


(A) 10 (B) 12 (C) 8 (D) 6 


Solution: Let A =(x,, y,) and B = (x,, y,). Therefore 
yon” 
and y=2°" 
Now 
OAM¥= 1 x= 1 
and OB¥ =2 x,=2 


Therefore y, = 2 and y, = 16. Hence 
OA=( 1,2)= i+2j 
and OB = (2, 16) =2i + 16] 
Therefore 
40A OB=( 4i1+8j) (2i+16/) 
= 6 8 
Hence 


|40A OB|=,\\( 6Y+( 8) =10 
Answer: (A) 
7. Let a@=i+j and b= j+ k and the angle between a 


and b be @. If é=xi + yj + zk such that y 0, |é| = V2 
and makes angle 9 with a and b, then ¢ is equal to 


(A) s(i+j+4k) (B) Si +)+%) 


(C) xt aj +k) (D) 342] +8) 


Solution: We have |é|= V2 which implies 
r+ytzr=al (6.9) 
cos 6 = ad ae (6.10) 
Jal|b| 2 
cos 6 = ated = (6.11) 
al|b| 2 
Also 
coso= 7 (6.12) 


From Egs. (6.10), (6.11) and (6.12), 
x+y=1 

and y+z=1 

Substituting these values in Eq. (6.9) we get 


x+(1 xf+x=2 


Therefore 
x=1, = 
3 

Nowx=1  y=0. But by hypothesis y 0. Therefore 

a 1 4 as 1 

oe ae 8 

and so 

é=—(i 47+h) 


Answer: (C) 


8. If a,b and @ are three vectors such that |a|=3,|b|=4 
and |¢|= 24 and sum of any two vectors is orthog- 
onal to the third vector, then |a + b + ¢| is equal to 


(A) 7 (B) 5V2 (C) W2 (D) 6V2 
Solution: By hypothesis 
(4+ b)€=0 
(b+2)xi =0 
(€ +a)> =0 
Therefore 


a> +b¥?+emi =0 


Now 
ja+b+¢P=laP +|bP +P + 2(@b + b€ + Eri) 
=9+16+ 24+ 2(0) 
=49 
Hence |4 + b + é|=7. 
Answer: (A) 
9. If |a|=|b|=|4+ b|=1, then |a@ b| equals 
yt (B) V2 (C) 2 
By hypothesis 


(D) V3 


Solution: 
1=|4+ bP =|aP +|bP + 2(@b) =141+42cos6 
where @is the angle between @ and b. Therefore 
cos@ = = 
2 
Hence 
la bP=|aP+|bP 2G) 
1 
=1+1 2d)Q) 3° 


=3 
Answer: (D) 
10. If G, b and é are mutually perpendicular vectors 


having same magnitude, then the vector a+ b+c is 
equally inclined to each of a,b and ¢ at an angle 


1 1 
AY Cos* 3 B) Cos’ —~. 
(A) Cos! (B) Cos' =, 
(C) Cos ' = (D) Cos ' a 
Solution: We have 


ja+b+eP=laP+|bP+léP (- @b =b€ = OG =0) 
=3K° 
where K =|a|=|b|=|é|. Therefore 
ja+b+e|=Kv3 


Now, let a, B and y be the angles of inclination of a+ 
b+c with a, b, ¢, respectively. Therefore 


axXa+b+¢) K* 1 
cosa = = = = 
jalla+b+¢e| K(KV3) VB 
Answer: (B) 


Worked-Out Problems 


11. Let @=i+j+2k and b=i+2j+k and c be a unit 
vector in the plane determined by a and b. If ¢ is 
perpendicular to the vector i + j +k and makes an 
obtuse angle with a, then c is 


j_k j+k 
ary ®) “FB 
ik i+k 
ae? aan? 


Solution: Since ¢ is coplanar with a and b (notice that 
a and b are not collinear vectors), let c = xa + yb where 
x and y are scalars. Now 


[e|=1 (e+ yh + (x4 2yyP + (2x4 yP =1 (6.13) 


Also é is perpendicular to i + j +k, we have 


éxXi +7 +k)=0 
(x+y)+(x+2y)+(2x+ y)=0 
4x+4y=0 

a= Y 


Substituting the value of y= x in Eq. (6.13), we have 


V2x=41 
so that 
x= — 
2 
Therefore 
x : c= j + k 
V2 J2 V2 
{2 7, & 
and x= C= 
V2 V2 V2 
But c makes obtuse angle with a. This means 
_ j_ k 
¢=-—— 
afd 
because 
aoe 1 2, 1 
axc=0+ - 0 
W2 «2° W2 


Answer: (A) 


12. Consider the following two statements: 
S;: Let a, b and ¢ be_unit vectors such that a is 
perpendicular to both b and ¢€ and further the angle 
between b and @ is - Then 4=+2(b @) 
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S,: The points with position vectors a + b, @—b and 
a+ Ab are collinear for all real values of A where a 
and b are non-collinear vectors. 

Then, 


(A) Both S, and S, are true 
(B) S, is true, but S, is false 
(C) S, is false and S, is true 
(D) Both S, and S, are false 


Solution: $,:a is perpendicular to both b and ¢ 


This implies 
a=A(bxé) 
for some scalar A. Therefore 
1=|aP=2?|bxeéP 
=A [|bP\|éP-(b-2)”] (see Theorem 6.26) 


= w(1- cos” 4 
6 
4 


v 
“4 
Therefore A= +2 and so 
a =+2(b x2) 


Hence S$, is true. Let A, B and C be the points whose 
position vectors are a+ b, a—b and a + Ab, respectively. 
Now, A, B and C are collinear if and only if AB=xBC 
for some scalar x. That is, 


(4—b)-(4+b)=x[@+ Ab-(a-b)] 
That is, 
—2b=x(A+1)b 


Therefore x(A+ 1) =-2 for all real A and for some real 
x. This is not possible when A= ~-1, in which case, C= B. 
Hence S, is also true. 


Answer: (A) 


. The number of distinct real values of A for which the 
geet epi i-WVj+k andi+j—-JWk are 
coplanar is 


(A) 0 (B) 1 (C) 2 (D) 3 
Solution: The given vectors are coplanar if and only if 
vr 1 1 
1 -A’ 1 |=0 (see Corollary 6.16) 


That is 
aS — 342 — 
(A? +1) (A°-2)=0 (- +1and +i are repeated roots) 
This gives 
A=iwd 
Answer: (C) 


14. Let d=xi —j+k (xisa scalar) and b=2i —j +5k. 
If the scalar projection of a on b is 1/30, then x is 


equal to 
2 3 -5 -5 
A) = B) = Cc) — D) — 
AS BF OF OF 
Solution: By hypothesis 
Lad 
V30— |b| 
_ 2x+6 
30 
Therefore 
-5 
x=— 
2 
Answer: (D) 
15. If |a|=3, |b|/=4, |é|=1 a +b+é=0, then the 
value of @-b+b-€+6-4 oad 
(A) 12 (B) -12 (C) -13 (D) 13 
Solution: We have 
4+b+¢=05|4+b+éf= 


= |af+|bf +|é|+2>.4-b=0 
=>9+16+14+2>)4-b=0 


>4-b+b-¢+¢-4=-13 


Answer: (C) 
16. Let d=21+3j+k,b=4i +] and @=i +3) +2k. If 
d is such that d-a= 9,d-b=7 and d-c =6, then d is 
equal to 
(A) i+3j-2k (B) i-3j+2k 
(C) -i +37 -2k (D) i+3j7+2k 
Solution: Let d=xi + yj +zk. 
d-G@=9 > 2x+3y+z=9 (6.14) 
d-b=7=>4x+y=7 (6.15) 
d-€=6>x+3y+2z=6 (6.16) 


Solving Eqs. (6.14), (6.15) and (6.16) we have x =1, y=3 
and z= 2. Therefore 
d=it+3j 2k 
Answer: (A) 


17. The points A(2, 1,1), BQ, 3, 5) and C(3, 4, 4) 
form the vertices of 


(A) an equilateral triangle 

(B) isosceles but not equilateral 
(C) right angled 

(D) right angled isosceles 


Solution: We have 


CA= i+3j+5j 
BC=2i jt+k 
AB+ BC+CA=0 
Therefore A, B, C form a triangle and 
BOXCA= 2 3+5=0 
Therefore |C = 90°. 
Answer: (C) 


18. If the vectors 2i + aj + 4k and 3i + sj 3k are at 
right angles, then the value of a is 


AS B81 © wl 


Solution: We have 


(2i +aj +4k)X 3i+5j 3k)=0 
6+5a 12=0 


_18 
5 


a 
Answer: (A) 
19. If a, b and @ are unit vectors, then the value of 
Ja bP+|b eP+le af 


is less than or equal to 


(As (B) 12 (C) 9 (D) 6 
Solution: We have 
ja+b+é| 0 
|aP+|bP+leP 2 ab 0 
> ae eberie (6.17) 


Worked-Out Problems 


Now 
ja bP+|b GP+lé aP=2(\aP+|bP+|éP) 2 (ao) 
=6 2 (a@b) 6+2 om [by Eq. (6.17)] 

Answer: (C) 


20. The angle between the two vectors a =2i+2j k 
and b=6i 3j+2k is 


(A) Cos r (B) Cos 's 
(C) Cos ' SVT (D) Cos ' a 
21° 21 
Solution: We have 


@b=12 6 2=4 


|a||b| = /36+9+4,/44+4+1=21 


Therefore the angle between the vectors, by Theorem 6.7, is 


Answer: (D) 


21. If the scalar product of the vector i + j +k with the 
unit vector in the direction of the resultant of the 
vectors 2i+4j 5k and Ai +2) +3k is unity, then 
A equals 
(A) 5 


Solution: Let 


(B) 2 (C) 1 (D) 1 
F=(2i+4j 5k)+(Ai+2j+3k) 
=(2+A)i+6j 2k 
é = unit vector in the direction of r 
_(2+A)i+6j 2k 
J(2+ay+36+4 


Therefore 
éxXi+j+k)=1 
(24+4)+6 2=,(2+2)+40 
(A+6y=(2+A) +40 
120+ 36=4/1 4+ 44 
8A=8 


A=1 
Answer: (C) 
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22. Let a@=2i1 +3) +2k and b=i+2j+k. The vector 
component of a perpendicular to the direction of 

b is 
1>is.¢7 11> +. 7 
(A) 3@+]+%) (B) 5@ +h 


© 30+] ® (D) 5 i+ 748) 


Solution: Vector component of a perpendicular to the 
direction of b is given by (see Quick Look 3) 


@. GE G43) a8) 


So ae 
—— —( +27) +k 
Be" 3! J +k) 
j +k) 
Answer: (B) 
23. If @ is collinear with b =3i + 6] +6k and a =27, 
then a is 
(A) 3+ 7 +k) 
(C) 27 427 42K 


(B) i+2j+2k 
(D) i +3j7+3k 
Solution: @ is collinear with b. This implies 
a=Ab 

for some scalar A. Now 

a> =27 

A(b»b) = 27 

A(9 + 36 + 36) = 27 


Therefore 


Answer: (B) 


24. Let @ and b be unit vectors. If the vectors x =a+ 2b 
and y=5a 4b are orthogonal vectors, then the 
angle between a and b is 


(A) 602 = (B) 30°.— ss (C) 45°. (D) 75° 
Solution: By hypothesis 
HH =0 


5|aP 8\|bP+6a=0 


Assuming is the angle between @ and b we get 


5 8+6cosd=0 
weiss 
2 


@=60° 
Answer: (A) 


25. Angle between a and b. is 27/3. If |b|=2|a| and the 
vectorsa+xb anda_ b are at right angles, then x is 


equal to 
2 2 1 1 
A) = B) = C) = D) = 
HS BF OF Of; 
Solution: We have 


(a+xb)Xa b)=0 
|aP x|bP +(x 1)(a@)=0 
lap 4x|aPh+(x 1)2|aP cos = 0 


1 4x (x 1)=0 


Answer: (A) 


26. A plane is at a distance of 5 units from the origin 
and perpendicular to the vector 2i + j + 2k. Then its 
equation is 


(A) #X2i + j +2k)=15 
(B) 7X21 +j7+k)=5 
(C) FXi +27 +2k)=15 


wm 


(D) #X2i + j +2k)=5 
Solution: Unit normal to the given plane is 
_ 2+j+2k 
n= ———— 
3 


By Theorem 6.13, the plane equation 


z (2i +j+2k) _« 


That is 
72i + j +2k)=15 
Answer: (A) 


27. M is the foot of the perpendicular drawn from the 
point A(2, 4,3) onto the line joining the points P(1, 
2,4) and Q(3, 4, 5). Then the vector representing the 
point M is 


(A) 519i +28] + 40k) 
1 ae =? 7 
(B) poe +97 +41k) 
1 = ee 7 
(C) g 2 +287 +19k) 
1 r 3 r 
(D) 9 (19 +28] + 41k) 


Solution: By Theorem 5.29 (Chapter 5), the equation 
of the line PQ is 


7 =(1-1) (6 +2) + 4k) + t(3i + 47 + 5k) 

7 =(14+ 20 + (24217 +(440k (6.18) 

Therefore, the position vector of M is given by Eq. (6.18). So 
AM =(-1+4 20)i + (-2+ 20j +(1+ 0k 


Since AM is perpendicular to PO =2i +2j +k, we have 


AM-PO=0 
Therefore 
2(-14+ 2t)+2(-2+ 21+(1+0=0 
—54+9t=0 
5 
t= 
9 


Substituting the value t= 5/9 in Eq. (6.18), we have 
M= 5 (19i +28] + 41k) 
Answer: (D) 


28. Let p be real and |p| >2. If A, B and C are variable 
angles such that 


Vp —4tanA+ ptanB+,/p'+4tanC =6p 


then the minimum value of tan?A + tan’ B + tan’ C is 
(A) 8 (B) 12 (C) 18 (D) 6 
Consider the vectors 

a=,/p’-4i + pj +p’ +4k 


and b = (tan A)i + (tan B)j +(tanC)k 


Solution: 


so that 


a-b=,/p’—4tan A+ ptanB+./p’+4tanC 


Worked-Out Problems 


Let @be the angle between a and b. Then 
36p’=(a-by 
=|a)|bP cos’ 6 <|aP|bP 
=(p’—4+ p+ p’+4)(tan’ A + tan’ B + tan’ C) 
= 3p’(tan’ A + tan’ B + tan’ C) 
Hence 
tan’ A+ tan’ B+ tan? C >12 
and is equal to 12 when @is either 0 or z. 


Answer: (B) 


29. In AABC (Figure 6.28), AB= BC=8 and AC = 12. 
P is a point on the side AB such that AP: PB = 1:3. 
Then the angle between the vectors CP and CA is 


(A) cos'( 8) (B) cos'( 85) 
8 8 

a7 (D) cos (22) 
8 8 


Solution: Take Aas origin and let AB=@ and AC = B 
so that 


(C) Cost 


and 


FIGURE 6.28 Single correct choice type question 29. 


Now AB = BC =8 implies 


= 2|G||B| cos A =|BF 
= 2(8)(12) cos A = 144 


= cos A= 2 (6.19) 
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Now 
APS 
4 
saad Cpe Foe 4p) 
ri 4 
Again 
|\CPP=—|a 4pP 
16 
-+i8416 12 a(@8)] 
16 
=) Gie46 444. BRD). dos A=, 
16 4 4 
=44144 36 
=112 
Therefore 


|CP| = 112 =4V7 
Let 0 be the angle between CP and CA. Then 
_ CPXCA 
|CP||CA| 
_ (1/4) (@_ 48) 8B) 
4/7 12 
_4|BP wp 
16V7 12 
_4 144 8(12) (3/4) 
16/7 12 
_ 144 18 
4/7 12 
_ 126 
4/7 12 
_ 21 
8V7 


_3V7 
8 


cos@ 


Therefore 
@=Cos* —_, 


Answer: (C) 


30. Let OA=i +2] + 2k. In the plane of OA and i; 
rotate OA through 90° about the origin O such that 


the new position of OA makes an acute angle with 
the positive X-axis. Then the new position of OA is 


= 


V2 
(B) 5 4i +27 + 2k) 


(A) —=(4i 27 2k) 


(C) 27 2k 

(D) 61 3k 
Solution: Let the new position of OA be F. Since 7 is 
coplanar with OA and i, let 


7 =x(OA)+ yi 
=(x+ y)i + 2xj + 2xk 


Since 7 is perpendicular to OA, we have 


7x0A =0 
(x+y)+4x+4x=0 
y= 9x (6.20) 
Also 
Fl=3) (xt yf +4x° +4x°=9 
64x°+8x°=9 [by Eq. (6.20)] 
=o 
2V2 
so that 
mcs 
2V2 
Now 
y= Lai k) 
2 J 
or p54 4i+j+k) 
2 J 


But 7 makes acute angle with the positive X-axis. Hence 


7= (ai ij wk 
Answer: (A) 


31. If a, b, é are vectors such that @+b+2¢=0 and 
|a|=1, |b|=4 and |c|=2, then the value of ab+ 


b> + Ot Is 
13 13 17 17 
A> 8B > OF WO F 


Solution: By hypothesis 
at+b+é= ¢ 
Therefore 
4=|éf =|a+b+¢P 

=|aP+|bP+|éP+2 (@6) 

=14+164+4+2 (@6) 
Therefore 

ib +be+oa= 


Answer: (D) 


32. If @ and b are unit vectors such that |a+ b| = V3, 
then (3a 4b)>2a+ 5b) is equal to 


1 1 21 21 
Az @® 2 © F ws 
Solution: We have 
|ja+bP=3 
141+ 2(a@) =3 
ixb = > 
Now 


(3a 4b)X24+5b)=6|aP 20|bP + 7(a>b) 


=6 20+2 


Answer: (C) 


33. In quadrilateral ABCD, if 


| ABP +|CDP =|BC/ +|AD/ 


then the angle between the diagonals AC and BD is 
(A) 60° (B) 75° (C) 90° (D) 120° 


Solution: Take A as origin and let AB =b, AC =é and 
AD=d. Then 


| ABP +|CDP =|BCf +| AD/ 
|bF+ld P= by +\dP 
|bP+|dP+\éP 2(dx€)=|eP +b] 2(b€) +\dP 


dxt = bxt 


Worked-Out Problems 


(d b)>€=0 
BDxAC =0 
Therefore angle between AC and BD is 90°. 
Answer: (C) 


34. In ABC (Figure 6.29), if BC=a,CA =band AB=c 
and the internal bisector of the angle A meets the 
side BC in L, then |ALf/ is equal to 


bea abc 
a ae LOS cae 
2 ab 2 bc 
ROP es (b+cy acai (b+cy 


Solution: It is known that BL:LC=c:b. Take A as 
origin, let AB=a@ and AC=B so that |@|=c,|B|=b and 
the angle between @ and B is A. 


FIGURE 6.29 Single correct choice type question 34. 


Now BL: LC =c:b. This means that the position vector 
AL of Lis given by 
ag - ba+B 
b+c 


Therefore 


1 
(b+cy 
= 7 : , [b°c? + b’c? + 2b’c’ cos A] 

+C 
= : 2b’? + 2b°c* Gee) 
(b+cy 2bc 


| ALP = [b°|&P + c° | BP + 2be(G>B)] 


2B 2be+b+ce a 
(b+cy 2be 


= pe plo re? a] 
bea 
(b+cy 


Answer: (A) 
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35. a,b,é are unit vectors. If 7 is a vector such that 
|f|=2,a+b+¢=F, a¥ =1, b> =3/2, then the angle 


between ¢ and F is 


(A) Cos ! a (B) Cos ' =. 
(C) Cos! nh (D) Cos ' zs 
2V2 3 
Solution: We have 
(4+b+02)¥ =7F¥ =4 
at + b# + OF =4 


1+5+2cosd=4 


where @is the angle between ¢ and r. Therefore 


en ee 
2 
8=Cos ' on 
4 


Answer: (B) 


36. In ABC (Figure 6.30), if “O” is the circumcentre 
and R is the circumradius and G is the centroid, then 


|OGP equals 


(A) R s(@ +42) 
(B) R vl + b’ +c’) 
(Cc) eas b’+c’) 
(D)..R $+ b’ +c’) 


Solution: Take “O” as the origin. Let OA=4, OB= B and 
OC =. Therefore (B, ¥) =2A,(7,@) = 2B and (a, B) =2C. 


A 


eo 
B 
FIGURE 6.30 Single correct choice type question 36. 


It is known that 


(see Corollary 5.4) 


Therefore 

9OGP =|a + B+ 70 
=|a@P+|BP+|7P+2 (B¥) 

= 3R’ + 2R*(cos2A + cos2B + cos2C) 

=3R°+2R[1 2sin°-A+1 2sin?B+1 2sin°C] 


=9R? 4R’sin? A 4R’sin’? B 4R’ sin’? C 


a b Cc 


2 a = = = 
sn A sinB sinC 


Cc 


a 


= 9R’ b 


Hence 
|OGP=R s(e+ b’ +c’) 
Answer: (B) 
37. Quadrilateral ABCD is inscribed in a circle of radius 
R (Figure 6.31). If (AB)?+(CD)’=4R’ then the 
angle between the diagonals AC and BD is 
(A) 120° (B) 90° (C) 75° (D) 60° 


Solution: Let “O” be the centre of the circle. Let 
OA=a,OB=b,OC=c and OD=d so that 


ieee oe ee 


) 


FIGURE 6.31 Single correct choice type question 37. 


By hypothesis, 
| ABP +|CDf =4R° 
=|b-aP+|d—écP=4R° 
= -2(a-b) — 2(é-d)=0 (6.21) 
= -2R’[cos| AOB + cos|COD]=0 
= cos|AOB + cos|COD =0 
=|AOB+|COD=12 (6.22) 


Therefore 


[BOC +|AOD=x 
Now 
AC: BD =(é-@)-(d-b) 
= (é-d) —(b-¢) - (@-d) + (@-b) 
=-(b-€+4-d) 

(because from Eq. (6.21) a:b + é-d=0) 
=-R’[cos|BOC + cos|AOD] [by Eq. (6.22)] 
=-R’(0) 
=0 


Therefore AC and BD are at right angles. 


38. “O” is the circumcentre and H is the orthocentre of 
a AABC. If P is any arbitrary point, then the vector 
PA+PB+ PC — PH is equal to 


(A) PO. (B) 2PO. (C) OP (D) 20P 


Solution: With respect to the circumcentre ‘O” as 
origin, let. OA=a,OB=b and OC =c. 
Therefore by Example 5.3 (Chapter 5) 
OH =a+b+é 
Let OP = p. Therefore 


PA+ PB + PC —- PH =(@- p)+(b- p)+(€-B) 


—(4+b+é- ) 
=-2p 
=2PO 
Answer: (B) 


39. In AABC (Figure 6.32), angle B is a right angle. 
If the medians AD and BE are perpendicular to 
each other, then angle C is 


(A) Ta'($) (B) Tan +5] 


Worked-Out Problems 142900 


(C) Tan (V2) (D) Tan (2) 


Solution: With respect to origin B, let BA=4 and 
BC=c so that ¢-a=0. 


A 


> 
B c D Cc 


FIGURE 6.32 Single correct choice type question 39. 


Now, 


and E= 


BE and AD are perpendicular to each other. This implies 


eG) 


= (€ +4)-(@ - 24) =0 


Answer: (A) 


40. InaAABC, if a +b’ =2c’ and m,, m, and m, are the 
lengths of the medians through the vertices A, B and 
C, respectively then am, + bm, is equal to 


(A) cm, (B) 2cm, (C) 3cm, (D) V3cm, 


Chapter 6 | Multiplication of Vectors 


Solution: In Chapter 
Theorem 4.25) that 


4, we have proved (see 


2a +2b°-¢ 


3 
ll 


| 
NI] NIP NI Fe 


Therefore 
a 2 2 7, Db 2 ae) 
am,+bm,=7 2e +2a°—b +428 +2c-a 
=5 3a° +3 N36" (1 a +b’ = 2c’) 
_N3 
2 
v3 
2 
= 3c 
[Bere 
= 2c) +—____ 


(a +b’) 


(2c’) 


2 


=2cm, 


Answer: (B) 


41. In AABC (Figure 6.33), the median CM is perpen- 
dicular to the angle bisector AL of angle A. If |CM|: 


AL|=m: , then 

AL 1, th 

(A) pe 1+cosA (B) wee 1-—cosA 
4\ 1-cosA 4\1+cosA 

(C) Pema! 1-cosA (D) Pe ieee 1+cosA 
9\1+cosA 9\1-cosA 


Solution: Taking “A” as origin, let AB=a, AC=B 
and so that |@|=c,|B|=b and (a, B)= A. Therefore 


Cc 


A M B 
FIGURE 6.33 Single correct choice type question 41. 


Fey eee 
2 


ba+cB 
b+c 


=p 


L= 


(. BL:LC =c:b) 


CM= 


Nw] RI 


By hypothesis, 


AL:CM =0 


= b|@f -2c|BP +(c- 2b) (&-B) =0 
= bc’ — 2cb* + bc(c — 2b)cos A =0 
=>c-2b+(c-—2b)cosA=0 

= (c-— 2b) (1+ cos A) =0 


=>c=2b (6.23) 
Again 
|CM|:| AL|=m:1 
=> |CMf =m°| ALP 
ss =n lt ul 
Therefore 
| —26P _ 


2 => 
: a |@+2Bf [By Eq. (6.23)] 


[la + 4|BP—4(G-B)]=4mr[laP + 4B" + 4(G- B)] 
J[c* + 4b — 4bccos A] = 4’ [c’ + 4b’ + 4bccos A] 
9[4b’ + 4b° — 8b’ cos A] = 4m’ [4b’ + 4b’ + 8b’ cos A] 
[by Eq. (6.23)] 
9(1 — cos A) = 4nr’ (1+ cos A) 


> 9({1-cosA 
m =—| ——— 
4\1+cosA 


42. Let a and b be two non-zero vectors of same magni- 
tude. If the vectors a+ 3b and 5a + 3b are at right 
angles to each other, then the angle between a and b is 


(A) Cos” (7) (B) x- cos'( 7) 


(C) Cos? (5 


Answer: (B) 


(D) z-—Cos* (5 


Solution: It is given that |a|=|b|. Let @ = (4, b). Now 
(a + 3b)X5a+ 3b) =0 
5a’ + 9 |b + 18(a>b) = 0 
5a?’ + 9 |bP +18 |a||b| cos =0 
5+9+18cos@=0 (-- |a|=|b]) 


cos@ = i 
9 


@=x Cos’ 


\o|N 


Answer: (B) 


43. a, b, c are positive reals and are the /th, mth and nth 
terms of a geometric progression, respectively. If 


A=(loga)i + (logb)j + (loge)k 
and = B=(m njit+(n Dj+(l mk 
then the angle between A and B is 
(A) 60° (B) 45° (C) 30° (D) 90° 


Solution: Let abe the first term and x be the common 
ratio of the GP. Then 
a=ax 
baax”* 
cox 
Therefore 
loga=(1 l)logx+loga 
logb=(m 1l)logx+loga 
logc=(n 1l)logx+loga 
Now 
AxB=(m_ n)loga+(n Dlogb+(l m)loge 
=(logx)[(m ny Y+(n Dim I+ min VI 
+(loga)[(m n)t+(n D+ m)] 
= (log x)(0) + (log@)(0) =0 
Answer: (D) 


44. ABCD is a trapezium (Figure 6.34) in which the 
sides BC and AD are parallel and the adjacent sides 
AB and AD are at right angles and AC, BD are at 
right angles. If BC: AD =n:1, then the ratio of the 
diagonals AC: BD is equal to 


(A) (nt+1):1 (B) nl (CQ) Val (D) rl 


Worked-Out Problems 


Solution: Take A as origin and let AB=b and AD=d 


so that BC =nd, b>d =0. Now AC and BD are at right 
angles. This implies 


AC BD =0 
(b+nd)xXd b)=0 
bod |bP+n|dP n(b>d)=0 
nidP |bP=0 (bd =0) 
n|df =|bf (6.24) 
Now, 
[ACP _|b+ndf 


[BDF |d_ bP 


_ |bP +n? |dP + 2n(bxd) 
|dP+|bP bod 


_|bP+n'ldP bai-0) 
|dP+|bP 


_n|dP+n°|dP 


= Tapa nde [by Eq. (6.24)] 


|dP +n|dP) 


( 
=n-—s = 
|df'+n|df 


Therefore 


AC:BD=Vni1 


FIGURE 6.34 Single correct choice type question 44. 
Answer: (C) 


45. If |a|=13,|b|=5 and a = 30, then|@ | is equal to 


(A) 30 (B) Sass 
30 65 
(C) 53 493 (D) +5 V133 


Chapter 6 | Multiplication of Vectors 


Solution: We have 
30 = a> =|a||b|cosé 
=(65)cos@ 


where 6 =(G, b). Therefore 


36 133 
i (4) = 1 2 — 1 —S|= = 
sind=./1 cos 169 B 
So 


ig b|=|a\lb|sine = 


Answer: (D) 
46. For any vector a, 
ja iPt|a jP+|a kP= 
= z ee f 
(A) la@P (B) 2/@P_ © Sla@P_—D) Sak 


Solution: Let @=a,i +a,j + a,k. Then 


QI 
~~! 
lI 
a) 
~, 
+ 
z 


Therefore 
ja iP+|a jP+la kp 
= (a+ a5) + (a +4) + (a +a) 
= 2(a; + a, + 45) 
=2\aP 


Answer: (B) 


47. G,b,é are the position vectors of the vertices A, 
Band C ot ABC, respectively. Then the vector 
perpendicular to the plane of ABC is 


(D) (a b) (a+b+c) 


Solution: Wehave AB=b G,BC=¢ b,AC=é G. 
The vector perpendicular to the plane of the triangle 
ABCis 


AB AC=(b @) (é @) 


II 
m! 
1 
~ 
Q1 
+ 
joy 
g 


Answer: (C) 


48. G@ and b are non-collinear vectors such that |a@| = 2V2 
and |b|=3 and the angle between (a,b) is 2/4. If 
5a+2b anda 3b are adjacent sides of a parallelo- 
gram, then its area in square units is 


(A) 72 (B)92. (C) 102. 39D) 112 


Solution: The area of a the parallelogram with @ and 
B as adjacent sides is (see Corollary 6.13) 


la B| 
Therefore area of the parallelogram whose adjacent 
sides are 5a+2b anda 3b is 


\((5a+2b) (@ 3b)|=| 174 5b) 


=17|a bl 


=17|a\|b|sin 7. 
4 


=17(2V2)(3) Fe 


= 102 sq. units 
Answer: (C) 


49. The vector ris perpendicular to_the vectors 
a=3i+2j+2k and b=18i 22j 5k and makes 
an obtuse angle with i. If |7|=14, then 7 equals 


(A) 4i 6j+12k (B) 41 +6) +6k 
(C) 4i+6j 6k (D) 6i 4j 12k 


Solution: 7 is parallelto @ b. This implies 


F=A(a@ 5b) 
ij ek 
=A/3 2 2 
is 22 4 


=(A)17(2i +37 6k) 


Worked-Out Problems 


Now 7 makes obtuse angle with i. This means A<0. Now 
Hence a) 4S 
i j ik 
|r|=14  147=17°(’)(49) 7 b=B 1 2 
qe 4 1 3 4 
17 7 “ = 
= 2i 14k 10k 
2 
Be ag Ae BS = 20 +7 +5k) 
F= 202743] 6k) Therefore 
Answer: (A) ei ; ig | 
50. A(1, y,) and B(x,, 11) are two points on a plane SS 
curve y=x 2x +3 with x, >0. Then the area of the Syl tT +5 
parallelogram with OA and OB (“O” is the origin) _ m 
as adjacent sides is =V75 =5v3 
(A) 3 (B) 9 (C) 6 (D) 4 Answer: (B) 


Solution: ‘We have 52. Let G=31+2j+ 2k, b=i+ 2j 2k. Then a unit 


y,=1 24+3=2 vector perpendicular to both a b and a+b is 
and (A) ( 2i +2j +k) (B) ( 2742) hy 
Hes 22643 Tics ae fs = 
(C) =(2i 27 +k) (D) ~(i+j +k) 
, 3 v3 
xX; 2x, 8=0 


Solution: We have 
(x, 4)(x, + 2) =0 


a@+b=4i+4j 
x,=4, 2 : 
a b=2i+4k 
Therefore B = (4, 11) and A = (1, 2). Hence 
Then 
OA OB=(i+2j) (41 +11)/) Be es 
ij k 
=1lk 8k=3k (4+b) (@ b)=|4 4 0 
So 2 0 4 
Area=|OA OB|=3 =16i 16] 8k 
Answer: (A) =8(2i 2j k) 


51. The area of the parallelogram whose diagonals Unit vector perpendicular to both @+b anda@_ 5 is 
are represented by the vectors a=3i+j 2k and 
b=i 37 +4k is i ges 
J £221 2j &k) 
(A) 4V3— (B) 5V3.—s (C) 6V3._— (D)- 33 


Solution: The area of the parallelogram ABCD in 
terms of its diagonal vectors is (see Theorem 6.30) 


One of them is 
1 ins Sh Ge 
5 2i+2j +k) 


rr 
glace BD| Answer: (A) 


Chapter 6 | Multiplication of Vectors 


53. The perpendicular distance of a vertex of a unit cube 
from a diagonal not passing through it is 


2 1 2 
B) JJ/= C) = D) = 
Of OF MF 
Solution: Let OA=(1, 0, 0), OB=(0, 1, 0) and OC = 
(0,0, 1) be three coterminus edges of the unit cube (see 


Figure 6.35). Clearly the vector OR=i+j+k. ORisa 
diagonal not passing through A. 


(A) 


Cc S 
FIGURE 6.35 Single correct choice type question 53. 


It is known that the area of the triangle whose vertices 
have the position vectors a, b and ¢ is (see Corollary 6.14) 


SlBxe+exa+axd| 
Therefore the area of AOAR is 


slix@+]+B+@+7+6x0+0xi|=51k—jl= 


sl 


But, 
Area of AOAR = 5|OR|- AM 


where AM is the perpendicular distance of the vertex A 
from the side OR given by 


5V5(AM) 
Therefore 
i = V3 jay 
oo 2 
AM =.= 2 
3 3 


Answer: (B) 


54. The area of the triangle whose vertices are i+j +k, 
i-j+kandk is 


At B82 ©2 WF 


Solution: Let A, B and C be represented by i+] +k, 
i—j+k and k, respectively. Then 


AB =-2j 
AC =-i -k 
Now, the area of the AABC (see Theorem 6.29) is 
1— 1 tlo ec 
-|ABx AC|==|2j x(i+k)| 
2 2 
=|-k+i|= V2 


Answer: (B) 


55. Let @=2i+j —k,b=-i +2j —4k and@=i+j+k. 
Then (a x b)-(a x €) is equal to 


(A) 26 (B) 24 (C) -24 (D) —26 
Solution: We have (see Theorem 6.48) 
bh ee aa ac 
axb)-(axc)=|- - 
( y¢ ) ba b-¢ 
6 2 
(4 -3 
=-26 
Answer: (D) 


56. Let a, B and 7 be non-coplanar vectors. If xa+ 
yB + zy is equal to a(a+y)+b-a+y)+c(a+B+yY), 
then a is equal to 


x Zz x Z 

A) -=+y-= B) -=+= 

(A) -S+y-4 (B) -$+2 

x Zz y Zz 

C) =-yt= D) x-=+-— 

(C) F-y+5 (D) x-5+5 
Solution: We have 


x+ yB + zy =(a—b+cja+cB+(at+b+oy 


Therefore 
a-b+c=x 
y=c 
at+b+c=z 
Now 
a-—b=-y+x 
and at+b=z-y 
Hence 


Answer: (C) 


57. Let OA=4, OB=104+ 2b and OC =b where O, 
A and C are non-collinear points. Let p denote the 
area of the quadrilateral OABC and q denote the 
area of the parallelogram with OA and OC as adja- 
cent sides. If p = Aq, then A equals 


(A) 6 (B) 8 (C) 10 (D) 9 


Solution: g=area of the parallelogram =|a |. 


p= Area of the Quadrilateral OABC = ; |OB AC| 
1 sae a 
= \(104+2b) (b a)| 
10. = - 1 
=. |10(a+b) 2(b a)| 
12,. = 
5 1a bl=6q 
Answer: (A) 
58. Let @=i kb=xitj+(1 x)k and G@=yi+xj+ 
(1+x  y)k. Then [a b c] depends on 


(A) only x (B) only y 
(C) neither x nor y (D) both x and y 


Solution: Using Theorem 6.35 we know that 
1 0 1 
[abé]=|x 1 1 x 
y x l+x y 
=(1+x y) x(1 x) ( yy) 


=lt+x y xt+x x+y 
=1 
Answer: (C) 


59. Let a, b,é be unit vectors such that @+b+¢=0. 
Which one of the following is correct? 


(A) a@ b=b é=é G4=0 
(B) G b=b éG=é G O 
(C)a@ b=b éG=a & O 
(D) @ b,b G,é Gare mutually perpendicular 
Solution: Wehave @+b= ¢. Therefore 
(a+b) é=0 
bh @= a @=6 @ 
Again 
(b+¢) a=0 
¢ G@= b a@=a b 


Worked-Out Problems 


Therefore 


Answer: (B) 


60. A non-zero vector a is parallel to the line of intersec- 
tion of the planes determined by the vectors i od +] 
and the plane determined by the Neieae i Z b+ a 
The angle between a and the vector i ki 

1 1 t 1 
A) — B) = C) = D) = 
At @®F ©O©F @o§ 


Solution: n= (i + p= k is normal to the first plane 
ni=-(Gi jf) (it au = j+k i is normal to second 
plane. Since a is parallel to the line of intersection of the 
planes, it is perpendicular to both n, and n, and hence a 
is parallel to the vector 


fi, th=k (j+k ii j 

The angle between a and i 2j+ 2k is same as the 
angle between n, n=i j andi 2j+2k. If Ois the 
angle between these two vectors, then 


(Gi j)Xi 27+2k) 142 1 
cos @ =~ >—__ = = 
li jili 27+2k| 203) 2 
Therefore 
g=% 
4 
Answer: (A) 


61. The perpendicular distance of the point_ i+ -j +k 


from the line joining the points 3i + 47 k and 
2+] k is 
3 v10 7 
A) = (B)— (C) —~ _ (D) 2Vv10 
A B+ OF © 
Solution: Let A and B be the points 3i +4] k and 
2i+j k, respectively, and P the point i + j +k. Draw 


AM perpendicular to the line AB (Figure 6.36). Then 
PA=2i+3j 2k 
PB=i 2k 


Pid) 


~« 
A (3,4,-1) M B (2,1,-1) 
FIGURE 6.36 Single correct choice type question 61. 
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Now r a= tb, t R 
ij k F=at+tb,t R 
PA PB=|2 3 2= 61+2j 3k Answer: (A) 
10 2 
64. Let p be the area of a quadrilateral ABCD and gq the 
aaa AB= i 3) area of a parallelogram inscribed in the quadrilat- 
eral with its sides drawn parallel to the diagonals of 
Now (see Theorem 6.29) the quadrilateral. Then 
1 fa (A) p 24 (B) p>3q 
—(AB)(PM)=Areaof PAB=—|PA PB 
gH) 2 | (C) p=3q (D) p<2q 
= Lm 6 +27+( 3y Solution: Take A as origin and let AB= b, AC =é and 
2 AD=d. Let PORS be the parallelogram inscribed in the 
7 quadrilateral with P, Q, R and S on the segments AB, 
as BC, CD and DA, respectively (Figure 6.37). Let 
eee AP:PB=CQ:QB=A:1 
on a. 7 4 Therefore 
AB | 1P+( 3P = V10 AS:SD=CR:RD=A:1 
Answer: (C) —_Hence 
62. If a,b, are the position vectors of the vertices A, B AP= Ab 
and C of a triangle, then, the angle between the A+1 
vectorsb c+c a+a_ band BC is og 
i” ie AO _ Ab+¢ 
A) = B) = 7 
(A) °) (B) 3 A . 1 
1 1 As=+ 
C) Cos! =; D) Cos! =. S= 
(C) x (D) BR A+] 
2 ee — ¢ 
Solution: It is known that AB AC is perpendicular PQ= A+1 
to the plane of ABC. But 
oe ey st O44 eA fen 
AB AC=(b @) (@ 4) Naa gage 
=b € b @ & & Now q = Area of the parallelogram PORS is given by 
=b €+é a@+a@ b aie ac AB 
Answer: (A) |PQ = (A+1/y | | 
63. Let a be the position vector of a point and b bea 2A (Area of ABCD) 


; “ate 
non-zero vector. Then, the locus of the point P whose (A+1) 
position vector r satisfies the relationr b=a _ bis 


(A) a straight line 

(B) a line passing through a and perpendicular to 
the line r=a+tb,t R 

(C) a line making an angle of 60° with the line 
r=at+tb 

(D) is a circle with centre at the point a. 


Solution: We have 


A A - 1 B 
(F a) b=0 FIGURE 6.37 Single correct choice type question 64. 


Therefore 


ary 


o=|(4+4)+1}o=20 


Equality holds when 4 = 1, that is, P, Q, R and S are the 
mid-points of the sides. 


Answer: (A) 


65. In the rhombus ABCD,|A=60°. K is any point on 
the segment AC. L and M are points on the segments 
AB and BC, respectively, such that KLBM isa paral- 
lelogram. Then the angles of ALMD are 


(A) 90°, 452, 45° (B) 60°, 602, 60° 
(C) 902, 60°, 30° (D) 75°, 30°, 75° 


Solution: _Take A asorigin.Let AB = band AD = d sothat 
AC =b+d,|b|=|d|=<a (suppose) and (b, d) = 60°. Let 


AK =AAC=A(b +d) 
and0<A<1. LK is parallel to BC implies that 


ieee A (suppose) 
AB AC 
Therefore 
AL=Ab 
Equation of the line KM is 


7=A(b+d)+ tb (6.25) 


where ft € R (see Theorem 5.27, Chapter 5). Equation of 
the line BC is 


F=b+sd (6.26) 


Since M is the point of intersection of the lines KM and 
BC, on equating the coefficients of Eqs. (6.25) and (6.26) 


Cc 
FIGURE 6.38 Single correct choice type question 65. 


Worked-Out Problems 


A+t=1 and A=s 


Therefore the position vectors of M, L and K are, respec- 
tively, b+ Ad, Ab and A(b + d). Hence 


|LMP =|b+ Ad -Abf 
=|(1-A)b + AdP 
=(1-A) |bP +A’ |dP +24 - A) (b-d) 


ad 2. 
= @[(— A+ 42+ ALA) E oof coseor= 


=a (NV -A+1) 
Note that 2°- 2+1>0.Now 
[MDP =|b + Ad - dP 
=|b+(A-1)dP =|bP + (A-1) |dP + 2(A - 1) (b-d) 
=a[1+(A-1)7+A-1] 
=a (A°-A+1) 
[LDP =|Ab - dP 
=A? |bP -2a(b-d) +|dP 
=a (NV -A+1) 
Therefore 
LM=DL=DM 
and so ALMD is equilateral. 
Answer: (B) 


66. Pisa point on the circumcircle of AABC other than 
the vertices A, B and C. H is the orthocentre, M is 
the mid-point of PH and D is the mid-point of BC. 
Then the angle between the vectors DM and AP is 


(A) 75° (B) 60° ~—s (C):120°~—s (D)-:90° 


Solution: Take the circumcentre “O” of the triangle 
as origin and let OA=4,OB=b and OC=é. See 
Figure 6.39. 


TNS, 


B 


FIGURE 6.39 Single correct choice type question 66. 
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Therefore by Example 5.3 (Chapter 5) 
OH=a+b+é 


Let OP = p so that 


and 


Now 


Loic (ei 
= 5(ar-la’) 
=50) (|Al=lal=R) 


=0 


Therefore DM and AP are at right angles. 
Answer: (D) 


67. ABCD isa parallelogram. Through the vertex A, an 
arbitrary line is drawn to meet the diagonal BD in 
P, the side BC in Q and the side DC produced in R. 
Then AP is 


(A) AM between PR and PQ 

(B) GM between PR and PQ 

(C) HM between PR and PQ 

(D) AR=PQ-PR 
Solution: Take A as origin and let AB=b and AD=d. 
Suppose BP: PD = A:1 so that 


app +4d 
At+1 
Therefore the equation of the line AP is (see 
Theorem 5.29) 
D Cc R 
1 Q 
A B 


FIGURE 6.40 Single correct choice type question 67. 


~ (Ad +b) 
=t———— 6.27 
J At+1 ee) 
Equation of the line BC is (see Theorem 5.27) 
7=b+sd, seR (6.28) 
Equation of the line DC is (see Theorem 5.27) 
F=d+ub, ueR (6.29) 
From Eggs. (6.27) and (6.28), we have 
Re ea EM 3 
At+1 At+1 
and hence s =A, t=A+1. Therefore 
AQ=b+Ad (6.30) 
Also from Eqs. (6.27) and (6.29), we have 
Me (aad Sy 
At+1 At+1 
Therefore 
1 
Au=1 or u=— 
u — 
Hence 
Se 1 
R=d+—b (6.31) 
A 
Therefore 
PO=AO- AP 
(+a -[Fe4) 
+1 
=—*_(b+ Ad) 
=A(AP) 
This gives 
PO) (6.32) 
AP 
Also 
PR= AR- AP 
= 4.) be 
=| d+—b |-——— [see Eq. (6.31 
(d+ 5b)-2*0 [see Eg. (631) 
={ 1 1 
=(b + Ad)| —- 
( (4 eal 


Hence 


in | (6.33) 
PR 


Equations (6.32) and (6.33) give 
PQ_AP 
AP PR 
(AP) = POxPR 
Answer: (B) 


68. On the sides BC, CA and AB of ABC, points D, E 
and F are taken, respectively, such that BD: DC = 
CE: EA = AF:FB=A:1. Then the ratio of the area 
of DEFtothe areaof ABCis 
(A) (V? A+1):(A4+1Y 
(B) (A? A+1):(A+1) 

(C) (A°+44+1):(A4+19 
(D) (A?+4+1):(A4+1) 


Solution: Take Aas origin and let AB =b and AC =<. 


Therefore 


FIGURE 6.41 Single correct choice type question 68. 


_b+ré 
ar 


S| 


=| 


= 


a b+(1 Aje 


A+1 


: 
ea) 
ll 

by 


(A 1)b 2 


DF= 
A+1 


Worked-Out Problems 


Therefore (using Theorem 6.29) 


Areaof DEF = 5|DE DF| 


—1], b+ Ae (A Db 2 
2 At+1 At+1 
= _|Ab D+ YE AI 
~ 2(A+1P 
2 
_A veal é| 
2(A +1) 
Vv A+1 
= Cane of ABC) 
+515 c|=Area ABC. 


Answer: (A) 


69. A vector of magnitude 2 and coplanar with the 
vectors 3i j kandit+j _ 2k which is perpendic- 
ular to the vector 2i + 2j +k is one of the following 
vectors. Which one is it? 


(A) RG+j+h) (B) a(3i 5j + 4k) 


(C) o(3i + 5y+4k) (D) li 73) 


Solution: Let 7 be the required vector. Since 7 is 
coplanar withthe vectorsb=3i j kandc=i+j 2k 
(observe that b and ¢ are non-collinear), let 

F=xb+ yc 


=(3x+y)it(y xj (x+2y)k (6.34) 


|7|=V2 


where x and y are scalars. Now ¢ is perpendicular to 
2i +2j +k implies 


(3x+ylt(y x) +(x+2yy=2 (6.35) 


2(3x+y)+2(y x) x 2y=0 


3x+2y=0 
_ 3x 
3 


Putting this values of y= 3x/2 in Eq. (6.35) we get 
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eng 2¥2 42 
5V2 5 
Now 
Seeks _ 3e_ 3 
5 9" gS 
foes 
ne ae 
In tabular form we have 
XxX _ 3x 
2) _3 
5 5 
2; 3 
5 5 


Answer: (B) 


70. The position vectors of the points A, B, C and D are, 
respectively, 3i —2j-—k,2i+3j-—4k,-i+j+2k and 
4i + 5j + Ak. If all the four points lie in a plane, then 
the value of Ais 


146 14 8 
aS eo oF o3 
Solution: We have 
AB=-i +5j —3k 
AC =-4i +3] + 3k 
AD=i+7j+(A+lk 
Now 


A, B,C and D are coplanar 
«> AB, AC and AD are coplanar 
-1 5 -3 
2\-4 3 3 
1 7 (A+) 


© 17/+ 146=0 


=0 (see Corollary 6.16) 


Answer: (A) 


71. The value of a so that the volume of the parallelo- 
piped formed by the vectors i+ aj—k,j+ak,i+j+k 
becomes minimum is 


1 


AB 87 OF OF 


4 
Solution: We have 


V = Volume of the parallelopiped = |det A| 


(see Theorem 6.33 and Theorem 6.35) where A is the matrix 


1a -l 
01 
11 1 
Now 
detA=1-a+a +1 
=a-—a+2 
2 
-(a-3] +227 
2 4 4 
Therefore 


2 
vaacta-(a-3] +to7 
a) AA 


V is equal to 7/4 when a = 1/2. Hence V is minimum when 
a= 1/2 and the minimum value of V is 7/4. 


Answer: (B) 


72. If the volume of the parallelopiped whose set of 
coterminus edges are represented by the vectors 
-12i + Ak,3j —k and 2i + j — 15k is 546 cubic units, 
then a value of Ais 


(A) -3 (B) 3 (C) -179 (D) 178 
Solution: We have 
V = Volume 
-12 0 A 
= Absolute valueof} 0 3 -1 
2 1 -15 
=|12 x 44-6A| 
Therefore 
88 -A=+91 
Now 
88-A=91>A=-3 
and 88 -A=-915 179 
Answer: (A) 


73. Unit vector orthogonal to a= 33 + 2] + 6k and 
coplanar with b=2i+j+k andc=i-j+kis 


6i —5k 3; —k 
(A) Ja (B) eT 
55 2i+j—2k 
(C) ee (D) a ia 


Solution: By the definition of cross product, the vector 
a xX (b x C) is coplanar with b and ¢ and is orthogonal to 
a. Now (using Theorem 6.46) we have 


ax (bx €)=(G-é)b —(@-b)é 
= 7b -14¢ =7(3j —k) 
Therefore the required unit vector is 


V(3j-k)_3j-k 


7,./9+1 10 


Answer: (B) 
74. If G=i+jt k and b is a vector such that a@-b=1 
and axb=j-k, then b is 
(A) i-j+k (B)2j-k (Ci (W)2i 
Solution: We have 
(ax b)xa@=(j —k)x(i+j+k) 
Therefore (using Theorem 6.46) 
i jk 
(4-@)b-(b-@)a=|0 1 -1 
11 1 
3b -a@=2i - 


Answer: (C) 


75. Let a@=2i+j-—2k and b=i + j. If ¢ isa vector such 
that_a-¢=|c|, |é-a|=2V2 and the angle between 
ax b and ¢ is 30°, then |(a x b) x ¢| is equal to 


2 3 
(A) oS (By = (C) 2 (D) 3 
3 2 
Solution: We have 
8=|¢—af 
=|éP —2(¢-a)+|aP 
=|éP—2|é|+9 
Therefore 
(lc|-1)=0 or |él=1 
Now 
ij k 
a@xb=|2 1 -2)=2i-2j+k 
11 0 


Worked-Out Problems 


Hence 
|ax b|=3 
So 


\(a x b) x é|=|a x bl|é| sin 30° 


03 


76. Thevectorsd =(sec’ a)i + j +k,b=i + (sec B)j +k 
and ¢=i + j +(sec’ y)k are coplanar only if 


Answer: (B) 


(A) a, B, y are distinct such thata+fB+y= 7 
(B) a=B=y=na7,neR 


(C) a=B=y=7 


(D) no real values exist 


Solution: The vector are coplanar only if 
seca 1 1 
1 sec’B 1 |=0 
1 1 sec*y 


Replacing seca, sec’B and sec’y with 1+tan’a, 1+ 
tan’ B and 1 + tan’ y and simplifying we have 


>) (tan’ Btan’ y) + tan’ atan’ Btan’ y =0 


which is possible only when 


tan’? a= tan’ B = tan’ y =0 
Answer: (B) 


77. Let a, b be unit vectors. If ¢ is a vector such that 
b=c+cxa andif 


2 ask 
x b)-e€|== 
\x5)-2|=5 
then the angle between @ and b is 


(A) 60° = (B) 30°—s (©) 4852 


Let 6 be the angle between a and c. Now 


(D) 90° 
Solution: 
\(4 x b)-é|=|b-(E x @|=|(E +E x a)-(E x )| 
=|é x aP=|éf sin? @ (6.36) 

Also 


[bP =|é+é x GP =|éP +|é x aP =|éP + |ZP sin? @ 


Therefore 


1=|bP=(1+sin’@)|éP  (- |b] =1) 
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So 


a 1 
alt= 1+sin’6 
Therefore from Eqs. (6.36) and (6.37) we get 
._ nv. sind 1 
b)>€| = ——- == 
aye) 1+sin?@ 2 


if and only if @= 90°. Now 


(6.37) 


Therefore @ and b are perpendicular to each other. 
Answer: (D) 


78. a, b and @ are vectors of magnitudes 1, 1 and 2, 


respectively. If a 
between a and ¢ is 


(A) 90° ~—- (B) 60°. —s (C) 45° 


Solution: We have (using Theorem 6.46) 
b=a@ (4 )=(@€)4 (@A)E 


Therefore 


(a c)+b=0, then acute angle 


(D) 30° 


1=|bP=(@€) |aP+léP 2WEY C- |a@|=1=I4)) 


=(@€F +4 HEP 
=4 (ay 
=4 4cos’@ 


where 0 =(a,c). Therefore 


3 


cos@ = +— 
2 


Hence @isacute 6@=30°. 


Answer: (D) 


79. Let A=(1, 2,1), B=(2, 1,2), C=(0, 4,4), D=(2, 
2,2) and E=(4, 1, 2) be five points. The line AB 


meets the plane CDE at the points 
(A) @, 1,3) 
(C) 0, 1,1) 


(B) (3, 0, 3) 
(D) (2,0, 2) 


Solution: Equation of the line AB is (using Theorem 5.29) 


F=(1 ‘(2i+f74+2k)+ei+2j7+k),t R 


F=(2 Di+(1t+Hj+(2 Dk 


(6.38) 


For the plane CDE,CD CE is anormal. So 


ij k 
CD CE=|2 2 2 

ae 2 

=6i 4j+2k 


Therefore 3i 2j +k is also normal to the plane CDE. 
The plane passes through the point C. By Theorem 6.17, 
the equation of the plane is 


[F ( 47 +4k)PBi 27+k)=0 


where F=xi + yj +zk is any point in the plane CDE. 
That is 


[xit(y+4)j+(z 4)k]X3i 27 +k)=0 
3x 2(yt+4)+z 4=0 
3x 2y+z 12=0 
From Eqs. (6.38) and (6.39), we have 


(6.39) 


3(2 t) 214+24+2 ¢ 12=0 
6 3t 2 2t+2 t 12=0 
6t 6=0 

t= 1 


Substituting the value of f= 1 in Eq. (6.38), we have 
7 =3i +3k 


Therefore (3, 0, 3) is the point where the line AB meets 
the plane CDE. 


Answer: (B) 
80. Let @=i ro b=j vhie=k i. d is a unit vector 
such that axl =0=[bc d], then d equals 
(i+j 2k) (ij 2k) 
A) + B) + 
(A) TG (B) 6 
(2i+j k) (i+2j_k) 
C) + D) + 
(C) 4 (D) IG 
Solution: Let d=xi + yj + zk and |d|=1. 
axd-0 x y=0 (6.40) 
0 1 1 
[bcd]=0 |1 0 1]=0 
xX y Z 
x+y+z=0 (6.41) 


ldj=l x +y+7=1 (6.42) 


From Eqs. (6.40) and (6.41) we get 
y=x and z= 2x 


Substituting these values in Eq. (6.42), we have 


6x°=1 or gaa 


v6 


Therefore 


Answer: (A) 


81. Let a,b and @ be non-coplanar vectors and 
24+3b ¢,@ 2b+3¢,34+4b 2éanda 6b+6¢ 
be position vectors of the points A, B, C and D, respec- 
tively. Then the scalar triple product [AB AC AD] is 


equal to 

(A) 9ab¢] (B) 6[a4b ¢] 

(C) 4[ab¢] (D) 0 
Solution: We have 


AB= @ 5b+4é 

AC=a+b é 

AD= @ 9b+7é 
Therefore (using Quick Look 11) 


1 5 4 
[ABAC AD]=|1 1. 1[ab¢] 
1 9 7 


=(2+30 32)[abc|] 
=0 
Answer: (D) 


Quick LOOK 


The points A, B, C and D are coplanar. 


82. In Figure 6.42, AB=3i j, AC =2i +3] and DE= 
4i 2). Then the area of the shaded region in square 


units is 
[AyD (B) 6 (C) 7 (D) 8 
Solution: We have 
BC =BA+AC 


( 3i+7)+(27 +3)) 


= i+4j 


Worked-Out Problems 


FIGURE 6.42 Single correct choice type question 82. 


Vector area of the shaded region is given by 


SED EB+5EC ED=[[ED EB+ED CE| 


=S[ED (CE+EB)) 
=5(ED CB) 


=5I( 47427) @ aj] 


qi. oe 
= ~(16k 2k 
5(l6k 2k) 


=Tk 
Therefore 
Area =|Vector area| =7 


Answer: (C) 


83. The angle between two unit vectors @ and b is 
Cos '(1/4). If é is a vector such that |¢|=4 and 
C 2b=Aa, then value of Ais 


(A)3, 4 (8) 34 () 3,4 (D) 3,4 
Solution: We have 
eae at 4 
ax =|a||b|cos cos *—.=— (6.43) 
4° 4 
C=Aa+2b 
16=|é/ 
=|Aa+2b/ 


=)? |aP + 4A(a>b) + 4|bP 


=A? 444 ot 4 [by Eq. (6.43)] 
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Therefore 
V+A 12=0 
(A+4)(A 3)=0 
A=3 or 4 
Answer: (A) 


84. In ABC (Figure 6.43), if(BC)’ + (AC) =5(AB)’, 
then the angle between the medians AD and BE is 
(A) 60° (B) 90° (C) 120° (D) 45° 

Take A as origin. Let AB=& and AC=B 

b and (a, B) = A. Therefore 


Solution: e 
so that |@|=c, |B|= 


and AE = 


B 
FIGURE 6.43 Single correct choice type question 84. 


Now 
Gppee ate B62) a] 
2 2 
==((BF 216 a6) (6.44) 
But by hypothesis 
|B a@P +|BP=S|aP 
2|BP (a8) = 4a? 
|BP (@8) 2\aF= (6.45) 


From Eqs. (6.44) and (6.45), it follows that AD»BE =0. 
Therefore the medians AD and BE are at right angles. 


Answer: (B) 


85. In ABC, AB=BC and the median AD is perpen- 
dicular to the bisector of the angle C (Figure 6.44). 
Then |ACB is 


(A) 60° (B) 45° 
1 1 
Cy Cos? =~ D) Cos’ =, 
(Cy Cos? 5: (D) Cos” 72 
Solution: Take A as origin. Let AB=@ and AC =B so 


that |@|=c, |B|=b and (a, B) =A. Let CE be the bisector 
of |ACB so that AE: EB = b:a. Therefore 
Ap = 2t8 
2 
and AE= pa 
a+b 
By hypothesis, 
AB=BC 
|AB|=|BC| 
laP=|a BP 
[BP 2(a>B)=0 
[BP 2\a||B| cos A =0 
b=2ccosA (6.46) 
Now 
AD>CE =0 HP x B..=0 
= ee ; 


(&+B)xXba& (a+b)B)=0 
b|&P (a +b)(GB)+ DGB) (a+b)|BP=0 
bla a(@B) (a+b)|BP= 
be’ abccosA (at+b)b’= 


FIGURE 6.44 Single correct choice type question 85. 


ba bacosA (a+b)bh’=0 (« AB=BC  c=a) 

a acosA ab b=0 

a@ acosA a(2acosA) 4a cos’ A=0 

[from Eq. (6.46) and c=al] 

1 3cosA 4cos’ A=0 

4cos- A+3cosA 1=0 

(4cosA 1)(cosA+1)=0 

cos A = 
But 

|A=|ACB (.< AB=BC) 
Therefore 
cos = 4 or |ACB=Cos' mm 
Answer: (D) 


86. Let a, b, ¢ be three non-coplanar vectors and 7 bea 
non-zero vector such that 


F=x(b @)+y(E G@)+2(a4_ 5b) 


where x, y, z are scalars and [abc](x+ y+z)=1. 


Then 7xXa+b+C) is equal to 


As @2 Ol @,; 
Solution: We have 
F=x(b @)+y(C G)+2(a b) 
Therefore 


7P>o = [a bc] 
FC = [ab C] 
So 
Pa+Pb+ PE =(x+ yt+zabe]= 
This implies 


7Xa+b+2)=1 
Answer: (C) 


87. If G, b and é are mutually perpendicular vectors of 
magnitudes 1, 2 and 2, respectively, then the value 
of |[@ b ¢]| is 
(A) 4 (B) 5 


(C) 5 (D) 2 


Worked-Out Problems 


Solution: Since G, b and é are mutually perpendicular 
vectors, the parallelopiped formed by them is a rectan- 
gular box. Therefore 


I[4 b e]|=lallo||e|=4 
Answer: (A) 
88. If d,b,é are non-coplanar unit vectors such that 


ane a= +8) 


and b, é are non-collinear vectors, then the angle 
between a and 5 is 


t 3% Hs 20 
A) — B) — C) = D) — 
At ®t OF OF 
Solution: By Theorem 6.46 
a (b @)=(@€)b (@b)é 
Therefore 
wee ta eae | Dep 
axt)b (arb)c =—=(b+¢ 
(ax)b (a) a! ) 
This implies (using Theorem 5.15) 
1 =~ 1 
ae=— and av= — 
V2 V2 
Therefore 
1 26S Slalbieost 
V2 
where 0 = (a, b). Hence 
1 3% 
—==cos0 O=— 
V2 4 
Answer: (B) 


89. Ifa (b @)=(@ b) Gand G, éare not collinear, 
then 


(A) (@ ¢) b=0 
(C)a@ b=a &@ 


Solution: We have 


a@ (b ¢)=(@ b) é 
This implies 
(@€)b (@b)E=(@€)b  (b€)a_ (see Theorem 6.46) 
which further gives 


(a>b)é = (b€)a 
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But a and ¢ are non-collinear vectors. Therefore 
ab =0=b¥ 


Hence b is perpendicular to both a@ and é and so b is 
parallel to a_ c. Therefore 


Answer: (A) 


90. In ABC (Figure 6.45), if |AC|=3 and |BC|=4 and 
the medians AD and BE are at right angles, then the 
areaof ABCis 


(B) V7 


(A) 12 


(C) 7 (D) Vit 


B 4 D Cc 
FIGURE 6.45 Single correct choice type question 90. 


Solution: Take C as origin and let CA=4 and CB=b 
so that |a| = 3,|b|=4 and (a, b)=|C. Now 


AD>BE =0 
2 ge" 0 
gr) 
(b 2a)Xa@ 2b)=0 


2\aP 2|bP +5(a) =0 
2(9) 2(16) + 5(3) (4)cosC =0 
60 cosC = 50 


5 
C== 
Cos 6 


sinC =,/1 25 _ Vil 
V 36 6 


Now areaof ABC 


Therefore 


=C1CA CBl=—laleac 
2 2: 


=taanet 


6 
=/11 
Answer: (D) 


91. If the vectors a, band é are coplanar vectors, then 
the value of the determinant 


ati ab at 
bai bd bx¥X|= 
CH OD O€ 
(A) 0 (B) 2 (C) 2 (D) 1 


Solution: In Quick Look 11, part (2), take 7 =a, m=b 
and n=c. Then 


But G, b, é are coplanar. This implies 


[ab c]=0 
Direct Solution: 
Let 
a=ai + aj +a,k 
b=bi+bj+bk 
€=ci tej +ok 
Therefore 


[abcP=|b, b, bb, b, 6, 


[- det A =det(A")] 


a; a,b, ac, 
=| ba b be, 
Ca, cb, oa 
ati ab aX 
=|bDai bd OE 
Of Ob O€ 


Answer: (A) 


92. If a, b, ¢ are coplanar vectors, then the value of 
[bxc ¢xa axblis 
(A) 2 (B) 1 (C) 0 

We have 


(D) |a-b+ b-€+¢-a| 
Solution: 
[bx@ @xa@ @xb]=((bxé)x(Ex4@))-(@xb) 
=([b ¢ dé -[é ¢ a]b)-(4x b) 
=[b éa][é ab] -0 


a,b, 


lay! 


are coplanar) 


For deriving this we have used Theorem 6.48 part (2) 
and Theorem 6.36. 


Answer: (C) 


93. In the AABC (Figure 6.46), points K and L are taken 
respectively on the segments AB and BC such that 
AK:KB=1:2 and BL:LC =1:2. Let P be the point 
of intersection of the lines AL and CK. If the area 
of the ABCP is 2 sq. units, then the area of the AABC 
in sq. units is 


(a) (C7 (D) V7 


(B) 4 


FIGURE 6.46 Single correct choice type question 93. 


Solution: Take A as origin and let AB =, AC = B, so 
that the angle between @ and f is A. Note 


AK:KB=1:25 AR = 4 


BI:bC=1:25 AL= sath 


Worked-Out Problems 


Equation of the line AL is 


p= CSt P) eR (6.47) 
Equation of the line CK is 
r= 3G+(1-s)p (6.48) 


[For Eqs. (6.47) and (6.48) see Theorem 5.30.] Equating 
the corresponding coefficients of @ and B in Eqs. (6.47) 
and (6.48) we have 


2t_s t 


— and —=1-s 
3 3 3 
Therefore 
ee ee 
6 3 
ge and es 
7 7 


Therefore position vector AP of P is 
* (26 + B) 
7 
Hence 
oe De, OS Oe 
PEO 00 ee) 


and 


PC =f - = (24 + B) = (6B - 24) ==(38 - @) 
7 7 7 
Now 
2= Area of AABC 
an 
=—|PBx PC| 
2 
1 2,,. = ae 
=—x—|(S5a- B)x (3B-a 
5X Gel 50 - B) x (BB - a) 
1 ~ 5 «= g 2,. = 
=—|1l5a x B-ax B|==|a~x 
55 ltS8 Ba x l= Flax BI 
Therefore |& x B|=7. Now 
1—: —, 1,-. ¢g, 7 
Area of AABC = —|ABx AC|==|a@ x B|== 
2; 2; 2 
Answer: (B) 
94. Let @=31-6j-—k, b=i+4j —3k and €=3i-4j - 


12k then the projection of @xb on é in vector 
form is 
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14é 14¢ 12¢ 15¢ 
(A) ae «=B) 
13 13 13 


Solution: Projection vector of B on & is [see Theorem 6.1 
part (2)] 


Therefore vector projection of a b on Z is 
i 3 6 1 
(c)= 169 1 4 3 1c 
3 4 12 


(a b)<€ 
let 


~1 13 48 12)+6( 1249) 1( 4 12)6 
169 

=~ ( 180 18+16)2 
169 


14¢ 
13 


Answer: (B) 


95. If|a|=J6 and|b|=5,then[(@ 5) b] bisequalto 


(A) 5(b a) (B) 5@@ 5) 
(C) 6(a@ b) (D) 6(b 4) 
Solution: We have 


[@ 5) b] b=[G@ b)b]b (b»)\@ bd) 
=0(b) 5(@ b) 
=5(b @) 
Answer: (A) 


96. Let the angle between a and b be 120° and |a|=1, 
|b|=2. Then 


\((@+3b) (3a b)P= 
(A) 300 (B) 225 
We have 


(C) 275 ~~ (D) 325 


Solution: 
\((@+3b) (34 b)P=| (@ b)+%b a)fP 
=10°|a bP 
= 100|aP|bP sin’ 120° 
=100 (y(4) 25 


= 300 
Answer: (A) 


97. If @ b) = Sa+4b and a =3, where G, b, é 
are non-coplanar, thena (b C) is equal to 


(A) 4b 3¢ (B) 3b 5é 
(C) 3¢ 4b (D) 5b 32 
Solution: We have 


Sa+4b=(4 b) G=(@€)b (b¥)a 


Therefore 


Now 
a (b @)=(@€)b (@b)é 
=4b 3¢ 
Answer: (A) 

98. Let G=i+j+2k and b=2i k. The point of 

intersection of the lines represented by the equa- 

tionsr a=b aandr b=a bis 

(A) 35 j+k (B) 3i+j+k 

(C)i jk (D) 
We have 


Telok 
Solution: 
7 G=b a 
(F b) a=0 


? biscollinear with a 


+f (6.49) 
Similarly 
7 b=a b F=4+sb (6.50) 


where s_R. The two lines given by Eqs. (6.49) and (6.50) 
intersect if t= s = 1. Therefore the point of intersection is 


a+b=3i+j+k 


Answer: (B) 
99. ak(b+¢) (@+b+26)] is equal to 
(A) 0 (B) 2[ab¢] 
(C) [ab¢] (D) [ab¢] 
Solution: We have 


ax(b+é) (@+b+a)]=a4(b+e) Gl 
=aXb a@+é aj 
=[@ b a|+[aé a] 
=0+0=0 
Answer: (A) 


100. a, b, c are three non-coplanar vectors. Then 


(4+b+@)X(4+b) (4+2]= 


(A) 0 (B) [ab é| 
(C) 2[a bc] (D) [abc] 
Solution: Given scalar is 


(4+b+e)k @ @ G 


Answer: (D) 


101. Let @=xi + yj + zk be a vector of magnitude 2V3 
and makes an obtuse angle with y-axis. If a makes 
equal angles with the vectors b= yi 2zj + 3xk and 
¢=2zi+3xj yk and is perpendicular to d=i 
j +2k, then a is equal to 
(A) 2i 2j 2k (B) 2i+2j 2k 
(C) 2i 27 +2k (D) 2i+2j7+2k 

Solution: We have |a|=2¥V3. Therefore 


x+yt+7=12 (6.51) 


Since |b|=|é| and @ makes equal angles with b and é, 
we have 


ab = at 
Therefore 
xy 2yzt+3zx=2zx+3xy yz 
2xy+yz zx=0 (6.52) 
Also 
ad-0 x y+2z=0 (6.53) 


Also a makes an obtuse angle with y-axis. This implies 
y<0 (6.54) 
From Eqs. (6.52) and (6.53) we have 
2x(x+2z)+(x+2z)zZ zx=0 
2x°+ 4zx +27 =0 
(z+xy=0 
Z= Xx 
From Eq. (6.53) we have y= x. Therefore, from Eq. (6.51) 
v=4 


x=+2 


V+x74+x7=12 


Since from Eq. (6.54) y<0, we have x=2, y= 2 and 
z= 2. Therefore 
g=2i 2] 2k 
Answer: (A) 


Worked-Out Problems 1449 


102. If G,b,é are mutually perpendicular vectors of 
equal magnitudes and x is a vector satisfying the 
equation 


aG [(% b)aj+b [(¥ @ d]+e [(% @ e=0 


then x equals 


(A) s(i+b 22) (B) 5(i+b+0) 


(C) 3(+b +2) (D) s2i+5 é) 


Solution: We have 
a [(x b) a@j=(@a)(X 5b) a d)a 
=|aP(¥ b) (@¥® Gb)i  (6.55a) 
Similarly 
b [(X 2 bl=|bP(X 2) (bX B¥€)b (6.54b) 
é [(% a) =leh(R @ (@€& SHE (6.55) 


Let |a@|=|b|=|é|= A. Since Gb = b»€ = xi = 0, by adding 
Eqs. (6.55a), (6.55b) and (6.55c), we have 
3K VG+b+E2) [WX G+ (X)b + @*)E]=0 (6.56) 
Suppose 

X=aa+bb+cé 


(This is possible, since @, b, @ are non-coplanar.) Therefore 


Substituting these values in Eq. (6.56) we have 


3x W(a+b+e) VX=0 


Note: Since @, b, é are mutually perpendicular vectors 
of same magnitude, one can take a=pi,b=pj and 
c = pk and proceed. 


Answer: (B) 


103. Let the vectors a, b, é and d be such that (@_ 5) 
(c d)=0. Let P, and P, be the planes determined 
by the pairs of vectors a, b and c, d respectively. 
Then the angle between P, and P, is 
1 1 

B) — Cc). 
et OF 


T 
(A) 0 (D) $ 
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Solution: (@ b) (€ d)=0 @ b and é dé are 
parallel. But a b andc d are normals to the planes 
P, and P,, respectively. Also, since (a,b,a 6) and 
(¢,d,é d) are right-handed systems, it followsthata@ 6 
andc¢  d are like vectors. Since the angle between P, and 
P, is the angle between their normals (see Definition 6.3) 


it follows that the angle between P, and P, is 0. 
Answer: (A) 


104. A plane P, is parallel to the vectors a = 2] +3k and 
b=4j _3k and a plane P, is parallel to the vectors 
¢=j kandd=3i + 3k. Vector A is parallel to the 
line of intersection of P, and P,. Then the angle 0 
between A and the vector 2i + j 2k,0 @ x/2is 


1 1 1 1 
A) = B) — C) = D) = 
A> Bt OF @wF 
Solution: Normal to R=a b= 181 and normal to 
P=c d=3i 3j _3k. By hypothesis, A is perpen- 
dicular to both a bandc_ d and hence we can take 
A=(4 b) (€ d)=54( j+k) 
Therefore 


_ 54 k)xX2i+j 2k) 54 3 2 1 


cos@ = = 
54V2 3 54/2 3 V2 
and so 
g=2 
4 
- oo. 5 . os 3a 
Note: If A=(€ d) (a 5b), nent 
A 


FIGURE 6.47 Single correct choice type question 104. 
Answer: (B) 


105. In ABC (Figure 6.48), D is the mid-point of 
AC and E is a point on the side BC such that 
BE: EC=2:1. If AE and BD intersect in P, then 
the ratio AP: PE is 


(A) 2:1 (B) 2:3 (C)3:2 ~~) (D) 1:2 


Solution: Take A as origin, let AB=b and AC =é. 
Therefore 


and E= 


Suppose the ratio AP: PE = A:1 andthe ratio BP: PD = 1:1. 
Then 


b+pu(El2)_ A(b +22) 
ut1l =: (A $1) 


b and ¢ are non-collinear vectors. This implies 


eee ee 
Mtl 341) 
U 2A 


and = 
2u+1) 3(A+1) 


Solving these we get that 
3 
=4 and A== 
e 2 


Therefore 


AP: PE =3:2 


FIGURE 6.48 Single correct choice type question 105. 


Answer: (C) 
106. If a, b, ¢ are unit coplanar vectors, then the scalar 
triple product [2a b2b ¢2c a] equals 
(A) v2 (B) 1 (C) v3 (D) 0 
Solution: The given scalar triple product is 
=(2a b)(2b c) (2€ a)| 
=(24 b)f4(b ¢)+2(@ b)+(E 4)] 
=8[abé] [bea] 
=7a bc] 
=7(0)=0 


Answer: (D) 


107. Let @=21+3j74+4k, b=i+5j+2k and @=3i+ 


15j + 6k. Then 
axi ard aX 
bi by bx¥€|= 
Ci Ob O€ 
(A) 0 (B) 8 (C) 4 (D) 6 
Solution: Under Quick Look 11, part (2), put / =a, m=b 


and n=c. Then the given determinant value is [a bef. 
But by hypothesis ¢ = 3b, so that [a b Cc] is zero. 


Answer: (A) 


108. Let A, B, C and D be any four points in the space. 
Then the minimum value of (AC)’ + (BD) + (AD) + 
(BC) is 
(A) (AD)’ + (BC) 

(B) (AB)’+(CDY 
(C) (AC) + (BDY 


(D) no minimum value 


Solution: Take A as origin and let AB=b, 
AD =d. Then 


(ACY + (BDY + (ADY + (BCY 
=|éP+|d bP+|dP+|é bP 
=|éP+|bP+|dP 2(bd)+|dP+|bP+|eP 2(b€) 


dP +|bP+|éP+|dP 2(é>d) 


lI 
oy 
joy! 


=|b é dP+|bP+|é dP |bP+lé af 

where the equality occurs if and only if b =é+d whichis 
equivalenttob ¢=d or CB= AD. Hence the minimum 
value is 


|bP+|é dP =(ABY +(CDY 


Answer: (B) 


109. Let u,v and w be non-coplanar unit vectors and the 
angles (u, ¥)=a,(V¥, w) =f and (w, uv) = y. Suppose 
a, b and € be the unit vectors along the bisectors of 
a, Band y respectively. Then the value of the scalar 
triple product 


[a b b é & epee: sec? sec? oP cag Y 
K 2 2 2 


where the value of K is 


(A) 2 (B) 4 (C) 8 (D) 16 


Worked-Out Problems 


Solution: As per Theorem 5.33 
-~ Uutv 
a4=—— 
lu + v{ 
B= v+w 
|v+w| 
ae w+u 
—|w+al 
Now 
[a bb Gé al=(@ b)X(b 2) (CE A 


=(@ b)xX[béajé [béé]é) 
(by Theorem 6.48) 


Substituting the values of a, b and é we have 
[@ bbe ~é a 
_ 1 
jut+vP|v+wPl|w+ul 


1 


[ut+v V+ 


= 
= 
+ 
5 


2B 


Acos? &. . 4cos’ 
a* 


- 1 ~ = 
= ti [uv w] 
16cos ao —cos 


Answer: (D) 


110. Ina Quadrilateral ABCD, if (AB) + (CD) =(BC) + 
(AD)’ then the angle between the diagonals AC 


and BD is 
(A) 120° (B) 90° (C) 60° (D) 45° 
Solution: Take A as origin and let AB=b, AC =é and 


AD =d. Now 
(ABY + (CDY = (BCY + (ADY 


|bP+|d cP=|é bP+|dP 
@xd => (6.57) 
Again 
ACxBD =¢xXd_ 5b) 
=@d Ob 


=0 [by Eq. (6.57)] 


Therefore AC and BD are at right angles. 
Answer: (B) 
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Multiple Correct Choice Type Questions 


1. Let @=2i+j k,b=i+2j+3kandé= 3i j+k. (D) We have 
Then 
(A) the volume of the parallelopiped whose coter- 
minus edges are a, b, c is 5 cubic units. 


[a b b é@ @ @j=[abcPH=( 5) =25 
So (D) is correct. 
(B) |a@ (6 @)|=5V5 Answers: (A), (C), (D) 
(C) area of the face with G, b as adjacent sides is 83 
(D) [4 bb Gé aj=25 


2. Let A be a real scalar and 


G@=Ai +24; 3Ak 


Solution: ; : . - 
(A) Volume of the parallelopiped =|[4 b Z]| where b=(2A+1)i +(24+3)7 +(A+Dk 
> 10°41 C=(304+5)i +(A+5)j +(A42)k 
[abc]=)1 2 3 Then a, b, c are coplanar 
>, & A (A) for exactly one real values of A 
=2(2+3) 11+9) 1( 1+6) (B) for exactly two real values of A 
= 5 (C) for exactly three real values of A 
Pheer (D) for no non-zero real value of A 
2 Solution: The vectors are coplanar if and only if 
lla 5 zI|=5 
A 2A 3A 
Hence (A) is correct. —lQA+1 2443 2<il=o 
(B) We have 3A+5 A+5 A+2 


a (b @)=(@@)b (@b)é 
(6 1 1G+2j4+3k) (2+2 3) 3i j+k) 


The operations C, 2C, and C,+3C, imply 


A 0 0 
= 87 +2j7+3k) (31 j+h =|2A+1 2A4+1 7A+4 
= = 15] 5k 3A+5 5A 5 10A+17 


= Al( 204+ 1)(102 +17) +5(A +170 + 4)] 
=A 20d? 24041743507 +550 4+ 20] 


5(i + 3] + 5k) 


Therefore 
7 = A(15A7 + 314 + 37) 
la (b €)|/=5J1+9+425 
Clearly A=0_ =0 and the vectors are coplanar. In 
= 5/35 this case ad =0 which is coplanar with any two vectors. 


: Now 
Hence (B) is not correct. 


(C) Area of the parallelogram with @ and b as adjacent 1547+ 311 +37 0 


sides =|4 |. Now for all 2 O because its discriminant is negative. 


Therefore (A) and (D) are correct. 


ij & 
@ b= 1 1=si 77+3k Ciera 
12 3 3. Let a@=itj+k and b is a vector such that ab =1 
anda b=j k.Then 
Therefore oe ai- 
7 (A) b=2i (B) b=i 
|a bl|=J25+49+9 =J83 (C) (@ 6b) b= Gtk) (D) @ 5) b=k fj 


Hence (C) is correct. 


Solution: We have 


j-k=axb>4x(j -k)=ax(@xb) 
= (i+ j+k)x(j-k)=(4-b)a-(@-a@)b 
=>-2i+j+k=a-3b 
=b=i 


Hence (B) is correct. 
Also 


(4x b)xb=(4xi)xi 


So (C) is correct. 
Answers: (B), (C) 


4. Let G,b and @ be the position vectors of three non- 
collinear points A, B and C, respectively, and p=b x 
c+cxa+axb. Then 


(A) p is perpendicular to the plane of AABC 
(B) |p] is twice the area of AABC 
(C) [bxééxaaxb]=2ab ¢] 
Solution: We have AB=b-4, AC =é—4. Then 
AB x AC =(b-@) x(é-4@) 
=bxé-bxa-axé 
=bxé+éxat+axb 
But AB x AC is perpendicular to the plane of AABC. 
Therefore p is perpendicular the plane of AABC. Hence 
(A) is correct. 


Also (1/2)|AB x AC| is the area of AABC. So (B) is 
correct. Again 


This implies (C) is not correct. Finally 
a-p+b-p+é-p=[ab é]+[b é a]+[é ab] = 3[a bc] 
This means (D) is correct. 


Answers: (A), (B), (D) 


5. Let a and b be unit vectors and @ be the angle 
between a and b. Let x=a+b and y=a—b. Then 
(A) x y=1 
(B) x-y=0 


Worked-Out Problems 


(C) |x j|=2sing 


(D) |x x yl, two times the area of the parallelogram 
with a and b as adjacent sides 


Solution: We have 


¥-y =(@+ b)-(@—) 


So (B) is correct. Also 


¥x p=(@+b)x(@—-b) 


= -2(a x b) 
Therefore 
|x x p|=2|a x d| 
=2|a||b| sine 
=2sin0 
So (C) is correct. Also 
|x x p|=2|a x b| 


This implies (D) is correct. 
Answers: (B), (C), (D) 


6. ABCD isa regular tetrahedron. P and Q are the mid- 
points of the edges AC and AB, respectively, G is the 
centroid of the face BCD and @ is the angle between 
the vectors PG and DG. Then 


(A) the angle between AB and CD is 90° 


5 
B) the angle @is a -Cos'| —— 
Eee Ga 
5 
C) Gis Cos'| —— 
oe (a5 


(D) angle between AB and CD is 120° 


Solution: Take D as the origin and let DA=4a, DB=b 


and DC =. See Figure 6.49. Then 


DP (a+c) 
2 
—. 4+b 
Q= 2 
peut 
3 


Since ABCD is regular all the faces are equilateral 
triangles with equal edges and hence the angles of each 
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triangular face are 60°. Ina tetrahedron ABCD, the pairs 
of edges (AD, BC), (CD, AB) and (BD, AC) are called 
opposite pairs of edges. Now 


AD-BC =(-a):(€- b)=4-b-@-é 
=|a||b| cos 60° 
=—|a||¢|cos60° =0 


because |d|=|b|=|¢|. 


B Cc 
FIGURE 6.49 Multiple correct choice type question 6. 


Therefore AD and BC are at right angles. Hence oppo- 
site pairs of edges are at right angles. (A) is correct. Now 


PG==(b+8)-5G+0) 


= =(25 ¢ — 3a) = 


1 = 
=(34-2b+é 
PAL a c) 
Son 7. 
DO= (an) 
36|PGP =9|aP + 4|bP +|éP — 12(4-b) — 4(b-2) + 6(é-4) 
= 9|aP + 4|bP +|éP —12|4||b| cos60° 
—4|b||Z| cos60° + 6 |é||a| cos 60° 


It is known that |a|=|b|=|¢|= K (suppose). Therefore 


36|PGf = K?(14-6-2+3)=9K* (6.58) 
Again 
4|DOP =|a + bP =|aP|bP + 2|a||b| cos60° 
= 3K’ (6.59) 
From Eqgs. (6.58) and (6.59) we have 
|PG| -+ and |DO|= = (6.60) 


Now 


G-DO = -2(3i —2b +834 +b) 


ee: 3K? 42K? K? 2x24 KK 
12 2 2 
5K? 
= (6.61) 


Therefore, using Eqs. (6.60) and (6.61) we have 


PG-DQ _ 5K* 4 


cos0 = —— x 
| PG||DQ| 24 3K’ 


Hence 


(B) is correct. 
Answers: (A), (B) 


7. A, B, Cand D are fixed points in space or in plane and 
M is any arbitrary point in the space. Which of the 
following true? 


(A) MA-MC = MB.-MD if ABCD isa rectangle. 
(B) |MAP+|MCP=|MBP+|MDP if ABCD is rectangle. 
(C) If AM-CM#BM-DM for all positions of M, 


then ABCD is a parallelogram without being a 
rectangle. 


(D) If AM-CM#BM-DM for all positions of M, 
then ABCD is a trapezium which is not a 
parallelogram. 


Solution: Take A as origin and let AB=b, AD=d 
and AM =m. See Figure 6.50. Suppose ABCD is a rect- 
angle so that b:d=0 and AC=b+d. Now 


M 
m 
D Cc 
d 
A > B 
b 


FIGURE 6.50 Multiple correct choice type question 7. 


MAMC =( m)xXb+d_ m) 


= mb mrd+|m/ (6.62) 
MBxXVMD=(b im)xXd_ im) 
=bxl bn md +|m/ 


= mb md+|mP (- bd =0) (6.63) 


Therefore Eqs. (6.62) and (6.63) imply 


MAxMC = MBxXUD 


Hence (A) is correct. 
Again 


|MAP+|MCP=|mP+|b+d mb 
=2|mP+|bP+|dP 2mxXb+d) (- bd =0) (6.64) 
Also 
|MBP+|MDP=|b mP+|d mf 
=2|mP+|bP+|dP 2mxb+d) (6.65) 


Equations (6.64) and (6.65) imply 


|MAP +|MCP=|MBf +|MD/ 


Hence (B) is correct. 
Suppose AM>CM BM»xDM for all points M. Then 


mxXm @) (m b)xXm ad) 
mXd+b ¢) (bx) (6.66) 
Let G=b+d Z. We prove that a@=0sothatb é=d 
in which case BC = AD and hence ABCD is a parallelo- 


gram. Suppose @ 0. Then the vector 


satisfies the equation ma = b xd which is a contradiction 
to Eq. (6.66). Therefore @=0. Now AM>CM BM>xDM 
assures that ABCD is not a rectangle because of (A). 


Answers: (A), (B), (C) 


8. Let a, b and @ be non-coplanar vectors such that 
(a, b, c) is a right-handed system. Let 


= but 

a= = 
[abe] 

Pm ba 


and x > 0. Then 


Worked-Out Problems 


(A) x[abé]+ la PY has least value 2 


x 


(B) [& B 7] isa positive scalar 


(C) M+ DPB + OY =3 
(D) De + OP + ay =3 


Solution: We have 
_ae 1 
_(abep 
[ab cP 


Also (4, b, é) is a right-handed system 


right-handed system. 


and 


Hence (B) is correct. 
Now AM_ GM implies 


Now 


[b Gé Ga bd] 
eet ap 
[abc] 


(, B, 7) is also 


So (C) is correct. 


Also, bo =0, @B=0 and 4x =0, therefore (D) is not 


correct. 


Answers: (A), (B), (C) 


9. b and ¢ are non-collinear vectors. If a is a vector such 


that |c a@=¢ and 


a (b @)+(@b)b=(4 2x siny)b+(x° 1)é 


then 
(A) x= 1 


(B) ya(4nt) on Z 
(C) y=(Qn+)o.n Z 


(D) x=1 
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Solution: By hypothesis 
(@€)b (G@b)é+(Gb)b=(4 2x siny)b+(x’ 1)e 
and lef a 


Now 


Therefore 
(1+@)b (@b)é=(4 2x siny)b+(x? 1)é 

This gives 

1+@b=4 2x siny 
and (ab)=x° 1 
Solving we get 

1+1 x =4 2x siny 
2 


x 2x+2=siny 


(x 1)/+1=siny 


So 1 siny 1 x 1=Oandsiny=1. Therefore 
x=1 
and y=(4n+ yt 


Answers: (B), (D) 


10. Let ABCDEF be a regular hexagon (Figure 6.51) 
such that AD=xBC and CF =yAB. Then 


(A) xy= 4 (B) AFXAB+=BC =0 
(C) xy=4 (D) AByAF + ~BC =0 
Solution: Let “O” be the centre of the hexagon. Then 


xBC=AD=2AO=2BC 
x=2 


yAB=CF=2CO= 2AB 
y= 2 
Hence 
xy= 4 


(A) is correct. Now 


ABxAF =| ABJ cos120° = 5(BCP 


A B 
FIGURE 6.51 Multiple correct choice type question 10. 


(B) is correct. 
Answers: (A), (B) 


11. Let a and b- be two non-collinear unit vectors. If 
Q@=a (a)bandB=a_ |, then || is 
(A) |a| (B) |a@| + loa 
(C) |a@|+|a>6| (D) |G@|+@a +b) 
Solution: Let @ be the angle between @ and b. Then 
a> =|a||b| cos@ = cos@ 
Now 
jaP=|a (@b)bF 
=|aP+@by bP (aby 
=1+cos’@ 2cos’@ 
= sin’ 0 
=({al|b|sinoy — (~ |a|=||=1) 
=|a bP 
=|BF 


Therefore 


Hence (A) is correct. Now 
Gb =[G (G>b)bpb 
=a (a>b)(b») 
=ab ab (- |bl=1) 
=0 


Since 
|G| +|a-b|=|a| + 0=|a|=|6| 
Therefore (C) is correct. 
Answers: (A), (C) 
12. The vector (1/3)(2i —2j +k) is 
(A) a unit vector 


(B) makes an angle 2/3 with the vector 2i — 4j + 3k 


(C) parallel to the vector —i + j — cas 


NO 


(D) perpendicular to the vector 3i +2j —2k 


Solution: Let 
= 1 ae 4 z 
a= —(2i -2j +k) 
3 
so that 
a 1 2 2 
lal =5e +2°+1)=1 
Therefore 
|a|=1 


(A) is correct. 
Let b=2i —4j + 3k. Then 


a:b = 3(4+843)=5 


Let @=(G, b). Then 


7 5 5 
| 1-/4+16+9 29 


Hence (B) is not correct. 
Now 
1 


i+] 
I> 


- Lis a5 7 34 
k =-~(2i -27 +k)=—= 
502i -2)+b)=-Sai 
Therefore G@ is parallel b. Hence (C) is correct. 
Also 
> ir? et = 1 
a-(3i +2] == (oe 4—2)=0 


Therefore (D) is correct. 
Answers: (A), (C), (D) 


13. For three vectors G, b, é, b-(a XC) is 
(A) not equal to @-(b x) 
(B) not equal to (b x é)-a 


Worked-Out Problems 


(C) not equal to (4x b)-é 
(D) not equal to é-(b x @) 


Solution: It is known that 


a-(bx@)=b-(€ xa) =2-(4xb) 
Therefore 
b-(4xé@)=é-(b x@) 
Therefore (D) is not correct. 
Answers: (A), (B), (C) 


14. For any two vectors @ and b which of the following 
are true? 
(A) |ax bP + (@-bY=|aP [bP 
(B) |1-4-bP +|a+b+ax bP =(14|aP)(1+ |bP) 
(C) (@xb)xa@=|aP b+(a-b)a 
(D) a@x(bxa)=|aP b-(G-b)a 


Solution: 
(A) We have 
. |e-a a-b 
lax bf = aaa (Theorem 6.48) 
b-a_ b-b 
=|aP|bP -(@-by 
Therefore 


|a x bP + (@-b) =a? |bP 
So (A) is correct. 
(B) We have 
\1-a@-bP +|a+b+ax bP 
=1-2(4-b)+(a-by +|aP +|bP + 2(4-b) +|a x bf 
[. @-(@x b) =b-(ax b) = 0] 

=14+ af |bP cos? @+|aP +|bP +|aP |bP sin? 
=1+|aP +|bP +|aP|bP (cos 6 + sin? @) 
=(1+|aP)(1+|6P) 


This implies (B) is correct. 
(C) From Theorem 6.46 we have 


(ax b) x a@=(G-@)b —(a-b)a 
Hence (C) is not correct. 
(D) Now 
a x(b x a) =(G-@)b - (a-b)a 
Therefore (D) is correct. 
Answers: (A), (B), (D) 
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15. Let AB=3i +4k and AC =5i — 2] + 4k. Then 
(A) length of the median through A of AABCis ¥33 
(B) the length of the altitude from A to the base BC 
of AABC is es 
2 
(C) the area of AABC is V41 sq. units 
(D) the area of AABC is 10 sq. units 
Solution: 


(A) Suppose AD is the median. Then 


Gp AB+ Ac 
2 


_ 81-27 +8k 
2 
=4) -7 +4k 
So 
|AD|=/4+17+4 = 33 


Hence (A) is correct. 
(B) We have 


AB+ BC = AC = BC = AC - AB=2i -2j 


Suppose AM is the altitude from A to BC 
(Figure 6.52). Then 


sin B= ld 
AB 
=> AM =(AB)sinB 
_ (BC)(AB)sin B 
7 BC 
ees (6.67) 
|BC| 


Now 


& 
Q 
x 
aN 
& 
ll 
Is) 
| 
Nw 
kh CO 


=-8i — 8) +6k 


A 


B M Cc 
FIGURE 6.52 Multiple correct choice type question 15. 


Therefore 


|BC x AB| = [64 + 64 + 36 = /164 


Also 
|BC|=~8 
Now by Eq. (6.67) 
Py eased 
V8 


Hence (B) is correct. 


(C) We have 
ij k 
ABxAC=|3 0 4 
5 2.2 
=8i + 8] +6k 


Therefore by Theorem 6.29, 


Area of AABC = =|BC x AB| 
= 5 vie4 =J41 


This means (C) is correct. 
Answers: (A), (B), (C) 


16. If the lines 

x-2 y-3 7-4 
1 1 -K 
e= 1 94) 2 >5 
| a | 


and 


are coplanar, then K may be 
(A) 0 (B) 3 (C) -2 (D) -3 


Solution: Let the given lines be L, and L,, respec- 
tively. L, is passing through the point (2, 3, 4) and 
having direction ratios 1, 1 and —K. L, is passing through 
the point (1, 4, 5) and having direction ratios K, 2, 1 
(see Theorem 5.28, Chapter 5). Let A=(2, 3, 4) and 
B=(1, 4, 5). Also a=(1,1,—-K) and b=(K, 2,1). The 
lines are coplanar if and only if vectors AB, a@ and b are 
coplanar. Therefore by Corollary 6.16 


1 -1 -1 
1 1 —-K\=0 
K 2 #1 


= (1+2K)+(1+ K?)-(2-K)=0 


K’°+3K=0 
K=0 or 3 
Answers: (A), (D) 
17. Consider the lines 


x 3 y 8 z 3 


hy 3 1 1 
jee ee a © Then 
5) 2 4 


(A) L, and L, are coplanar 
(B) L, and L, are not coplanar and shortest distance 
between them is 2V30 

(C) L, and L, are skew lines 

(D) the shortest distance between L, and L, is 3V30 
Solution: The line L, is passing through the point A (3, 8, 
3) and having direction ratios 3, 1,1. The line L, is passing 
through the point B( 3, 76) and having direction ratios —3, 
2,4. L, and L, are coplanar if and only if AB,a=(3, 1,1) 
and b=( 3, 2,4) are coplanar. Therefore by Corollary 6.16, 
this would happen if and only if 


6 15 3 
3 1 1/=0 
3 2 4 
Now 
6 15 3 
3 1 1=3[ 20 4 2)4+50124+3)+(6 3)] 
3 2 4 


=3[12+75+3] 0 


Therefore L, and L, are not coplanar and hence they are 
skew lines. Therefore (C) is correct. 

The shortest distance between L, and L, is (using 
Theorem 6.44) 


[ABA 2D) (6.68) 
la bl 
Now 
AB=( 6, 15,3)=3( 2, 5,1) 
iL ak 
a b=|3 1 I= 6 157+3k 
3 2 4 
Therefore 
ABXa b)=3(12 +75 +3) =270 


G@ b\=3/4+25+1=3V30 


Worked-Out Problems 


Hence by Eq. (6.68) 


Shortest distance = eal 


3730 
= 3/30 


So (D) is correct. 
Answers: (C), (D) 


18. Let a be a vector parallel to the line of intersection 
of the planes P, and P,. Plane P, is parallel to the 
vectors 2; +3k and 4j 3k. Plane P, is parallel to 
the vectors j k and 3i + 3]. Then the angle between 


the vector @ anda given vector 2i+j 2k is 
1 1 3x 27 
A) = B) — C) — D) — 
Al Bt OF WF 
Solution: We have 


fi, =normal to P=(27 +3k) (47 3k)= 187 
i,=normaltoPR=(j k) (3i+3j)=3i j &k) 
Now a is parallel 7, n, angle between a and 2i+ 


j 2k is same as angle between fi, fi, and 2i+j 2k. 
Then 


Let @ be the angle between fi, fi, and 2i+j 2k. 
Therefore 


54( 1 2) 1 
cos@ 
54/2(3) 2 
This implies 
ot Se 
4’ 4 


Angle depends on the direction of a which is parallel to 
n, n.wetakea=n, n, then 


g=7— 
4 
Answers: (B), (C) 


19. X,y and Z are vectors of equal magnitudes V2 and 
each is inclined to the others at an angle of 60°. If 
a=x (y z)b=y (2 x)andc=x jy, then 


(B) X=a é 
(C) p=b E 
(D) z=b+(4 2) 
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Solution: We have 


XH =|X||y|cos60°=J2 V2 sol 


Therefore (A) is correct. 


A=% (F D=@O} WHE=F Z (6.69) 
b=y (& X)=(pX)Z (HX)¥=Z ¥ (6.70) 
Now by Eq. (6.69) 
a c=(y Z) (@ Y) 
=y ( y) 7 @ Y) 
=(py)x (yey [Cova (Ze) y] 
=2x y X+y=Xx 
Hence (B) is correct. Again 
6 @=( % (& 3) 
=Z (% y) X @& Y) 
=(2y)x (Zx)y [Cog)x (ox) y] 


=X y X+2y=y 
Hence (C) is correct. From Eq. (6.70), 
Z=b+i=b+a é 
So (D) is correct. 
Answers: (A), (B), (C), (D) 


20. Let P (3,2, 6) be a point in the space and Q is a point 
onthe line 7=(i j+2k)+A( 31+ j+5k). Then 


(A) the value of 2 for which PQ is perpendicular to 
the vectori 4] +3k is 1/4 


(B) the value of A for which PQ has magnitude 
V29 is 0 or 34/35 


(C) the value of 2 for which PO is equal to 
i 4j 99kis 1 

(D) the value of 4 for which PQ makes angle 90° 
with X-axis is 3/2 


Solution: We have 


Q=(1 3ajit+(A 1p +(24+5A)k 
P=3i+2j +6k 
Therefore 


PO=( 2 3A)it+(A 3)7+(5A 4K 


Now PQ is perpendicular toi 4j + 3k. This implies 
(2 3A)4)+(A 3)( 4)4+ (5A 4)3=0 


zai 
4 


8A =2 


Hence (A) is correct. Now 
29=|POP=(2+3Ay+(A 3) +(SA 4) 
354° 342 =0 


34 


A=0 or — 
35 


Hence (B) is correct. Again 
PO=i 4j 9k 
2 3A=1A 3= 4 and SA 4= 9 


Hence A= 1 and (C) is correct. PQ is perpendicular to 
X-axis means 


POx =0 
2 3a=0 
a= 2 

3 


So (D) is not correct. 
Answers: (A), (B), (C) 


21. a, b, é and d are unit vectors such that 


(a4 b)xXé d)=1 
and meat 
2 
Then 
(A) G, b, é are coplanar 


a, b,c 
(B) 6, é, d are coplanar 
(C) b, d are non-parallel 
(D) 4, d are parallel and b, é are parallel 


Solution: (a4 b)xXé d)=1 _ the angle between a b 


and c d is 0. Therefore a b andc d are parallel 
vectors. So 
(4 b) (€ d)=0 
which implies 
[abd]é [abéjd=0 (6.71) 
and [aéd]b [béd]a=0 (6.72) 


If @,b,é are not coplanar, then from Eq. (6.71) it follows 
that ¢ and d are parallel so thatc d=0 which is not 
possible because (4 b)Xé d)=1. Therefore a, b, ¢ are 
coplanar. Similarly from Eq. (6.72) b,¢,d are coplanar. 
Hence (A) and (B) are correct. 
Again 

(@ b)xé 


d)=1 |a@ bd\lé dlcosa=1 


where ais the angle between @ b andé d. So a=0. 


This means 
la bdilé dl= 
(|a||b| sin B)(\é||d| siny) = 1 


where B = (a,b) and y =(é, d). Hence 


sinBsiny =1 
1 
a ar 


So @ and b are at right angles and ¢ and d are at right 
angles. Now suppose b and d are parallel. Since a is 
perpendicular to b, a is perpendicular to d. Now 


1=(@ b)xXé d)=atb (é d)| 
=aX(id)é (b€)d] 
=(G€)(b»d) (axd)(b>%) 
=(@€)(bxd) ( Gd =0) 
= 5 (bx) 
Hence bx/=2 which is not possible because b and d 


are unit vectors. So b and d cannot be parallel. Hence 
(C) is correct. 


Answers: (A), (B), (C) 


22. Let @ and b be perpendicular unit vectors and ¢ be 
a unit vector equally inclined to both a and b at an 
angle 6.If €C=xa+yb+z(a_ b), then 


(A) x=y=cos0 

(B) x=cos 0, y=sin@ 

(C) x=cos6,z= cos20 

(D) x=y=cos 6, z=cos20 
Solution: By hypothesis a =0, @€ = cos@ = b>. Now 
a>t = x(@>i) + y(b>i) + [aa b] 


=x+0+0 


Worked-Out Problems 


Therefore 
xX = ax =cos@ 


Similarly 


Again 
1=|ef 
=x’ |aP+y|bP+2|a bP +2xy(a@) 
+ 2zx[a a b] + 2yz[b a 5] 

=x +y+2|aP|bP sin’ 90° 

= cos’ 0+ cos’ 6+ z 
Therefore 

z= cos26 


Answers: (A), (C) 


23. Let a, b andé be unit vectors such that a is perpen- 
dicular to both b and c. If the angle between b and 
c is 7/6, thena=A(b Cc) where Amay be 


(A) 4 (B) 4 (C) 2 (D) 2 
Solution: We have 
1=|Allb e| 
aa 1 
=|Allblz| sin 
\al|b||sin= 
1 
=|A| ar 
Therefore 
A=+2 


Answers: (C), (D) 


24. The position vectors of two points A and C are 97 
j+2k and 7i 2) +7k, respectively (Figure 6.53). 
The point of intersection of the vectors AB=4i 
j7+3k and CD=2i j+2k is P. PQ is perpendic- 


ular to both AB and CD and |PQ|=15. Then the 
position vectors of the point Q is 

(A) (4, 11, 11) (B) (6, 9, 9) 

(C) ( 4,11,11) (D) (6, 9, 9) 


Solution: Equation of the lines AB and CD are, 
respectively (see Theorem 5.27, Chapter 5) 
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Or27) 


2 ie 7 4i-j+3k B 


D 
FIGURE 6.53 Multiple correct choice type question 24. 
7=(9i —j +7)+1(4i -j +3k),teR 
and =F =(7i —-27 + 7k) +s(2i-j +2k),seER 


Equating the corresponding coefficients in the above 
equations we get 


9+4t=7+2s 

or 4t-—25=-2 (6.73) 
-l-t=-2-s 

or t-s=1 (6.74) 
7+ 3t=7+2s 

or 3t-—2s=0 (6.75) 


Now t=-2 and s=-3 satisfy Eqs. (6.73), (6.74) and 
(6.75). Therefore 


P=(9i —-j7 + 7k)-2(4i -j +3k)=i+j+k 


Now 
ij k 
ABxCD=|4 -1 3 
2 af 2 
=) 2729 


Since PQ is perpendicular to both AB and CD, let 


PQ=A(ABxCD)=A(i — 2] -2k), AER 
Then 
|PO|=15 
=> 3|A|=15 


=>A=+45 


Case 1: 4=5. This implies 
PO =5i — 10] - 10k 
Hence 
OO=PO+OP 
=(5i -10j -10k)+(i+ j +k) 
=6i —9j —9k 
So (B) is correct. 
Case 2: 4=-S. This implies 
PO=-Si +10] +10k 
Therefore 
OO =PO+OP=(-5i +10j +10k)+(i+j +k) 
=—4] +117 +11k 
So (C) is correct. 


Answers: (B), (C) 


25. In AABC, let J and O be the incentre and circum- 
centre, respectively. Then 


(A) aAI +bBI +cCI=0 where a, b and c are the 
sides lengths of BC, CA and AB, respectively 


(B) OI = (0A + bOB + cOC) where2s=at+b+c 
S 


(C) if His the orthocentre, then OH =OA + OB + OC 


(D) OG= 5A +OB+OC) 
Solution: Let AD be the internal bisector of |A meeting 
the side BC in D. Then 
BD:DC=c:b 


Take the circumcentre “O” as origin and letOA =a, OB=B 
and OC =/. Then 


Now / divides AD in the ratio (b + c):a. So 
r bB + cy 
at+(b+ 

nae ol b+c 


at+(b+c) 


Ol= 


= (ae +bB +cy) 
28 


Hence (B) is correct. Also 


Qi 


Ai = 01 OA =5-(adi + bB + c7) 
Ss 
Toes ee een 
=—(bB+cy ba ca) 
2s 
Similarly 


Bi=5(adi+ of ap cB) 
s 


Ci = + (aa +56 of 
Matrix-Match Type Questions 
1. é,,é, and é, are unit vectors such that 
é.+@+6=a 
é, (€ @&)=b 


(é, é,) é,=C 


a 


Match the items of Column I to those of Column II. 


Column I Column IT 
ee 2 
(A) €>%, is (p) 3 
1 
(B) 6%, is @) 4 
1 
a @ s 
(C) @,>€, is 2 
(s) 0 
(O) oe ghee Vs (t) “ 
Solution: We have 
& (& &)=b (2%) (€>€)Q= b (6.76) 
and 
(2, é,) e= € (2, €; Je, (é, €, )é, =C¢ (6.77) 


Worked-Out Problems 


Therefore 


aA + bB + oF = =-[ab(B a) ab(B a@)+-] 


T = - 
rr a 


So (A) is correct. For (C) see Example 5.3, Chapter 5, 
and (D) follows from the fact the centroid G divides the 
median through A in the ratio 2:1 reckoning from A. 


Answers: (A), (B), (C), (D) 


Now 
é+@é+@=a 14+14+1+2(€)+2(e>%,) 


+ 2(é,>€,) =|aP'=4 


Therefore 
Sete ieee, cage 
€€, + €,>€, + €€, = 5 (6.78) 
Again 
a=é,+é,+é, 
ema, 
axe, == 
2 
a,-1 
| 
These imply 
3). se ta oo os 
5 Oe ae a 
(ae Re 
and 7 as a as a 
Therefore 
1°"2 Le e3 2 
and é>€,+ a= 5 


é,€,=0 
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Using the values of €,>€, = 3/4, é,»€, =0 and e,»€,= (1/4) (C) We have from Quick Look 11 that 
in Eqs. (6.76) and (6.77) we have 


1 10 
a2 aap [a 6 b+é E+aJ=l0 1 1a Bb A 
_" %s 101 
d Pee re 
an =e =O[a b c]=0 
Answer: (A) > (t), (B) — (s), (C) — (q), (D) > q Answer: (C) — (p) 
(D) We have 
2. Match the items of Column I to those of Column II. 
~ 7. Ho 1 
la bl= sin = 5 
Column I Column IT 
2 Se oe ae ee ka ta et a 
(A) Ifa=i+j+k,ab=1 and (p) 0 [abcl=(a b)x¢ =|a b||¢| sin 90 “5 
a b=j_ k then|b| is 
a oe | eee ee Therefore 
(B) Ifa=i 37+k,b=2i+Ajt+k (q) 1 
andc=3i+j 2k are coplanar, apap Ll 
then A equals aed 4 
(C) Ifa, b,é are non-coplanar (r) Z Answer: (D) > (r) 
vectors, then[a bb+cc+al] is * 
equal to 3. Match the items of Column I to those of Column II. 
(D) a,b are unit vector which (s) 4 
include angle 7/6. If ¢ is a unit Colman Column ll 
vector perpendicular to both a 
and b, then [a b ¢}’ equals (A) Leta=2i j+kb=i+ (p) 2 F+5k 
2) kandc=i+j 2k. 
Solution: A vector in the plane of 
(A) We have b and € whose projection 
_ Soe ee on a has magnitude > ot oar 
G@ 5b) 4=<G BD G+]74+b J2i3 is (q) V5@+7 2k) 
ee ee ee es B) Let @=2i+j+k,b=i+ 
b (bya =2 k (B) Leta: 
OY APNE abd 2] =k. Then a vector, 
3b a=2i j k coplanar with a@ and b Se 
and having magnitude (t) 22+3j 3k 
Therefore 2V5 and perpendicular 
ee — to a is 
3b=3i or b=i os tee 4a 
(C) Leta=i_ j,b=j k,c= ee res 
so that |b|=1. k i. Ifd isa vector of (s) V10( j +4) 


magnitude 30 such that 


Answer: (A) — (q) a: oul . 
ax =0=[bé d], then d 


(B) G,b,é are coplanar. This implies 


may be j 
13 1 (D) @=i+j+ké=j & (t) 5Gi +21 +2)) 
2 A 1)=0 If b is a vector such that 
3 4 2 ab=3 anda b=Ccis 
2A 14+3( 4 3)+(2 3A)=0 Solution: 
5A 20=0 (A) Neither b nor ¢ isa required vector. Let d be the 


required vector and 
A= 4 a - - ; 
Answer: (B) — (s) d=b+xc=(1+x)it+(2+x)j (1+2x)k 


Therefore 


[2+x) (2+x) (1+2x)P=4 
x+1=1+2 
x=1, 3 
Answer: (A) > (p), (r) 


(B) Let ¢ be required vector and 


G=xad+ yb=(2x+y)it(x+2y)jt(x y)k 


Then 
ca=0 22x+y)+1(x+2y)+(x y)=0 
6x +3y=0 
2x+y=0 (6.79) 
Also 
|e|=2V5 (2x+yP+(x+2yl +(e yl =20 
9x°+9x°=20 [by Eq.(6.79)] 
xa 
3 
Now x=¥10/3 and y= 2¥V10/3 imply 
é=10( j +k) 


Answer: (B) —> (s) 
(C) Let d=xi + yj + zk. Therefore 


(6.80) 


x+y+z=0 (6.81) 
From Egs. (6.80) and (6.81) we have 
y=x and z= 2x (6.82) 

Now 

|d|=30  x°+y4+27=30 
6x°=30 [by Eq. (6.82)] 
eaa5 
Also 


x=V5 d=V5i+J5j 25k =VJ5(i +7 2k) 
Answer: (C) > (q) 


Worked-Out Problems 


(D) We have 
a@=it+jr+k 
é=j k 
ab =3 
a b= 
Now 
aq b=e=f Kk 


(@ b) G=(G k) (Git+j+k) 
(axi)b (bxi)a=2i fj k 
3b 3a=2i j k 
3b 30+ jt+k)=2i j k 
b= >(5i +2) +28) 
Answer: (D) —> (t) 


4. Let@=2i+j k,b=i+2j+3k,é= 31 j+k and 
suppose 


Let d be i+j +k. If d=xl + ym+ zi, then match 
the items of Column I to those of Column II. 


Column I Column IT 
(A) The value of [4 b Z] equals (p) 5 
(B) Value of x is . : 
r) 1 
(C) Value of y equals (s) 1 
(D) z is equal to (t) 2 
Solution: We have 
(2a ehaee ag 2 2) 
[abc] [abc] [abc] 
Now 
2 1 1 
[abe]=|1 2 3 
3 1 1 
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=2(2+3) 1(1+9) 1( 1+6) 


Also 


V4 =— 
Answer: (A) > (p), (B) > (q), (C) > (1), (D) > (s) 


5. Match the items of Column I to those of Column II. 


Column I Column IT 


(A) If @ and b are non-zero _ (p) 0 
vectors and |4 + b|=|a|+|b], 
then the angle between a and (q) Cos ! 
b is 

(B) If @ and b non-zero vectors 
such that |Ja+b|=|a@ b|, then (r) 
angle @ between them is 

(C) Ina regular tetrahedron, the (s) 
angle between the opposite 
pair of edges is 1 

(D) Ina cube, the angle between (t) Cos! =, 
any two diagonals is 3 


Comprehension-Type Questions 


1. Passage: If a and b are non-zero vectors and @ is the 
angle between a and b, then 


|a||b/" 
Answer the following questions. 


(i) If a, b and @ be three vectors such that each is 
perpendicular to sum of the other two and 
|a|=2,|b|=3 and |c|=6. Then the angle between 
aanda+b+c is 


(A) Cos! 2, (B) 


(C) Cos! =, (D) 


Slr NX | 
Nia sla 


Sol 


ution: 


(A) Let @be the angle between @ and b. Then 


(B) 


(C) 


Ja+ bf =(la|+|bI" — 2|al|b| cose =2|a|5| 


6=0 
Answer: (A) > (p) 
We have 
|a+bP=|a bP 2(a>b)= 2(a>) 
arb =0 
Answer: (B) = (r) 
Let ABCD be a regular tetrahedron. Therefore, all 


the faces are equal triangles of equal edges. Take A 
as origin and let AB=b, AC=c and AD=d. (AB, 
CD) is one pair of opposite edges and 


=|b||d|cos60° |é||d| cos60° 
=0 (- |b|=|é|=I|d)) 


Therefore angle between AB or CD is 7/2. 
Answer: (C) > (r) 


(D) Let OA =G, OB =b and OC =€ such that |a|=|b|=|¢|. 


Consider the cube with G, b, @ as coterminous edges 
(student is advised to draw the diagram). We can see 
that @+b+é anda+b @ area pair of diagonals. 
If @is the angle between them, then 


Answer: (D) — (q) 


(ii) In the above problem, the angle between a b 
anda+b+¢ is 


3 1 

A) Cos! =. B) = 

(A) Cos! = (B) 7 
1 6 

C) = D) Cos! =: 

(© 4 (D) Cos! 2, 

(iii) If a,b,¢ are mutually perpendicular unit vectors, 
then the angle between the vectors b ¢C+¢ a+ 
a banda+b+cis 


(A) Cos* =, (B) Cos '(1) 


2 
7 


1 T 
(«© 4 (D) = 


Solution: 
(i) By hypothesis a-(b+é)=0,b-(€+a)=0 and 
c-(a+ b)=0. Therefore 


a@-b+a-¢=0 
b-é+b-a=0 
@-a+ce-b=0 


and hence 


Therefore 
[a b é]=|al|b||¢|=2 x 3 x 6 = 36 
Now 
|Ja+b+éP laf +|bP+ ler +2> (0-2) 
=44+9+36+0=49 
So 


Now, angle between @+ 5 +é and @ is 


cos E5292) cos: 25) 


|a+b+élla| 7x2 


=Cos™ = 
7x2 

=Cos? (=) 
7 


(ii) We have 


Answer: (A) 


|ax b|=2x3=6 
Now since G, b, é are at right angles, 
(4x b)-(@+ b +2) =[a b e]=|alld|le| 
=2x3x6=36 
Therefore angle between 4x b and 4@+b+é is 
py eee) b)-G +b eos Go|" lace (5) 
jax blla+b+¢| 6x7 7 


Answer: (D) 


Worked-Out Problems 


(iii) We have 
(bx@+@xa+4xb)-(4+b4+2)=Ja bd e]=3 
Now 

|bxé+@xa+ax bP =|bxéP+|é x aP 
+|ax bP +2). (b x é)-(é x) 
=14+14+1+2> (6x é)-(éx4) (6.83) 


By Theorem 6.48 


(bx é)-(€ x) = 


21.81 


From Eq. (6.83) 
ax b\|= 3 


lbxé xa 


Also 
Jat b+él=V3 


Therefore angle between bxé+éxa+axb and 
a+b+e is 


Cost 2a) = Cos (1) =0 


Note: You can take G@,b and é as i, i. k. 
Answer: (B) 


2. Passage: If G, b, are non-coplanar vectors and 7 is 
any vector, then there exist unique set of scalars {x, 
y, z} such that r=xa+yb+zc. Also three vectors 
a, b,¢ are non-coplanar if and only if [a b c] #0. Let 


a 
b=-i +2j +2k 
G=-i+2j-k 


Answer the following three questions. 
(i) If d=27 +37 +k and d=xa+ yb +22, then 


ll 8 
a eae ee oe 

ret 8 
ale ae aa 
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(ii) If the same d as in(i)isequal to x(bx@)+ y(exa)+ 
z(axb), then 


é 
A 2 ° 
A Gilg 
2 6 1 
B = = = 
BY eg gt 
2 6 1 
C _ »>VYr7 k= 
oe a aa 
1 


2 6 
(D) agp =e 


(iii) If the same 


(A) x=-2, y=-6, z=-l 
(B) x=-2, y=6,z=1 
(C) x=4, y=6, z=3 
(D) x=2, y=3,z=1 
Solution: 
(i) We have 


2i+3j+k=xa+ybt+zé 


=(x-—y—z)i +(x+2y+2z)j +(-x+2y-z)k 


Therefore 
x-y-z=2 (6.84) 
X+2y+2z=3 (6.85) 
—x+2y-z=1 (6.86) 
Solving Eqs. (6.84), (6.85) and (6.86) we get that 
ao gg 
Answer: (C) 
(ii) We have 
1 1 -! 
[abé]=|-1 2 2/=-9 
-1 2 -1 
d=2i1+3j+k=x(bxé)+ y(é xa) + c(axb) 


Answer: (A) 


(iii) We have 


2i+3j+k=d=x vee yy) 2" 
[a bc] [ab 


Therefore 


Answer: (C) 


3. Passage: The equation of a straight line passing through 


the points with position vectors a and b isr =(1—ft)a+ 
tb,teR. It is given that in AABC,|A=90° and the 
vertices B and C lie on the line joining the points 
(-1, 3,2) and (1, 1,3) and |ABC = 30°. If A =(-1, 2,3) 
(see Figure 6.54), then answer the following three 
questions. 


(i) The vertex B may be 


(A ot ee eS 
(B) 28 Eas 18 
C) a a3 18) 
(D) 2 as pe =| 
(ii) The vertex C may be 
(A) = — 3 21- 4) 
(B) a. SO a 21+ | 
C) a 7 a aa ass) 
(D) 28 a8 2-8 


(iii) If G is the centroid of the triangle, then GA+ 
GB+GC equals 


(A) AB+BC+CA 
(C) BCxBA 


(B) ABx AC 
(D) CAxCB 


Solution: Equation of the line BC is 


F=(1-2)(-1, 3, 2)+ 701, 1, 3) 
=(2t-1,3-21,2+1t) 


A (-1,2,3) 
QO 
90° 
ei Es 
N B a; 


FIGURE 6.54 Comprehension-type question 3. 


Therefore 
BA =(-2t, 2t-1,1-1) 
MN =(2,-2, 1) 
Now 
V3 |--4r dee 4-1-7 
—=cos30° = 
2 3/4 +4°+1-41+14+2—2¢ 
__ [9-3] 
3,90 — 6t +2 
Therefore 


3(90 — 6t + 2) = 4(3t- 1) 
9 -6t-2=0 


_646V3 143 
18 3 


Let CA=(—24,, 24,-1,1-t4,) and BA=(—2zt, 2t-1,1-2). 


Then 


BA-CA =0 = 9tt, — 3t— 3t,+2=0 
=> 3(3t-1)t,=3t-2 


3t-2 1 1 
>t= =—!1 
3(3r-1) 3] 3r-1 


Therefore 
_1+3 _V3-1 
3 34/3 
1-3 J3+1 
=— >= 
3 33 
So 


_(2v3-1 7-2V3 74+3 
oe 


and 


OR 


and 
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(58 24743 oS 
3V3 ° 33 ° 33 


ee =1=2)3 74243 7-58 
° a Fe 
c-[8 -2+7V3 ee 
“h Sq3" B38 —* 38 


Let a, b and é be the position vectors of the vertices A, 
B and C respectively. Then 


Guitbte 
3 
GA=i a+b+c_2a—-b-c¢ 
3 3 
Similarly 
Apaches 

3 
and ees 

3 
Hence 


GA+GB+GC=0=AB+BC+CA 
Answer: (i) — (A), (ii) — (B), (iii) (A) 


4. Passage: Two non-zero vectors a and b are collinear 
if and only if b= Aa, A € R. Non-zero vectors a and b 
are at right angles if and only if a-b =0. If a and b are 
non-collinear vectors, then every vector 7 in the plane 
determined by @ and b can be written as 7 = xa + yb in 
one and only one way. Answer the following questions. 


(i) 


(ii) 


(iii) 


If b =xi + yj + zk such that |b|=10, xyz <0 andis 
collinear with the vector @ = 2V2i — 7 +4k then b 
is 


(A) (-4V2,2, 8) (B) (4V/2, -2,8) 

(C) (-4V2,-2,-8)  (D) (4V2,2,-8) 
Let @=(2,3,-1) and b= ace —2,3). € is a vector 
perpendicular to both a and b and satisfies 
¢-d=—6 where d=2i — j +k. Then € is equal to 
(A) (-3, 3, 3) (B) (2, 2, -2) 

(C) (2, 1, -1) (D) (0, 1, 1) 


Let @=(-1,1,1) and b=(2,0,1). If é is vector 
coplanar with the vectors a and b, is perpendic- 
ular to b and satisfies the condition a-c =7, then 
c equals 


(a) (-3.3.3) (B) (1,0, -2) 
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(C) ( 3,0, 6) (D) = 0; 2z 


Solution: 
(i) Let 
xi+yj +zk =b=AaG=A(2V2, 1,4) 
Therefore 
x=2AV2,y= A,z=4A 
Now 
|b|=10 827+ 4?+16A? = 100 
A=+2 
So 
A=2 


x 42, y 2,z=8 


A= 2 
We have 


x= 4/2, y=2,z= 8 


x 42, y 2,z=8 
Answer: (B) 


(ii) G@=(2,3, 1) and b=(1, 2,3). Then 


xyz<0 


ae: 
@ b6=2 3 1-7) Fj Wk=7G 7 
1 2 3 


Since € is perpendicular to both @ and 5, let 


G=A(G b)=74G jk) 


then 
@d= 6 TAG j k)xX2i j+k)= 6 
JA(2+1 1)= 6 
i= 
7 
Therefore 
C=7AG jf k= 3G 7 kK)=( 3,3,3) 
Answer: (A) 


(iii) G@=( 1,1,1) and b=(2,0,1). Let 
é=xa+yb 


=( x+2y,x,x+ y) (6.87) 


Now 
Gis perpendiculartob @=0 


2x+4y+x+y=0 


Sy x=0 (6.88) 
Again 
at=7 x 2y+x+x+y=7 
3x y=7 (6.89) 


Solving Eqs. (6.88) and (6.89) we have 
5 1 


x*=—,yrH 


2 2 
Substituting these values in Eq. (9.87) we get 


s.955 7 .. 


c= aig a 
2 222 2 


> 2 > 35. 
2 2 
Answer: (A) 


5. Passage: For any three vectors a, b,é, the following 
hold good: 


(@ b) €=(@@)b (@b)E 
a (b C)=(@€)b (@b)é 


Let @ and b be mutually perpendicular unit vectors. 
Answer the following three questions. 


(i) If. d is any vector such that d b=a d, then 
(d b) b equal 


(A) a (B) d (C) d (D) 2b 
(ii) If d b=a d, then d equals 
(@ b) a a+(a b) 
oe a 
(Ca 5 (D) a?) 


(iii) If d b=a dwhichofthe following statements 
is false? 


(A) Vectors @,dandd_ are linearly dependent 
(B) [dad b] 0 
=> =, 1 
C) d=0 and |d|=—— 
(C) Id| a5} 


(D) [dad b]=0 


Solution: By hypothesis d b=a@ d and @=0. 
Therefore 


dxb =0 
Now 
d b=a d (d b) b=a 6b d b 
(d>)b (b>b)d=a b d b (6.90) 
d=a b d b=a b (a a) 
(:d b=a d) 
q-4 (a_ b) 
2 
(d b) b=a 6b d b 
=a b d (a b) [by Eq.(6.90)] 


Assertion-Reasoning Type Questions 


In the following set of questions, a Statement I is given 

and a corresponding Statement IT is given just below it. 

Mark the correct answer as: 

(A) Both Statements I and II are true and Statement II 
is a correct explanation for Statement I 

(B) Both Statements I and IJ are true but Statement II 
is not a correct explanation for Statement I 

(C) Statement I is true and Statement II is false 

(D) Statement I is false and Statement II is true 


1. Statement I: If a, b, c are non-coplanar, then b ¢; 
c aanda_ Db arealso non-coplanar. 


Statement II: Vectors a, b, é are coplanar if and only 
if [ab c]=0. 


Solution: According to Theorem 6.34 Statement IT is 
correct. Now 


[b Gé Ga 


because by Statement I a, b, c are non-coplanar. 
Answer: (A) 


2. Statement I: If a,b,é are coplanar vectors, then 


ati ab a 
bai by bl=0 
CM Ob GE 


Worked-Out Problems 


Also 
qué (a b) 
2 
Again 
[dad bl=(d @)Xd_ b) 
|dd db 
axl ab 
dx 0 
= = =0 
axd 0 


Therefore (B) is false. 
Answer: (i) > (b), (ii) — (D), (iii) — (B) 


ati Gd Ga 
Statement I [a@b¢](@_ b)=|ba bd b 
CMi Ob FG 


Solution: Let 


C=ci +oj+ok 


Then 
a, a, a,\|i 7 k 
[abela b)=|b b, bla a a, 
GQ C Gil Bb, 2B, 


If A and B are two matrices of 3 3 order, then we know 
that det (AB) = (det A) (det B). Therefore 


ati ab a 
[abé|(@ b)=|ba bd b 
Ci Ob E 
a,b,é arecoplanar [a@bé]=0. So 


Answer: (A) 
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3. Statement I: The shortest distance between the lines 


=o 9) 22] 


1 —2 1 
ana x1 _yti_z+1 

7]: -6 1 
is 2/19. 


Statement II: The_ shortest distance between two 
skew lines F=a+tb and rF=Cc+sd is 


@-8).(6xa)| 
|bxd| 
Solution: According to Theorem 6.44, Statement IT is 
correct. 


Inthe given lines a = (3, 5,7), b = (1, -2, 1),  =(-1, -1,-1) 
and d =(7,-6, 1). Now 


a-é=(4,6,8) 
i j k 
and bxd=|1 -2 1)=47+6j+8k 
1 6 4 


Therefore the shortest distance is 


|(4—¢)-(4i + 67 + 8k)|_ |16 + 36 + 64| 


2,/4+9 +16 2/29 
58 
=~ =2,/29 
29 
Hence Statement I is false. 
Answer: (D) 


4. Statement I: In any AABC, cos2A + cos2B + cos2C = 
3 


= 
Statement II: If O is the circum centre of AABC, 
then |OA + OB+OC|=0. 

Solution: Statement II is clearly true. It is known 

that the angles (OB,OC)=2A, (OC,OA)=2B and 

(OA, OB) =2C. Now 


0<|OA + OB + OC =|OAf + |OB) +|OCP +2 (OB-OC) 
= 3R’ + 2R’ (cos2A + cos2B +cos2C) 


where OA = OB = OC=R. Therefore 
0<3+2(cos2A + cos2B + cos2C) 


Hence 


- <cos2A + cos2B+cos2C 


Answer: (A) 


5. PQ,QR, RS,ST,TU and UP represent the sides of a 
regular hexagon (Figure 6.55). 


Statement I: PO x (RS + ST) +0 
Statement II: PO x RS =0 and POx ST <0. 


T Ss 


P Q 
FIGURE 6.55 Assertion—reasoning type question 5. 


Solution: We have 


POx(RS +ST)=POx RT £0 


because PO and RT are not parallel. 
Statement I is true. Now 


POxRS <0 


because they are not parallel vectors. Also POx ST =0 
because PQ and ST are parallel. Hence Statement II is 
false. 


Answer: (C) 


6. Consider the planes 3x— 6y —2z= 15 and 2x+ y—2z=5. 


Statement I: Let n,=(3,-6,-2) and n,=(2,1,-2) 
bee normals to the planes. Then 7, x 7, is parallel to 
the line of intersection of the planes. 


Statement II: The vector 14i + 2] + 15k is parallel to 
the line of intersection of the planes. 


Solution: We have 
Ly 
ni,Xm=|3 -6 -2)=147 +27 4+15k 
2 1 -2 
Answer: (B) 


Integer Answer Type Questions 


1. Let @=(8,-10, 13). If b =(x, y, z) is a vector of magni- 
tude ¥37 and collinear with a and making an acute 
angle with Z-axis, then the integral part of x+y+z 
is 


Solution: We have 


b =A => x =8A, y=-10A, z= 132 
Now 
37 =|bPax't yt 2 =(333)A" 


Therefore 


A== 
Therefore 
e== aoe and — 
ge 
So 
X+y+zZ=— =3.66 
[x+y+z]=3 


Answer: 3 


2. Let @=i —j +3k,b=3i —5j +6k. Then integer part 
of the magnitude of the projection of 2a — b on to the 
vector a+b is___ 


Solution: 
a+b=4i -6) +9k 
24—b=-i +3] 
(4 +b)-(24-—b) =-4-18 =-22 
|a + b|= V133 


According to Quick Look 2, the magnitude of the projec- 
tion of 2a—b on (a+b) is 


\((@+b)-(24—b)|_ 22 
|a+b| ~ 133 


whose integer part is 1. 
Answer: 1 


Worked-Out Problems 


3. OA =4, OB =104 + 2b and OC =b where O, A and 
C are non-collinear points. Let p be the area of the 
quadrilateral OABC and q be the area of the parallel- 
ogram with OA and OC as adjacent sides. The p = Kq 
where K is __ 


Solution: See single correct choice type question 57. 


Answer: 6 


4. P (1, -1, 2), Q (2, 0, -1) and R (0, 2, 1) are three 
points, then [OR x RP RP x PQ PQ xQR] is equal 
to 


Solution: We have 
PO=i +] -3k 
OR =-2i +2) +2k 
RP =i -3j +k 
Now 
1 1 -3 
[POORRP]=|-2 2 2/=0 
1 -3 1 


This is also evident from PO + OR+ RP =0. Now 


[OR x RP RP x PO POx OR]=[PO OR RP} =0 


Answer: 0 


5. Ina quadrilateral ABCD, AB=4, AD=d and AC = 
ma +nd where m and n are positive integers. If the 
area of ABCD is 5|a x dl, then the possible number 
of pairs (m, n) is 


Solution: 


Area of ABCD = 5|AC x BD| 
a ee 
= 5 |(ma + nd) x(a - a) 


= Slim +a x d)| 
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This implies 


m+n _ 
2 


5 


Therefore m+n = 10. Hence m takes values from 1 to 9 
so that n takes values from 9 to 1. Hence number of 
pairs = 9. 

Answer: 9 


6. If (b ¢) (€ G)=3é, then the value of [b ¢é a 
a bjis___. 
Solution: We have 
3é=(b @) (€ @)=[bea]é 0 
Therefore 
[ab é]=[b a]=3 
[b Gé Ga bl=[abcP=3 
Answer: 9 


7. If the point of intersection of the lines 


%¥ 2 £43 
1 2 3 
x 2 y 6 z 3 
2 2 4 


and 


is (x, y, z), then y+ xis 


Solution: Let L, and L, be the given lines, respectively. 
Pisapoint on L, and Qisa point on L,. Therefore 


P=(t,2+2t, 34+3t) 


and Q=(2+2s,6+2s,3+ 4s) 
where t,s R. Now P=(Q implies 
t=2+2s or ¢t 2s=2 (6.91) 
2+2t=6+2s or 2t 2s=4 (6.92) 
and 34+3t=3+45s or 3t 45=6 (6.93) 


From Eqs. (6.91) and (6.92) t= +2, s = 0 which also satisfy 
Eq. (6.93). Therefore the point of intersection is 


(2, 6, 3) = (x, y, z) 
So 


ytx=8 
Answer: 8 


8. If A\, A,,... A, are vertices of a regular octagon, then 


7 —— —— —— —— 
(OA; OAjx1)=K(OAi OAd) 


j=l 


where the value of K is 


Solution: Each side subtends an angle of 27/8 =7/4 
at the centre of the octagon. Let “O” be the centre of 
the octagon and r¢ the radius of the circumcircle of the 
octagon. Therefore 


OA: OA2= P sin’ sf 


where 7 is the vector perpendicular to the plane of 
the polygon such that from the side of n, the points 
A,, A,, A;,..., A, are in counterclock sense. Hence 


OA> OA; = r sin ei 


OA; OAs= Pr’ sin“ fi ,.. ete. 


Therefore 
7 ~— = 1 
(OA; OAji)=7 Pr sin—i 
jl ‘ 
=7(OA: OA) 
Answer: 7 
9. OA=2i 2],OB=i+j k and OC=3i &k are 
edges of a parallelopiped. Then the volume of the 
parallelopiped in cubic units is ____. 


Solution: 
2 2 0 
[OAOBOC]=]1 1 1 
3 0 1 


=2( 1+0)+2( 14+3) 
= 24+4 
=2 


Volume of OABC =|[OA OB OC]|=2 


Answer: 2 


10. Let OA=4, OB=b and OC =é. Let V, be the 
volume of the parallelopiped with edges a, b and 
ce and V, be the volume of the parallelopiped with 
coterminous edges a+b, b+c and c+a. Then 
V,= KV, where K equals 


Solution: We have 
V, =([@ 6 é]| 
V,=|[4+b b+é 64+ a]|=|2[a bc] =2V, 
Answer: 2 
11. Let a, b, € be non-coplanar vectors and A=2a+ 


3b €é,B=a4 2b+3é,C=3a+4b _ 2¢ and D=a 
6b + 6¢ be four points. Then [AB AC AD] is equal 
to 


Solution: We have 


AB= G@ 5b+4é 
AC=a+b é 
AD= @ 9b+7é 
Therefore using Quick Look 11 [part (1)] we have 


i 3.4 
[ABAC AD]=|1 1. 1[abé] 
1 9 7 


=(2+30 32)[abé]= 


Answer: 0 


12. Let ABCD be a parallelogram (Figure 6.56) in which 
AB is parallel to CD and AD is parallel to BC. Kisa 
point on theside AD suchthat AK =(1/5)(AD). Lisa 
point on the diagonal AC such that AL =(1/6)(AC). 
Then the area of the parallelogram for which LB 
and LK are adjacent sides is 


Solution: Take A as origin and let AB=b and AD=d 
so that AC =b +d. By hypothesis 


Cc 


AK =a 
5 
AL=-(6 40) 
6 
a, Wes 
KL=7(b+d) <a 
1 = 
sp 7 
aa ) 
a 
BL=—(b+d) b 
1 by 
ae: 
+d 56) 
1 rer 
eae 
“(56 d) 


1 = 
=( 5) —.(5b d 
(5) s5(5b 4) 
=( 5)KL 
Therefore the vectors LK and LB are collinear vectors. 


Hence the area of the parallelogram for which LK and 
LB are adjacent sides is zero. 


Answer: 0 


| 


6.1 Scalar product (or dot product): Let a and b two 
vectors. Then we define a =0 if either of them is 
zero vector. If a_ 0,5 0 and 6=(4, b) is the angle 
between @ and 5, then a> =|4||b| cos@. 


. auick took 


(i) Gb = bx. But (4>b)>€ has no meaning. 


(ii) 0 (@,b)<90° cos(a@,b)>0 ab>0. 
(iii) (4,b)=90° Gb=0,whena 0 b. 
(iv) (4,b)>90° a<0. 


6.2 Scalar and vector components: Let @ and b be non- 
zero vectors and O, A and B be points in the space 


such that @=OA and b=OB. Let Q be the foot of 
the perpendicular from B onto the support OA of a. 
Then OQ is called the scalar component (or simply 
the component or the projection) of b on a if 
(a,b) 90°, and —OQ if (a,b)>90°. OQ is called 
the vector component (or the orthogonal projection) 
of b on a. 


6.3 Orthogonal projection: The orthogonal projection 
of b ona is 


where é = G/|a| is the unit vector in the direction of a. 
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SO auicK 00K 


(i) The orthogonal projection of 6 on Aa(A 0) is 
same as the orthogonal projection of b on a. 
(ii) The magnitude of the orthogonal projection of 


|b>ai 


b ona is ——. 
|a| 


6.4 Notation: axi is denoted by @ and note that a’ =|a/. 


6.5 For any two vectors a, b: 
(i) (4+ bY =@ + 2G) +B 
(ii) @ bY =a@ 2G@b)+l? 
For three vectors a, b, C, 


(4+ b+6~=74+0?+24+2UaGb + b¥ + OH) 


6.6 Magnitude of sum and difference: If G@ and b are 
two vectors, then 


(i) |a+b| |a|+|dI. Equality holds _ either of a,b 
is a zero vector or a, b are like vectors. 

(ii) ||@| |d\| |@ 5). |a|+|b|. Equality holds if and 
only if either a, b is 0 or a, b are like vectors. 


SO auicK 00K 


|a>6| |a\|b|. Equality holds 
they are collinear vectors. 


either of a, b is 0 or 


6.7 Formulae: 
(i) G@=(G@x)i + (@¥)j + (@K)k 
(ii) a=, + a,j +a,k andb=bi + b,j +b,k then 
a> =a,b,+ a,b,+a,b, and in particular ja? = 
ami = a, + a, +4, 


If d=ai +ajt+a,k, then|a4|=/@+@+a. 


6.8 Expression for the angle between two vectors: Let 
a and b be non-zero vectors and a=aji +ajt+ 
a,k, b = b,i + b,j + bk and @ = (4, b). Then 

b ai +4, j+ a,k 
ae Jee +a, +4, 2 + +h 


cos@ = 


6.9 Cauchy-Schwartz inequality: For any triads of real 
numbers (a,, a,,a,) and (b,, b,, b;), 


(a,b,+ ab, +a,b,) (ap + @ +a5)(b + b} + b;) 
and the equality holds if and only if a,,a,,a, are 
proportional to b,, b,, b;. In vector language, 


|aoP a? lbp 


where the equality holds if and only if a and b are 
collinear vectors. 
6.10 Vector equation of a plane (Normal form): The equa- 
tion of the plane, whose unit normal drawn from the 
origin is 7 and whose distance from the origin is a, is 
given by 


rxMi=a 


In particular, if the plane passes through origin, its 
equation is ri =0. 


Equation of the plane in Cartesian form: If r = xi + 
yj + zk and i=1i + mj +nk, then the equation of 
the plane is x + my+n=a. 

6.12 Cross-product: Let a and b be any vectors. We 
define 


a 0 if either of G, bis Oor a, b are collinear 
a = 
|a||b| sin @ 7 otherwise 


where @=(d,b) and fi is the unit vector perpen- 
dicular to both @ and b such that (a, b, n) isa 
triad of right-handed system. a b is called vector 
product or cross-product of a and b. 


 auicK 00K 


(i) a b=0 
vectors. 


either of a, b is 0 or a, b are collinear 


(ii) |@ 5] |a||b| equality holds if and only if a, b 

are orthogonal to each other. 
(iii) (a, b, 7) isa right-handed system (b,a, 7i) isa 
right-handed system so that 


b a=|b\la|sin@( n)= (a bd) 


6.13 About (i, h k): Let (i, i. k) be a triad of mutually 
perpendicular unit vectors forming right-handed 
system. Then 


(i) i 


6.14 Formulae: 
(i) If G=aitajtak and b=bi+bj +b, k, 
then 


a b=(ab, axb, )i (a,b, a,b,)j + (a,b; ab, )k 


which is denoted by 


and can be expanded as in the case of usual 
determinant expansion. 

(ii) If G=aa+aB+ay and b=ba+b,B+by 
where @, B and ¥ are non-coplanar vectors, 
then 


Bayaa B 
a b=| a4, a, a; 


bh bb 
6.15 If @ is the angle between two non-zero vectors a 
and b then 
: la D| (a,b, ab) 
sin@ = —— = 
abl of a) 


where @=ai +a,j +a,k and b=bi +b,j + b,k 


(i) |@ bP=|aP|bP @ey. 
(ii) Unit vector perpendicular to both a and b and 


hence perpendicular to the plane determined by 
a and b is 


lits 
Ql 
kon) 


a 
ms 


6.16 Important advise: To find the angle between two 
vectors, always use dot product because the cross- 
product gives sin @ and sin@ >0 for 0<@< 180°. 


6.17 Vector area: Let D be a plane region bounded by 
closed curve ¢. On ¢, mark three points P,, P, and 
P,. Let n be unit vector perpendicular to the plane 
of the region D such that from the side of n, the 
points P,, P, and P, be in counterclock sense. If 
is the area of the plane region D, then 77 is called 
the vector area of the region D. From the side of vi if 


P,, P, and P, are clockwise, then ( 7) is the vector 
area of the region D. 


quick took 


(i) Vector area of the region D= (+n) where 7n is 
unit normal to the plane region D and eis its 
area. 


(ii) | Vector area| = Area. 


6.18 Vector area of a quadrilateral anda parallelogram: 


(i) @ bis the vector area of the parallelogram 
with a and b as adjacent sides and (1/2)(a__b) 
is the area of the triangle for which @ and 5 
are two of the sides. 

(ii) The vector area of a quadrilateral ABCD in 
terms of its diagonal vectors is (1/2)(AC BD) 
which is also valid, if ABCD is a parallelogram. 


6.19 (i) The vector areaof ABC is 


ay: AC =18 BA-1CA CB 
2 2 2 


(ii) If a, b and é are the vertices of a triangle, then 
its vector area is 


In both 6.18 and 6.19 the corresponding modulus of 
vector area will give area. 


6.20 Formula: If a is any vector, then 
la iP+la jP+|a@ kP=2\af 


6.21 Scalar triple product: If a, b,é are three vectors, 
then (a b)>¢€ is called the scalar triple product of 
a,b and ¢ and is denoted by [a b c]. 


6.22 Note: 
(i) G, b, @ are coplanar if and only if [a b é]=0. 
(ii) Four points A, B, C and D are coplanar 


the vectors AB,AC and AD are coplanar 
[AB AC AD]=0. 


6.23 Geometrical interpretation of [ab @: Let a, b 
and ¢ be three vectors and V be the volume of the 
parallelopiped with a, b,c as coterminus edges. 
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[a, b, €]=V or -V according as (4, b, ) is a right- 
handed system or left-handed system. In fact 
\[a, b, ¢]|=V. The volume of the tetrahedron whose 
coterminus edges are G, b and é 


ies 
g(a el 


6.24 Interchange_of cross and_ dot: Since the triads 
(a, b, c), (b, €, a) and (a, b, ¢) are all either right- 
handed systems or all left-handed systems, it follows 
that 


béa|=[€a4b]=+V or-V 


mal 
QI 
a 
lot 

Ko 

ml 


(4 b)€=[abé]=[bea]=(b @)>i=axXb 2) 


since dot is commutative. 


6.25 Formula for [a, b, cj: 
(i) Let G@=ai +aj+ak,b=bi+b,j+b,k and 
c=ci+oj+c,k then 


. a4 G4 4, 
[a,b,c]=|b, b, b; 
G. 6. -C, 


(ii) If d=al+amtan, b=bl+bm+b i and 
c=cl +c,m+c,n where /,m and n are non- 
coplanar vectors, then 


. a a 4, . 
[a,b,c]=|b, b, b,|[l mn] 
QO G&G & 


6.26 Important note: If a, b,é are expressed in i,j and 
k or any three non-coplanar vectors /,m and n, 
the necessary and sufficient condition for a,b,c to 
be coplanar is 


a4 a 4, 
b, b, b,)=0 
GC G& & 


6.27 Two important formulae: Let a= ai + a,j +a,k, 
b= bi + b,j + byk, G=ci +.) + Gk, f=li+tj+ 
Lk,m=mit+mjtmk and n=nitnjt+n,k 


then 
Ii Ix 1 
(i) (a) [l mal(@ b)=|\mi mb m 
nai nd ii 


ati ab a 

(b) [a@bé|(@ b)=|bi bd b 
Ci Ob E 

Iti Ix 1% 

(ii) [1 mAl[Gbe]=|mxai Tod ME 
nti ind ne 


ati ad Ga 
bxi by bl/=0 
Ci Od ¢ 


In (ii) if either of the triad (/, m, i) or (G, b, 2) isa set 
of coplanar vectors, then 


6.28 Volume of parallelopiped and tetrahedron: Let 
G@=aitajt+ak,b=bit+bj+bk,t=citojt+ 

Ck. Then 
(i) Volume of the parallelopiped with a, b,é as 
coterminus edges is the absolute value of the 


determinant 
a4 G 4, 
b, b, 6b, 
QO G&G & 


(ii) The volume of the tetrahedron with a, b andé 
as coterminus edges is the absolute value of 


1 a4 aq 4, 
—|b, b, b 
1 OD, Dd; 

6 
GQ G& 


(iii) Volume of the prism is half of the volume of 
the parallelopiped. 


6.29 Vector product of three vectors: For any three 
vectors a, b and c 
(i) (4 b) G=(@€)b (db) 
(ii) @ (b @)=(@€)b (Gb)E 


6.30 Let a, b and é be vectors such that a and b are 
non-collinear and b is perpendicular to neither a 
nor c. Then 


(ax b)x@=ax(bxZé) 
if and only if the vectors a and ¢ are collinear vectors. 


6.31 Vector product and dot product of four vectors: 
Let a, b, é and d be four vectors. Then 


(i) (4x b)x(é xd) =[Gé d]b -[b ¢ dla 
and also 
(ax b) x (€x d)=[a b dlé -[a b ed 


From this we have 


[a b ld =[b é dla +[é a d]b +[ab dé 


Therefore as per the space representation 
theorem (Theorem 5.20, Chapter 5), if d= xa+ 


yb + zc, then 
ralbedl yEEd yg, ld 
[abc] abe [abc] 
(ii) (a b) (Gi d) a-c a-d 
ll ax (CX =|. pay 
b-é bd 
6.32 For any three vectors 4, b,¢: 
(i) [4+bb4+é64+4]=24b¢] 
aa ab Ge 
(ii) [bx @ExGaxb]=[4bcP=|b-a b-b b-é 
Ga Gb GE 


6.33 Reciprocal systems: Let a, b,¢ 
coplanar vectors. Define 


be three non- 


a bxé 
a= = 
[abc] 
pe cxa 
[ab¢] 
—~ 4axb 
c= = 
[abc] 


Then (a’, b’, c’) is called reciprocal system of 
(a, b, c). In these systems the pairs a, a’; b, b’;c,c’ 


are called corresponding vectors and the other 
pairs are called non-corresponding vectors. 


6.34 Properties of reciprocal systems: 

G-a’ =b-b’=é-c’ =1 and G-b’=4-c’=b-a’ = 
b-a’=b-c' =é-a =¢-b’ =0 

(ii) [4.5 C][a’ b’ c’]=1 


(iii) If (a” ,b”,c”) is the reciprocal system of 
(a’, b’,c’) then a” =a, b” =b and c” =c. 


Remark: Without using the name reciprocal systems, 
questions have been asked in the past JEE examinations. 


Note: If a, b,¢é are non-coplanar, then a’, b’,c’ (defined 
above) are also non-coplanar and hence if 7 is any 
vector, such that 7 = xa’ + yb’ + zc’, then x=7-a, y=7-b 
and z=r-c. 


6.35 Vector equation of a plane using a scalar triple 
product: 


(i) The equation of the plane passing through a 
point A(a) and parallel to two non-collinear 
vectors b and ¢ is 


[Fb é]=[ab ¢] 


(ii) The equation of the plane passing through two 
points A(a), B(b) and parallel to a vector ¢ is 


[Fb é]+[F ca]=[ab ¢] 
(iii) The equation of the plane passing three non- 
collinear points A(a), B(b) and C(c) is 
[Fb é]+ [#6 a]+[F ab] =[4b] 
(iv) The equation of the plane containing the line 
7 =a+tb and perpendicular plane 7-c =q is 
[7 b c]=[ab ¢] 


Finally we conclude the summary with the concept 
of skew lines and shortest distance between two 
skew lines. 


6.36 Skew lines: Any two non-coplanar lines are called 
skew lines. That is two lines are said to be skew 
lines, if there is no plane containing both. 


6.37 Shortest distance between two skew lines: Two 
lines r=a+tb and r=c+sd where s,teR are 
skew lines if and only if [a — c b d] #0. If these lines 
are skew, then the shortest between them is 


|(@ -—é)-(b x d)| 
|b x d| 
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EXERCISES 


Single Correct Choice Type Questions 


1. 


Ifa=i+2j+ k and b= 2i - j, then the angle between 
the vectors a— b and a+b is 
1 
B) C 
(B) Cos"( 4) 


(A) Cost (=) 


1 1 
C) = D) — 
(CF (D) 4 
. Ifthe angle between @ and b is 120°, |a|=3 and |b|= 
then the scalar product of 34 — 2b and @+ 2b is 
(A) 61 (B) 41 (C) -41 (D) -61 


. Leta=i + j,b=i — j. Suppose ¥ and ¥ are two vectors 


satisfying the two equations 2x+ y=a and x+2y=b. 
If @ is the angle between the two vectors x and y, then 
cos # is equal to 

(A) -1 


(B) 0 (D) 1 


(© 5 


. Let @ = 61 — 8j — (15/2)k. If b is collinear with G, 


making obtuse angle with z-axis and |b|=50, then 5 
is equal to 

(A) -24i +32] + 30k (B) 24i +32] - 30k 
(C) 24i -—32j7 -30k (D) 247 =32) 15k 


. a,b, € are three non-zero vectors such that no two 


are collinear. If a+b is collinear with c and b+Cc is 
collinear with a, then a+b+c is equal to 


(A) 0 (B) 2(a4+2é) (C) 2b (D) 3b 


. IfA (3,2,-3), B (5, 1,—-1) and C (1, -2, 1) are the vertices 


of a triangle, then the external angle at the vertex A is 


(A) 2-—Cos™ (=) (B) 2—Cos™ (=) 


(Cy) Cos* (=) (D) Cos™ (=) 


- In a trapezium ABCD, BC=AAD. If the vector 


¥=AC+BD is collinear with AD and ¥=pAD, 
Li equals 


(Aj A=1 @i=k. (O22 Wp aei 


. Ina parallelogram ABCD, it is given that |AB|=a, 


|AD|=b b and |BD|=c, then the scalar product of AC 
and AD is equal to 

a+3b-¢ 3a° + b°- 
(a) Ae (p) Se 


10. 


11 


12. 


13. 


14. 


15. 


at+2b+c 
2 


C+h-a@ 


Co) - 


(D) 


. ABCD is a parallelogram in which AB=p and 


AD =4. DM is drawn perpendicular to AB. Then 

DM is equal to 

(B:a)P 
lpr 


B) COP 


(D) 4 ee oe 


(A) q- 


In AABC, |C =90° and |AB|=c. Then the sum AB 
-AC+ BC-BA+CA-CB equals 
(A) 0 (B) 2c (C). 3¢ 


(D)-< 


. A(1, y,) and B(x,, 1) are points on the curve y=x° — 


4x + 5 in the rectangular Cartesian coordinate system. 
If “O” is the origin of the axes, then the scalar product 
of OA and OB is 
(A) 4 (B) 2 (C) 6 (D) 8 
In a quadrilateral ABCD, angle A is equal to 120° and 
the diagonal AC is the bisector of the angle A.If| AC|= 
(1/5)|AB |= (1/3)|AD| and @ is the angle between the 
vectors BA and CD, then cos 0 is equal to 


(B) = (© a (D) a 


If a and D are non-collinear vectors and 


(A) 


[(x —2)a +b] x[(2x + la -b]= 


then the scalar x is equal to 


A> B® > O©- > OM; 


ABCD is a rhombus having sides of one unit length. 
If the angle BAD is 30°, then | AC| is equal to 


(Ay 243 (B) 2+ 3 
(C) J1+V3 (D) 331 


The vectors @ and b are non- zero vectors of equal 
magnitudes. If the vectors a@+2b and 5a—4b are 
orthogonal to each other, then the angle between a 
and b is 

1 1 
A) = B) — 
(yz 4 


1 20 
(C) 3 (D) = 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


In a triangle, the vertices are at the points A (3, 2, 
3),B (5,1, 1)andC(1, 2,1).Then the angle at the 
vertex A is 


(A) Cos! —. (B) Cos ! 


Rowiess 
ol 


1 20 
© 5 o) 


The vector a+3b is perpendicular to the vector 
7a 5bandthevectora 4b is perpendicular to the 
vector 7a 2b. Then the angle between a and b is 


20 1 3x 1 
A) — B) = C) — D) — 
At BF OF wF 
a and b- are two vectors which include angle 120°. 


If a+Ab is orthogonal to the vectors a b and 
|a|= (1/2) |b|, then the value of / is 


A> B®2 OF © 


Mle 


If @+5+¢=0, |a4|=3, |b|=1 and |é@|=4, then the 
value of ab + b> + Cx is equal to 
(A) 12 (B) 12 (C) 13 (D) 13 


The angle between the vectors (@€)b (a@)é and 
ais 


“Ot BF OF OF 


ABCD is a quadrilateral and R is the radius of 
the circle circumscribing the quadrilateral. If | ABP + 
|CD/ = 4R’, then the angle between the diagonals AC 
and BD is 

1 


1 5 20 
At eB OF ws 


In ABC, a line is drawn parallel to the side AB 

meeting AC in E and BE in F. If AF=BE, then 
ABCis 

(A) right angled 

(B) right-angled isosceles 

(C) isosceles 


(D) equilateral 


The area of ABC is 6 square units. K is a point on 
the side AB is such that AK: KB =2:3. L is a point 
on the side AC is such that AL: LC=5:3. P is the 
point of intersection of the lines BL and CK inside 
the triangle. If the distance of P from the side of AB 
is 3/2 units, then the length of the side AB is equal to 


(A) 6 (B) 5 (C) 4 (D) 3 


24. OAB is a triangle right angled at the vertex O. 
Squares OALM and OBPQ on the sides OA and 
OB, respectively, are constructed externally. The 
lines AP and BL meet in H. Then the angle between 
OH and AB is 


(A) 90° (B) 60° (C) 45° (D) 75° 


25. G, b and é are unit vectors such that a is perpen- 
dicular to both b and c. If the angle between b and 
¢ is 27/3, then the value of |a+b+¢| is 


A)2 @3 ©2 OM 


26. Leti+2j+3k and2i j kbethe position vectors 
of the points A and B, respectively. Then the projec- 
tion of AB on the vector i+j+k is 


(A) 2+] +k) (B) Li +j+k 
(C) LG +j+h (by). 2649740) 


27. AB=3i 2j+2k and BC=i 2k represent the 
adjacent sides of a parallelogram. Then the acute 
angle between the diagonals is 


1 1/3 
(A) 6 (B) Cos fe 
(C) cos [3 (D) cos? 


28. Let beaplaneand Papointnotin . Qis the foot 
of the perpendicular drawn from P onto . QM is 
drawn perpendicular toaline Lin .Then the angle 
between the lines PM and L is 


T T 
(A) 2 (B) 4 


(C) Cos! = (D) Cos! a 


(This result is called “Theorem of three perpendicu- 
lars” in solid geometry.) 


29. Let @=i+jt+k, b=2i+4j 5k, G=xi+2j +3k. 
If the scalar product of a with a unit vector parallel 
to b+¢ is unity, then the value of x is equal to 


(A) 5 (B) 1 (C) 3 (D) 1 


30. Let @=3i+j 2k and b=i 3j+4k. Then the 
area of the parallelogram with a and b as diagonal 
vectors is 


(A) 3V5 (B) 3 (C) 5V3 (D) 5 
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31. 


32. 


33. 


34. 


35. 


36. 


37. 


Let A (2, 3,5), B C1, 3,2) and C @, 5, y) be the 
vertices of ABC. If the median AD is equally 
inclined to the coordinate axes, then 

(A) x= 10,y=7 (B) x= 7,y= 10 
(C) x=7, y=10 (D) x=10, y=7 
Let@=2i 3j+4k,b=i+2j 2k,é=3i j+kand 
X=a+b+c,y=a b+c and z=a+b c. Then 
the volume of the parallelopiped with x, y and Z as 
coterminus edges is 

(A) 24 (B) 6 (C) 28 
(Hint: Use part (2) of Quick Look 11.) 


(D) 7 


Let a =Mi +2) 3k), b=(20+1)i + (2A + 3)j+ 
(A +k, ¢ = (304 5)i 
Then G, b, é are 

(A) coplanar for all real values of A 

(B) non-coplanar for all real values of A 

(C) non-coplanar for all non-zero real values of A 


(D) coplanar for all non-zero real values of A 


b and ¢€ are non-collinear vectors. a is a vector such 
that a) + ax =4 and 


a (b @)=(p’ 2p+6)b+(sing)é 


where 0 < q < a. Then the point (p, q) is 


(B) (©) (1.1) () 14, 


T 
(A) (1, 2) al 5 


Let L be the line of intersection of the planes 
73i +37 +2k)=0 and FXi+2j+3k)=0, then 
the angle between the line L and the unit vector 
along the positive X-axis is 


i 2 1, 8 

(A) Cos 83 (B) Cos Jg37 
if 1 7 

(C) mz Cos e3* (D) Cos ¥e3* 


Let G@=it+j_ k and b=i +3k. If é is a unit vector 
such that [a b c] is maximum, then ¢c can be 


1 > + = 1 Ste 
1 > ot os To 6 = 


Let p= Di + Pj + pik where p,, p, and p, are rational 
numbers and |p| is also rational. If p makes an angle 
7/4 with the vector a = J2i + 3/2 j + 4k, then p liesin 


b+E+(At+5)j+(At 2k. 


38. 


39. 


40. 


41. 


42. 


43. 


44. 


(A) XY-plane 

(B) ZX-plane 

(C) YZ-plane 

(D) along the bisector of the angle between k 
and 4. 


a, b, ¢ are non-coplanar vectors and 
p=x(b @)+y(é G)+2(a b) 


where x, y, z are scalars. If p is perpendicular to the 
vector 4+ b+C, then 

(B) x +y+z7 =3xyz 
(D) P+y+2=xyz 


(A) xy+yz+zx>0 
(C) x=y=z 


If @ and b are orthogonal vectors, then [{(@_b) 


a} al] ais equal to 
(A) |al'b (B) |al'b 
(C) |aPlbP a (D) |b a 


If @ and 6 are non-collinear unit vectors, then 


\(@ b) (a@+b)| is equal to 
(B) 2 (@bY 


(A) 241 (@b/y 
(C) 4 (bY (D) 4 2(a@y 


Let b, é,d be three non-coplanar vectors. Then for 
any vectora 0,thevector(a b) (€ d)+(@ C) 


(d b)+(@ d) (b @)isequalto 
(A) 2[b é dja (B) 2[¢ b dja 
(©) 6 (D) [ab dé 


If the volume of tetrahedron having coterminus 
edges 12i+Ak,3j kand2i+j 15k is 91, then 
one of the values of / is 
(A) 6 (B) 5 


(C) 4 (D) 3 


Let a, b and @ be non-coplanar vectors and 


c+c_ a} equals 

(B) a+b+é 

(D) 3@+b+2é) 

On the sides AB and BC of ABC, points P and Q 


are taken, respectively, such that AP: PB =2:3 and 
CQ: QB =3:2. The lines AQ and CP intersect in R. 


Ifthe areaof BRC is one square unit, then the area 
of ABCis 
7 


A> @®2 ©2 MF 


Multiple Correct Choice Type Questions 


1. Let A ( 1,3,7),B (2, 1,0) and C (0,1, 5) be three 


points. Then, 


(A) |AB|=V74 
(B) (2AB CB)X2BC+BA)= 19 
(C) |BC|= ¥33 


(D) (AB CB)XBC + AB)=19 


. Ifthe vectors a = (3, x, _ 1) and b = (2,1, y) are orthog- 
onal vectors and |a|=|b|, then 


31 41 
A) x=— By 9S == 
A= (B) y iB 
31 41 
C)x= = Dr 
(C) x ip (D) y=5 


. Let G,b be two vectors such that |a|=22, |b|= 
and the angle between a and b is 7/4. Then, the 
lengths of the diagonals constructed with p=Sa+2b 
andq=a_ 3basadjacent sides of a parallelogram and 
its area are 


(A) 15 (B) /693 
(C) 4593 (D) 102 


. Consider the parallelopiped with OA=i+j +k, 
OB=2i+4j k and OC =i +/+ 3k as edges. Then 


(A) [OAOBOC]= 4 
(B) [OA OB OC]= 
(C) the length of the altitude CM drawn from the 


corner C onto the base of parallelogram having 
OA and OB as adjacent sides is 4//38 


2 
(D) CM=5 


. Let @=it+j+k,b=i j+k,é=i+j k andd= i+ 
j+k. Then 

(A) @ 6) € d= 8] 

(B) (@ @) (b d)=8k 

(C) (4 b)xé d)=0 

(D) (@ @xb d)=0 


45. Let a=i+j and b=jtk. 


6. 


= r is a vector such that 
r i=6 aandr b=a_ b. Then, is equal to 


(A) i+] 2k (B) i j+2k 
(C)i j+k (D) i+2j+k 


(A) [@ 6) (@ @)pd=[ab c](dxi) 
(B) [@ 5) @ ¢ 

(C)[@ 2) & 4) (bod) + [a b €](Ed) 
(D) [@ d) Dpd [a7 dae 


. Consider the four points A (0, 1, 2), B (3, 0, 1), 


C (4, 3, 6) and D (2, 3, 2). Then, 


(A) areaof ABC is 3V10 


(B) the altitude drawn from A on to the side BC has 
magnitude 6/7/14 


(C) volume of the tetrahedron ABCD is 6 


(D) the shortest distance between the lines AB and 
CD is V6 


. Consider the line L whose equation is 


x 1_y+l1_z+10 
2 3 3 


Which of the following are correct? 
(A) The direction cosines of L are (2, 3,8). 


(B) The foot of the perpendicular drawn from the 
point P (1, 0, 0) onto the line is (3, 4, 2). 

(C) The image of the point P (1, 0, 0) in the line L 
is(5, 8, 4). 

(D) The distance of the point P (1, 0, 0) from the 
line L is 2V6. 


. Let a, b, c be non-zero real numbers such that a+ 


b=O and c=2b. Then, 

(A) the vectors p=ai + bj +ck andf= i+j+2k 
are collinear vectors 

(B) the number of vectors p=ai+bj+ck such 
that |p| is equal to V6 is infinite 

(C) the magnitude of p=ai+bj+ck is 2V6 if 
2a+ 3b+6c=26 

(D) the vectors p=ai + bj + ck and G=4i +2j +k 
are perpendicular to each other 
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10. Let A, B and C be the points (1,1, 1), (1, 1,1) and 
( 1, 3, 5), respectively. Then, 


(A) equation of the plane ABCis3x z 2=0 
(B) the vector 3i k is normal to the plane ABC 


Matrix-Match Type Questions 


In each of the following questions, statements are given 
in two columns, which have to be matched. The state- 
ments in Column I are labeled as (A), (B), (C) and 
(D), while those in Column IT are labeled as (p), (q), 
(r), (s) and (t). Any given statement in Column I can 
have correct matching with one or more statements in 
Column II. The appropriate bubbles corresponding to 
the answers to these questions have to be darkened as 
illustrated in the following example. 


Example: If the correct matches are (A)  (p), (s); 
(B)  (q), (s),(t); (C) (7); (D) __(*), (t); that is if the 
matches are (A) (p) and (s); (B) = (q), (s) and (t); 
(C) (r);and(D) (1), (t), then the correct darkening 


of bubbles will look as follows: 


p Gf 8 
@OO0®@ 
OOCe 
OCO@O 
OOBO 


@O@O|- 


0 9O Ds 


1. Match the items of Column I with those of Column II. 


Column I Column IT 


(C) foot of the perpendicular drawn from the point 
(1, 1, 2) is =, 1, a 
10-10 


(D) image of (1, 1, 2) in the plane ABC is (1, 1,3) 


2. Match the items of Column I with those of Column II. 


Column I Column IT 


(A) In the rectangular Cartesian (p) 1 


coordinate plane A and B 

are points on the curve xy = 6 
such that OAX¥ = 2 and 
OB =3 where OQ is the origin 
of the coordinate axes. Then 
|20A + 30B| is equal to 


(B) @=(2,3, 5),b=(3,0,1) and 

c=(4, 3,2). Ifd=3a+b ¢, 
1 o-,. 

ay? | is 

(C) A( 3, 2,0), B (3, 3,1) andC 
(5, 0, 2) are three consecutive 
vertices of a parallelogram. Then 
the sum of the coordinates of its 
fourth vertex is 


If @=(x, 2,1) and b=(x,x, 3) 
are orthogonal vectors, then 
possible values of x are 


(q) 1 


(r) 5 


then 


(s) 3 


(t) 3 
(D 


wa 


(A) Ifa@+b+é=0,|a|=3,|b|=5 and (p) = 
|c|=7 then the angle between a 
and b is 


(B) If a and b are unit vectors such (q) 
that |@ D| is also unit vector, 
then the angle between a and 
b is 

(C) Ina regular tetrahedron (i.e., (r) 
all edges are equal) the angle 
between opposite pair of edges is 


Ala 


ala 


(D 


wa 


If G and b are two non-collinear (s) = 
vectors such that |a+b|=|a Dl, 3 
then the angle between a and 

b is 


3. Match the items of Column I with those of Column II. 


Column IT 
(p) 2 


Column I 
(A) The line 


x ly 2 7+3 
ya: ee | 


meets the plane 2x+4y z 1=0 
in the point (a, b, c), then the value 
ofa+b+cis 

(B) The square of the reciprocal of the 
distance of the point (1, 2,3) from 
the planex y+z 5=Ois 

(C) The distance of the line 


(q) 3 


(t) 7 


x 1 y+2 z1 
3 2 2 


from the plane 2x+2y z=Ois 
Let V be the volume of a 
tetrahedron o and V be the 
volume of the tetrahedron formed 
by the centroids of the faces of o, 
then V/9V is equal to 


(D (s) 1 


wa 


4. Let a, b, é be three vectors such that [@ b @] =2. Match 
the items of Column I with those of Column II. 


Column I Column IT 
(A) The value of [4+b b+é@ G+4]is (p) 2 
(B) The value of [bxé@ @xa@ a@xb] (q) 6 
equals (r) 4 
(C) [(@—b) x (@+5)]-é is equal to (s) 8 
(D) jaa ab aé (t) 12 
b-G@ b-b  b-é| equals 
Ca 6b GE 


Comprehension-Type Questions 
1. Passage: Let a =i — j, b — k and é=k —i. Answer 
the following three questions. 


(i) If @-d=0=[b Ed] and |d|=1, then d equals 


(A) ta + 7-28) (B) t+ j-® 
(C) tli +jt+k) (D) +k 
(ii) (4 x b) x (4 x) is equal to 
(A) it+tj+k (B) -2i +2] 
(C) 2i+k (D) 0 
(iii) [bxé@ xa G@xbd] is equal to 
(A) 0 (B) 1 (C) 2 (D) 4 


2. Passage: Let G@=i+2j+k,b=i-j+ké=i+j af. 
Answer the following questions. 


(i) A vector coplanar with @ and b whose projec- 
tion on ¢ is 1/ al is 


(A) 41-7 +4k (B) 3i + j —3k 

(C) 2147 -2k (D) 2i +7 +2k 
(ii) |4-a ab G 

b-a b-b 5b] equals 

Ca Gb ¢ 

(A) 9G -k) (B) 9 -j) 

(C) 18(i -k) (D) 18(2j -k) 


(Hint: Use part (2) Quick Look 11.) 
(iii) The area of the parallelogram for which a+ b 
and b+¢ are adjacent sides is 


(A) 2V2.(B)2.—s (C) 3V2_—s« (DY) "2. 


3. Passage: If a, b, é are three non-coplanar vectors and 
d=xa+yb+ zc, then 


d] d] 

é] Cc] 

Now let @=2i -j+k, b=i+2j—-kand ¢=i+j- 
2k. Answer the following three questions. 


] [ab 


(i) If i+ j+k=xa+ yb + zé, then 


3 9 7 
D 
BYES I eg 
(ii) If i —-j+k=x(bxc)+ y(e xa)+ 2(a xb), then 
1 1 1 
A ? > 
ae ae oa 


re: es | 
laa aera 
i ae) 
(D) s=—B yang e 
(ii) 747 -K= pbx), ae) ACEO} then 
[abc] [abc] [abc] 


(A) x=0, y=2, z=-2 (B) x=0, y=4,z=4 
(C) x=0, y=-4, z=-2 (D) x=0,y=-4,z=4 
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4. Passage: Let @ and b be two non-zero non-collinear 
vectors. Then the projection vector of b on a is 


bai. ? 
apr" and the vector component of b perpendic- 
a 
7 ~. 7 bai . 
ular to the direction of a is b ape” Answer the 
a 


following three questions. 


(i) Let a, b, ¢ be non-zero and non-coplanar vectors 


and 
- — by» 
b=b —.a 
1 lap ~ 
- — by 
b=b+ —.4a 
ee Tart 
_ . 4 . b€ = 
Cq=c ape” epee 
a2 2 Gee 
2 al * aie 
, = O4 .. dD = 
C,=C ieee jeptt 
z= om be = 
4 ler? |bP* 1 


Assertion-Reasoning Type Questions 


In the following set of questions, a Statement I is given 
and a corresponding Statement IJ is given just below it. 
Mark the correct answer as: 


(A) Both Statements I and II are true and Statement II 
is a correct explanation for Statement I 

(B) Both Statements I and IJ are true but Statement II 
is not a correct explanation for Statement I 

(C) Statement I is true and Statement II is false 

(D) Statement I is false and Statement II is true 


1. Statement I: Let @=a,i + a,j+a,k,b=b,i + b,j +b,k, 
C=cit+cej+cek where a, b,c, (r=1, 2, 3) are non- 
3 


negative realnumbersand (a4,+5+c,)=L. If Vis 


r=1 = 
the volume of the parallelopiped with a, b and ¢ as 
coterminus edges, then VL’. 


Statement I The Arithmetic mean of non-nega- 
tive real numbers is greater than or equal to their 
Geometric mean. 


Then which of the following triads are orthogonal? 
(A) (46,6) 
(B) 5,4) 
(C) 6,4) 
(D) (4,6,,é) 
(ii) Leta=i+2j+k,b=i j+kandc=it+j k. 
Then the projection vector of c ona _ |b is 
(A) V2@_ k) 
(B) 3V2(i + 2k) 
(C) 22 


27 By 
(D)i k 


3 
(iii) The component of a perpendicular to the direc- 


tion of (b @) where G, b and @ are same as in 
(ii) is 


(A) 2i¢+j k 
(B) SQi+7 & 
(C)j k 


(1D) 5G & 


2. Statement I: A, B, C and D are four points such 
that for any point P in the space APXCP BPP. 
Then ABCD is a parallelogram which cannot be a 
rectangle. 


Statement II: If the points A, B, C and D are the 
vertices of a rectangle, then for any point Q, QA>QC = 
QB>OD and |QAf +|QCf =|QB/ +|QD/. 

(Hint: See multiple correct choice type question 7 in 
Worked-Out Problems.) 


3. Statement I: The angle at the vertex A of ABC is 
1/6, H is the orthocentre and M is the mid-point of 
BC. If Tis a point on the line HM produced such that 
HM = MT, then |AT|=2|BC\. 


Statement II: In ABC, if O is the circumcentre and 
His the orthocentre, then OH =OA+OB+OC. 


4. Statement I: The sum of the squares of the sides 
of any quadrilateral equals the sum of the squares 


of its diagonals together with four times the square 
of the distance between the middle points of the 
diagonals. 


Statement II: Ifa and b are twovectors,then|a bP = 
lal 2(a>b) + | bf. 


5. Statement I: If the incident ray on a surface is along 
unit vector v, the reflected ray along the unit vector w 
and the normal is along the unit ray a outward, then 
w=Vv 2(aw)a. 

Statement II: The incident vector,the reflected vector 
and the normal vector at the point of incidence are 


Integer Answer Type Questions 


The answer to each of the questions in this section is a 
non-negative integer. The appropriate bubbles below the 
respective question numbers have to be darkened. For 
example, as shown in the figure, if the correct answer to 
the question number Y is 246, then the bubbles under Y 
labeled as 2, 4, 6 are to be darkened. 


Ww 
© 
® 
2) 
® 
® 
© 
© 
2) 


©) 


1. The volume of a parallelopiped with a, b, é as 
coterminus edges is 3. Then the volume of the paral- 
lelopiped with a+b, b+c and ¢C+a as coterminus 
edges is 


2. The volume of a parallelopiped with coterminus 
edges a, b, c is 3. Then the value of the determinant 


ati ab at 
bxi bo b¥ 
CH OD O€ 


9. 


10. 


coplanar and the angle of incidence is equal to the 
angle of reflection. See Figure 6.57. 


FIGURE 6.57. Assertion—reasoning type question 5. 


. If é, é, é, are mutually perpendicular unit vectors 


forming a right-handed system, then the value of 
[é.+¢6+6 e@+6 e+2,] is_ — 


. If |aJ=2 and @b=0, then a [@ {4 (@ b)}] is 


nb where Jn is : 


. Let a, b, é be three non-coplanar vectors and p= a 


2b+3¢,q= 2a+3b 4c andr=a 3b+5c. Then 
[p qr] equals 


. A(1,1,1),B(, 1,1) and C (0,0, 1) are the vertices 


of a triangle. Then the area of ABC in square units 
is 


. Mand Nare the mid-points of the sides AC and AB, 


respectively, of ABC. Through the vertex C, a line 
is drawn parallel to the side AB meeting the line BM 
in P. Then the area of ABC is equal to 1 times the 
area of PMN where A equals 


. D, E and F are points on the sides BC, CA and AB, 


respectively, such that BD: DC = CE: EA = AF: FB = 
2:1. Then m times the area of DEF is equal to 
n times the area of ABC where min is equal 
to 


If V is the volume of the tetrahedron whose vertices 
are (2, 1, 3), (4,1, 3), (3,2, 1) and (1, 4, 2), then 
the integer part of V is 


If the vectors a@=i+jrtk, b=4i +37 +4k, G=i+ 
aj + Bk are coplanar and |é|= 3, then o° +B is 
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Single Correct Choice Type Questions 


1. (B) 24. (A) 
2. (D) 25. (A) 
3. (A) 26. (D) 
4. (C) 27. (B) 
5. (A) 28. (A) 
6. (B) 29. (D) 
7. (D) 30. (C) 
8. (A) 31. (C) 
9. (B) 32. (C) 
10. (D) 33. (C) 
11. (A) 34. (D) 
12. (B) 35. (A) 
13. (D) 36. (B) 
14. (B) 37. (A) 
15. (C) 38. (B) 
16. (A) 39. (A) 
17. (B) 40. (A) 
18. (C) 41. (B) 
19. (D) 42. (D) 
20. (B) 43. (B) 
21. (A) 44. (D) 
22. (C) 45. (D) 
23. (C) 


Multiple Correct Choice Type Questions 


1. (A), (B), (©) 6. (A), (B), (D) 
2. (C), (D) 7. (A), (C),(D) 
3. (A), (C), (D) 8. (B), (C), (D) 
4. (B), (C) 9. (A), (D) 

5. (A), (B), (C), (D) 10. (A), (B), (C) 


Matrix-Match Type Questions 
1.(A) (), (B) @), (©) (p) @M) @),(@) 3. (A) (gq), @) @, © (8) @) (@) 


2. (A) (s), (B) (s), (C) (Pp) WD) () 4.(A) (rt), @) © © @ @M @& 
Comprehension-Type Questions 

1. (i) (A); Gi) (D); (ali) (A) 3. (i) (A); Gai) (C); (iii) (B) 

2. (i) (D); ii) (C); (iii) (A) 4. (i) (B); (ii) (D); (ati) (B) 
Assertion-Reasoning Type Questions 

4. (A) 4. (A) 

2. (A) 5. (A) 

3. (A) 


Integer Answer Type Questions 
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Impossible Unlikely | Even Chance Likely Certain Worked-Out Problems 


Summary 
Exercises 
Answers 


Ye 
» 


1-in-6 Chance 4-in-5 Chance 


Sometimes ‘Human being’ 
vices lead to great inven- 
tions. One such, gambling 
disease of some 17th century 
French people, is the main 
root for the origin of 
Probability. In modern day 
science, statistics and prob- 
ability are treated as almost 
exact sciences. Probability is 
vastly applicable in pharma- 
ceutics, veterinary science 
and defence fields. 
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Probability is a measure of uncertainty and deals with the phenomenon of chance or randomness. We quite often 
make unknowingly some decisions about probability. For example, when one leaves his house in the morning on a 
cloudy day he may decide to take an umbrella with him, even if it is not raining, because he thinks that it may rain 
later in the day. 

The theory of probability is developed to explain such kind of decisions mathematically. Infact, the theory of 
probability has its origins in gambling and games of chance. It is known that a French gambler Chevalier de Mere 
approached a French mathematician Blaise Pascal for a solution of a problem concerning gambling. Pascal gave a 
solution and subsequently he corresponded with another French mathematician Pierre de Farnat and established 
the foundations of the theory of probability. Later Laplace, a French scientist, made first attempt towards giving 
some mathematical rigour to the subject of probability. The present day theory of probability is credited to Andrei 
Nikolaevich Kolmogorov, a 20th century Russian probabilist, who laid the set theoretic foundations of probability. 


7.1 | Random Experiments and Events 


In this section we define certain important elementary technical terms related to probability and discuss some exam- 
ples concerning these. Let us begin with the following. 


DEFINITION 7.1 Random Experiment A random experiment is an experiment in which 
1. The experiment can be repeated any number of times under identical conditions. 
2. All possible outcomes of the experiment are known in advance. 


3. The actual outcome in a particular experiment is not known in advance. 


Examples 


(1) Rolling of an Unbiased Die This experiment can be performed any number of times 


Rolling of an unbiased die is a random experiment in Under identical conditions. 

which all the possible outcomes are 1, 2, 3, 4, 5 and 6, if (2) Tossing of an Unbiased Coin 
we denote the six faces of the die with the numbers 1, 2, 
3, 4, 5 and 6. The faces of the die may also contain dots 
in numbers 1, 2, 3, 4, 5 and 6. In any case, we identify 
the faces of a die with the numbers 1, 2, 3, 4, 5 and 6. 
The actual outcome in a particular experiment (rolling 
of the die) is the number that appears on the upper- 
most face of the die and this is not known in advance. 


Tossing of an unbiased coin is a random experiment in 
which there are only two possible outcomes, namely, Head 
(H) and Tail (T). In a particular experiment (tossing of the 
coin),the outcome isnot known in advance. This experiment 
can also be performed any number of times under iden- 
tical conditions and therefore this is a random experiment. 


“Tossing of an unbiased coin till tail appears” is also a random experiment. However, experiments such as 
“measuring the acceleration due to gravity using a compound pendulum” is not a random experiment, since the 
experiment cannot be repeated under identical conditions and the possible outcomes are not known in advance. 

Throughout this chapter, by a coin or die we always mean an unbiased coin (or a fair coin) or unbiased die (or a 
fair die) unless otherwise mentioned. 


DEFINITION 7.2 Some of the important definitions are as follows: 
1. A set of possible outcomes of an experiment is called an event. 


2. Two or more events are said to be exhaustive if the performance of the experiment always 
results in the occurance of atleast one of them. 

3. Two or more events are said to be mutually exclusive if the occurance of one of the events 
prevents the occurance of any of the remaining events. 

4. Two or more events are said to be equally likely (or equiprobable) if there is no reason to 
expect one of them in preference to others. 
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Example 


In rolling of a die, consider the events: and E,: occurrence of an odd number. 


E,: occurrence of an even number (that is, an Then £, and E, are exhaustive, mutually exclusive and 
even number appears on the upper most — equiprobable. 
face) 


Example 


If a coin is tossed, “the occurrence of Head” and “the occurrence of Tail” are exhaustive, mutually exclusive and 
equiprobable. 


Example 7a 


Consider the experiment of “throwing a pair of dice and 
finding the sum of the two numbers that show up (on the Die-1 


upper most faces).” The possible outcomes (events) are x 1 > 3 4 5 g 
numbers 2 to 12 (i.e.,a+b where 1 <a<6and1<b<6). 
These events are exhaustive and mutually exclusive, but 1 2 3 . 5 6 7 
not equiprobable. Why? N 2 3 4 5 6 7 8 
213 4 5 6 7 8 9 
Solution: These sums are not equally likely, as we can Sl 4 5 6 7 8 9 10 
observe from the following table. 5 6 7 8 9 10 11 
The sum 12 occurs only once, the sum 10 appears é q 8 9 10 11 12 
thrice and hence “the sum 12 occurs” and “the sum 10 


occurs” are not equiprobable (or equally likely). 


Example [ces 


In rolling of a die, consider the events Then £,, E, and E, are exhaustive, but not mutually 
E,: occurrence of an even number exclusive. Why? 


£,: occurrence of a prime number ; a ; 
‘ P Solution: This is because 2 occurs in both E, and E, as 
and E,: occurrence of 1 


it is both even and prime. 
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In the following we give a classical definition of probability and discuss certain examples. 


DEFINITION 7.3 Suppose that in a random experiment there are n exhaustive, mutually exclusive and equi- 
probable possible outcomes. If m of them are favourable to the happening of an event F, 
then the probability of occurance of E (or simply the probability of E) is defined as m/n and is 
denoted by P(E). That is, 


P(E) = . 


Clearly 0 < P(E) <1. 
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Note that since the number of outcomes not favourable to an event E is n— m, the probability of non-occurance of 
the event EF is (n — m)/n and is denoted by P(E‘). That is, 


n-m 


P(E‘) 1-= P(E) 
n 


and hence 


P(E) + P(E‘)=1 


Example as 


Suppose that an integer is picked from among 1 to 20 
(both inclusive). What is the probability of picking a 
prime? 


Solution: There are 20 outcomes of the experiment 
of picking an integer. The primes between 1 and 20 are 


2, 3, 5, 7, 11, 13, 17 and 19 and these are 8 in number. 
Therefore, 8 are favourable to the event of picking a 
prime and hence the probability of picking a prime is 
cee 
20 5 


Example | 7.4 | 


Suppose that 8 dice are thrown. Find the probability that 
none of the dice shows 3 (on the upper most face). 


Solution: Any outcome of “throwing 8 dice” can be 
expressed as an 8-tuple of integers from 1 to 6 and hence 
the total number of possible outcomes is 6°. 


An outcome that none of the dice shows 3 can be 
expressed as 8-tuple of integers from the 5-element set 
{1, 2, 4, 5, 6} and there are 5° such outcomes. Thus, the 
probability that none of the dice shows 3 is 


Se ay 
=-(2) 


Example zsa 


Suppose that a bag contains 6 red, 5 black and 4 blue 
balls. Find the probability that three balls drawn simul- 
taneously are one blue, one black and one red. 


The total number of balls is 


6+5+4=15 


Solution: 


Out of these 15 balls, 3 balls can be drawn in °C, ways. 
Therefore, 3 balls can be drawn simultaneously in 


15-14-13 


——— = 455 ways 
1-2:3 


Drawing one blue, one black and one red ball simulta- 
neously can be expressed as a triple (a,, a,, a,), where 
1lsa,<4, 1<a,<5 and 1<a,<6. The number of such 
tuples is 


4x5x6=120 


Thus, the probability that 3 balls drawn simultaneously 
are one blue, one black and one red is 

120 _24 

455 91 


Example Za 


A number x is drawn arbitrarily from the set of integers 
from 1 to 100, both inclusive. Find the probability that 


seo 2 
x 


Solution: When we draw an arbitrary number x from 
the set {1, 2,..., 100} the total number of outcomes is 


100. Let A be the event that the number x has the 
property 


Pe) ee 
x 


Now 


Pe ee 
x 


Pee, 
XxX 


© x°-29x+100>0 
© (x — 25)(x -4)>0 
@2x>25 or x<4 


© xe {1,2, 3} U {26, 27, 28, ..., 100} 
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Therefore the number of cases favourable to A is 78. 
Thus the required probability is 


P(A)= = = 0.78 


Example [ae] 


Out of 30 consecutive integers two are drawn at random. 
Find the probability that their sum is odd. 


Solution: The total number of ways of choosing 2 out 
of 30 integers is 


%C, = 435 


Out of these 30 integers, 15 are odd and 15 are even 
(since the given integers are consecutive). For the sum 


7.2.1 Limitations of the Classical Definition 


of the chosen two integers to be odd, one must be odd 
and the other must be even. Therefore, the number of 
cases favourable is 


15x15 = 225 
Thus, the required probability is equal to 
225 15 


435 29 


1. If the outcomes of a random experiment are not equally likely, the probability of an event in such an experiment 
cannot be found. For example, the probability of a student passing an examination is not 1/2 as the outcomes of 
success and failure in the examination are not equally likely. 


2. If the random experiment contains infinitely many outcomes, then the classical definition cannot be applied for 
the probability of an event in such an experiment. For example, tossing a coin until Head appears is a random 
experiment in which there are infinite number of outcomes, namely all finite sequences of H’s and T’s (Heads and 
Tails). The classical definition gives no answer for finding the probability that the Head never appears before 100th 


tossing. 


We have noticed certain limitations and deficiencies in the classical defination of probability. In order to over- 
come one of these limitations, we now give the following definition which is known as the statistical (or empirical or 


relative frequency) definition of probability. 


DEFINITION 7.4 _ Let E be an event of a random experiment. Let the experiment be repeated n times out of 
which £ occurs m, times. Then the ratio 


r= 


m 


—, 


n 


is called the nth relative frequency of the event E. Clearly 0 <m, <n and hence 0 <r, <1. If 
{r,} is a convergent sequence, then its limit is defined to be the probability of E and is denoted 


by P(E). That is, 


P(£)=limr, =lim 


™, 


noo YY 


It can be easily seen that 0 < P(E) <1, sinceO <r, <1 forallne Z. 


One can easily observe the following deficiencies in the above statistical definition of probability 


1. Repeating a random experiment infinitely many times is impossible. 


2. The sequence of relative frequencies must be assumed to be convergent, which may not be true all the time. 


BITTY chepter 7 | Probabity 


7.3 | Axiomatic Approach to Probability 


We have noticed certain shortcomings and deficiencies both in the classical definition (Definition 7.3) and the statis- 
tical definition (Definition 7.4). In order to overcome these shortcomings and deficiencies, a Russian probabilist 
A.N. Kolmogorov has proposed an axiomatic approach to probability. Before going to this, first let us have certain 
basic definitions. 


DEFINITION 7.5 _ 1. Anoutcome of a random experiment is called an elementary event or simple event. 


2. The set of all outcomes of a random experiment is called the sample space associated with 
the experiment. In other words, when € is a random experiment and S is the sample space 
associated with & then every element of S is an outcome of € and any performance of & 
results in an outcome that corresponds to exactly one element of S. 


DEFINITION 7.6 Some important terms are: 


Let S be the sample space associated with a random experiment 6. 

1. The elements of S are called the sample points or elementary events of 6. 

. Asubset FE of Sis called an event. That is, a set of elementary events is called an event. 
. An event E is said to happen or occurs if an outcome of the experiment & belongs to E. 


. Otherwise, we say that E does not happen or E does not occur. 


nan b&b ww WN 


. The empty set @ and the whole set S, being subsets of S, are called impossible event and 
certain (or sure) event, respectively. 


6. The complement of the event E is the event given by S—E and is denoted by E* or E. Such 
event called the complementary event of E. Usually E* is denoted by E. 


Example 


Let € be the experiment of rolling adie. Thenthe sample event, “occurrence of a positive even integer <6 on the 
space of is the set S = {1, 2,3, 4,5, 6}, where the integers | uppermost face of the die” is an event and “occurrence 
denote the faces of the die. “Occurrence of a positive of a prime 26 on the uppermost face of the die” is an 
integer <6 on the uppermost face of the die” is a sure impossible event. 


DEFINITION 7.7. 1. Aset Sis set to be countably infinite if it is bijective with the set Z* of positive integers and, 
in this case we can write S = {s,, 55, ..., 5, --.}. 


2. A set S is said to be finite if S is empty or S is bijective with the set {1, 2, ..., n} for some 
neéZ’ and in this case we write S={s,, s,, ..., s,} and say that S is an n-element set or the 
number of elements in S is n. 


3. A set S is said to be atmost countable is S is either finite or countably infinite. For example 
Z’, Z are countably infinite sets. 


Note that the sample space S of a random experiment & may be finite or infinite. Throughout our discussions in this 
chapter, we take the sample space S of an experiment to be atmost countable; that is, either finite or countably infinite. 
For example, the sample space in Examples (1) and (2) below Definition 7.1 are finite and that of the experiment 
“Tossing a coin till tail appears” is countably infinite. 


DEFINITION 7.8 Let &,, E,, ..., E, be some events of a random experiment €. That is, E,, E,, ..., E,, are subsets 
of the sample space S of €. 


1. The events E,, E,, ..., E, are said to be mutually exclusive if E,; E,= $ for alli #j; that is, 
if the happening of an event £; prevents the happening of any other event E,, j #1. 


2. The events EF), E,, ..., E,, are said to be equiprobable or equally likely if there is no reason 
to expect one of them to happen in preference to others. 
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3. The events EF), F,, ..., E,, are said to be exhaustive if E, U E,U--- UE, =S; that is, if the 
performance of the experiment always results in the occurrence of at least one of E,’s. 


Note that for any random experiment § whose sample space is S, the set of all possible events of €is a(S), the power 
set of S (the set of all subjects of $). In the following we introduce Kolmogorov’s axiomatic approach to the theory of 


probability. 


DEFINITION 7.9 


Let € be arandom experiment and S its sample space and suppose that S is finite. Then a func- 
tion P: 99(S) > Ris called a probability function if it satisfies the following conditions. 


1. Positive axiom: P(£) = 0 for all E € g(S) 
2. Completeness axiom: 9(S) = 1 
3. Union axiom: If £, and E, € g9(S) and E, 0 E, = ¢, then 


P(E, U E,) = P(E,) + P(E) 


In this case, for any E € a(S), P(E) is called the probability of the event E. If E = {s}, then we 
write P(s) for P({s}) for simplicity. In the case when S is countably infinite, we have to replace 
(3) above by (3’) given below. 

3’. If {E,} is a sequence of mutually exclusive events, then 


o(U E,] =) P(E,) 


n=1 


provided this infinite sum exist. 


Example zea 


Let S = ({1, 2, 3, 4, 5, 6} be the sample space of a random (2) Completeness axiom: 
experiment. Define P(E) = > P(s) for any E < S, where 


tek P(S) = >. P(s) = P() + P(2) + P(3) + P(4) + P(5) + P(6) 
seS 
ee ee =0.140.2+0.2+0.4 +0.05 +0.05 
P(2)=0.2 = P(3) = 
“OSs (3) Union axiom: For any £, and E,€ g(S) with 
P(5)=0.05 = P(6) E, 0 E,= ¢, we have 
Show that P is a probability function. PEVE)= ¥, P(s)=> PG) +> P@)=PE)+PE) 
SEE, VE, seE, seE, 


Solution: We have 
(1) Positive axiom: 


P(E)= ¥ P)>0 


since s € EF, U E, if and only ifs € E, or s € E, but not 
both. 
Thus P is a probability function. 


seE 


since P(s) >0 for alls eS. 


Gr Try itout Let S={H, 7} be the sample space of a random experiment & and define ) 
P(H)= ; = P(T) 
P(g) =0 
and P(S)=1 
Then verify that P is a probability function. Z] 


a 
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In the following we prove certain important elementary properties of probability functions. 


THEOREM 7.1| The following hold good for any probability function P on (S$), where S is the sample space of 
arandom experiment €. 


1. P(¢) =0 
2. If E* is the complementary event of E, then 


P(E‘)=1- P(E) 
3. 0< P(E) <1 for all E € @(S) 
4. If FE, CE,CS, then P(E, - E,) = P(E.) - P(E;) 
5. If E, CE,CS, then P(E,) < P(E,) 
6. If E,, E,, ..., E,, are mutually exclusive events, then 


P(E, VE,U-- VE,)= P(E) + P(E.) +---+ P(E,) 


ProoF| All these are derived from the axioms (1), (2) and (3) of Definition 7.9. 
1. Since S$ 4 $= ¢, we have, from Axiom (3) of Definition 7.9 that 


P(S)= P(SU 9) = P(S) + PO) 


and hence P(@) = 0. 
2. Since EO E°= band Eu E*=S, we have 


1= P(S)= P(EVU E’) = P(E) + P(E‘) 


and hence P(E‘) = 1— P(E) 
3. Since 1 — P(E) = P(E‘) 2 0 [by Axiom (1), Definition 7.9], we get that 


0< P(E)<1 
4. Let E, CE,cS, Then 
E,=E,U(E,- £,) 
and E,n(£,-£,)=¢ 
Therefore, we have 
P(E,)= P(E,) + P(E, - E,) 
and hence 
P(E,- E,)= P(E.) - P(E) 
5. If £, cE, cS, then 
P(E,)- P(E) = P(E,- E,) 20 
[by Axiom (1), Definition 7.9] and hence 
P(E,)s P(E) 


6. This follows by induction on n and by using Axiom (3), Definition 7.9. O 


Note: For any event E, P(E):P(E) (ratio) is called odds in favour of E and the ratio P(E): P(E) is odds against E. 
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THEOREM 7.2) Let A, Band Cbe three events of arandom experiment € and Pisa probability function on a(S), 
where S is the sample space of . Then the following hold. 


(ADDITION 
THEOREM ON 
PROBABILITY) 


PROOF 


1. 
2. P(A- B)=P(A)- P(AN B) 
3. 
1 


P(AU B)+ P(A B)= P(A) + P(B) 


P(AU BUC)= P(A) + P(B) + P(C)- P(AN B)- P(BOC)- P(C A A)+ PPAR BAC) 


. From the Venn diagram in Figure 7.1, we have 


AU B=[A-(AN B)]U(An B)U[B- (AN B)] 
Now A -(A OB), AN Band B- (Af B) are mutually exclusive and hence 
P(AU B)=P[A-(An B)]+ P(AN B)+ P[IB-(An B)] 
= P(A)- P(An B)+ P(A B)+ P(B)- P(ANB) [by (4), Theorem 7.1] 
= P(A)+ P(B)- P(A B) 
Thus 
P(AU B)+ P(An B)= P(A) + P(B) 


. Since A— B=A-(AMB)and ABCA, we have 


P(A B)=P[A-(An B)]= P(A) - P(ANB) 


3. We make use of (1) repeatedly. Consider 
P(AU BUC)=P(AU B)+ P(C)- PAU B) NC] 


= P(A) + P(B)- P(AN B) + P(C)- P(ANC)U(BaC)| 
= P(A) + P(B)+ P(C)- P(AN B)-[P(ANC)+ P(BAC)- PPANCABNC)| 
= P(A) + P(B) + P(C)- P(AN B)- P(BOAC)- P(C A A)+ PPANBOC) 


dl 


FIGURE 7.1 Theorem 7.2. i} 


Note that a probability function P on go(S), where S is given to be finite, is completely determined by P(s), s€S. If 
P(s) is a non-negative real number for each s in a finite set S such that 


Y P(s)=1 


seS 


then the function P: g9(S) > R, defined by 


P(A) = > P(s) 


seA 


for any A CS, is a probability function. 
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In Table 7.1 we give set theoretic descriptions of various events, which will be useful in solving problems on prob- 


ability later. 


Table 7.1 Set theoretic descriptions of various events 


S. No. Event Set theoretic description 

1. Events A or B to occur AUB 

2. Events A and B to occur ANB 

3. A occurs and B does not occur A-BorAQNB or ANB 

4, Neither A nor B occurs AoO Boor ANB 

3, Exactly one of the events A and B (AN B)U(AN B)or (AN BY) U(AO B) 
occurs or (AUB )-(AN B) 

6. Not more than one of the events A or (A BY) UAT B) (ASO B*) or 
B occurs (AN B)U(ANB)U(AYUB) 

Ts The event B occurs whenever A occurs AcB 


Example ae 


A pack of cards means a pack containing 52 cards, out 
of which 26 are with red figures and another 26 are 
with black figures. These 52 cards are divided into 4 
sets, namely Hearts (in red colour), Diamonds (in red 
colour), Spades (in black) and Clubs (in black). Each set 
consists of 13 cards labelled as 


A, 2, 3,4, 5, 6, 7, 8,9, 10, J, Q, K 


where A is Ace, J is Jack, Q is Queen, K is King. Find 
the probability of drawing an ace or a spade from a well- 
shuffled pack of 52 cards. 


Solution: Let E, and E, be the events of drawing an 
ace and drawing a spade, respectively. Then we have to 
find P(E, U E,). Note that E, and E, are not mutually 
exclusive, since there is a spade in aces. In fact, FE, 7 E, 
has exactly one member. Note that 


n(E,)=4,n(E,)=13 or n(E,AE,)=1 


Therefore 
4 13 1 
P(E) = 55> PUB) = 5 and P(E, E,)= 5 


So 
P(E, VU E,)= P(E.) + P(E) - P(E, E,) 


4 13 1 

= — + — —- — 
52 52 52 

510 ot 

~ §2°=«13 


Thus 4/13 is the probability of drawing an ace or a spade 
from the pack. 


Example eae] 


A, B and C are three newspapers from a city. 25% of 
the population reads A, 20% reads B, 15% reads C, 
16% reads both A and B, 10% reads both B and C, 8% 
reads both A and C and 4% reads all the three. Find the 
percentage of the population who read atleast one of A, 
Band C. 


Solution: We are given that 
25 20 15 
P A = aes P B =-——_, P C es 
4) 100 (8) 100 ce 100 


ect 


P(ANB)= =~, PBAC)= 2 PCO a6 


and P(ANBAC)=—— 
100 


We have to find P(A U BU C). We can use the formula 
P(AUBUC) = P(A) + P(B) + P(C)- P(ANB) 

— P(BNC)- P(CNA)+ P(ANBOC) 

ape 

100 


_ 30 
~ 100 


(25+ 20+ 15-16-10-8+ 4) 


Thus 30% of the people read atleast one of the newspapers. 
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Example ay 


If two numbers are selected randomly from 30 consecu- 
tive natural numbers, find the probability that the sum of 
the two numbers is 


are °C, + °C, such ways. Therefore the probability 
that the sum of the two numbers selected is even is 


O,+°C, 15x14 14 


(a) even. = 
C 435 29 
(b) odd. . 
(b) The event “a+b is odd” is complementary to the 
Solution: Two numbers can be selected from 30 in 


event “a+b is even” and therefore, the probability 
that the sum of the two numbers selected odd is 
_4_b 
29 29 


°C, = 435 ways. Since the given 30 numbers are consecu- 
tive, there are 15 even and 15 odd numbers among them. 


(a) For a+b to be even, it is necessary and sufficient 
that either both a and b are even or both odd. There 
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An icecream vendor sells more icecreams during a sunny day than other days. The probability of getting more profit 
depends on the weather conditions that the day is sunny and hot. Situations like these lead to the following, in which 
we assume that there is a probability function P on the set of events of a random experiment. 

DEFINITION 7.10 Let &be arandom experiment and A and B be two events of &. Then the event “occurrence 
of B after the occurrence of A” is called a conditional event and is denoted by B/A. Similarly, 
the event “occurrence of A after the occurrence of B” is denoted by A/B. 

DEFINITION 7.11 Let A and B be two events of a random experiment & The conditional probability of occur- 
rence of A after the occurrence of B is defined by 


P(ACB) 
P(B) 
where P(B) > 0 and is denoted by P(A/B). That is, 
PUpee oO  eacara st 
P(B) 
Similarly, 
P(BIA) = oo when P(A)>0 


_ Number of favourable cases to A among B 


P(A/B 
( ) Number of favourable cases to B 


Example [ae 


A pair of fair dice is thrown. Find the probability that 
either of the dice shows 2 if the sum is 6. 


Solution: The sample space of the experiment 
“throwing a pair of fair dice” consists of 36(=6 x 6) 
ordered pairs (a, b), where a and b can be any integers 


from 1 to 6. Let A be the event “2 appears on either of 
the dice” and B be the event “sum is 6”. We want to find 
P(A/B). Note that 


A={(2, D)|1< b< 6} U{(a,2)/1<a< 6} 


and B={(, 5), (2, 4), (3, 3), (4, 2), (5, 1)} 
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Also, 
An B={(2, 4), (4, 2)} 


Therefore 


5 2 
P(B)== and P(ANB)=— 
lag, oe ee 


So 


P(AMB)_ 2/36 2 
P(B) 5/365 


P(A/B) = 


Example ae | 


In a class, 30% of the students failed in Physics, 25% 
failed in Mathematics and 15% failed in both Physics 
and Mathematics. If a student is selected at random 
failed in Mathematics, find the probability that he failed 
in Physics also. 


Solution: Let A be the event “failed in Physics” and B 
be the event “failed in Mathematics”. We want to find 
P(A/B). It is given that 


and P(B)= 2 


P(A)= a0 
100 100 


Also, 


15 


Therefore 


P(ANB)_ 15/100 15 3 


P(A/B) = = =—= 
P(B) 25/100 25-5 


THEOREM 7.3) Let A and B be two events of a random experiment such that P(A) > 0 and P(B) > 0. Then 


(MULTIPLICATION 
THEOREM ON 
CONDITIONAL 
PROBABILITY) 


PROOF 


onn. 


Corotitary 7.1] Let £,, E,,.. 


Then 


P(AQ B)= P(A)P(B/A) = P(B)P(A/B) 


This is an immediate consequence of the definition of the conditional probabilities P(A/B) and 
P(B/A). This can be extended to any finite number of events E,, E,, ... 


, E,, by using induction 
oO 


., E,, be n events of a random experiment such that 


n-1 
P(QE )>0 


P(E,Q E,0-0 E,)= P(E, P(E,/E,) P(E,(E, 0 E,)) (£,(96,)] 


Example aa 


A bag contains 20 identical balls of which 8 are black and 
12 are blue. Three balls are taken out at random from 
the bag one after the other without replacement. Find 
the probability that all the three balls drawn are blue. 


Solution: The probability that the first ball drawn is blue 
is 12/20, since there are 12 blue balls among 20 balls in the 
bag. If the first ball is blue, then the probability that the 
second ball drawn is blue is 11/19, since 11 of the remaining 
19 are blue. Similarly, if the first two balls drawn are blue, 


then the probability that the third ball drawn is blue is 10/18. 
Therefore, by Corollary 7.1, the required probability is 


121110 11 


Note: If the drawn ball is replaced every time, then the 


( i ( ) 
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Example ae 


A jar contains 10 white balls and 6 blue balls, all are of 
equal size. Two balls are drawn without replacement. 
Find the probability that the second ball is white if it is 
known that the first is white. 


Solution: Let E, be the event “the first ball drawn is 
white” and E, be the event “the second ball drawn is 


white again. Then, 


10 
P(E) = 76 


THEOREM 7.4 


since 10 out of 10+ 6 balls are white. But, after one ball 
is chosen, there remain 9 white balls and 6 blue balls. 
Therefore the required probability is 


P(E, OE,) 
P(E,) 
10 9 


10/16 15 5 


P(E,/E,) = 


Let S be the sample space of a random experiment € and P be a probability function on a(S), the 


set of all events of €. Let A € g9(S) such that P(A) > 0. Define P,: (S) > R by 
P,(E)= P(E/A) 


for any E € go(S). Then P, is also a probability function. 


Proor) Recall that 


P,(E) = P(E/A) = 


P(E A) 
P(A) 


Since P(A) > 0 and P(E 7 A) 20, P(E) 2 0 for all E € @(S). Also, 


P,(S)= 


P(SAA)_ P(A) _ 
P(A) P(A) — 


since A CS. Further, let E, and E, be two mutually exclusive events (i.e., E, and E,c S and 


E, 0 E,= 6). Then, 


P(E, VE) A] 


PA(EY E,)= 


P(A) 


_ PA OA) A)] 


P(A) 
_ P(E,0.A)+ P(E, A) 


P(A) 


(since E, WD ANE, A=$) 


= P,(E,) + P,(E,) 


Thus, P,, is a probability function on a(S). Oo 


DEFINITION 7.12 


Let € be a random experiment and S its sample space. Let P be a probability function on 


g2(S). Two events A and B are said to be independent of each other if the occurrence of one 
of them does not influence the occurrence of the other. That is, B is independent of A if 


P(B)= P(B/A) 


If A and B are not independent, then we say that they are dependent. 


THEOREM 7.5] The following are equivalent to each other for any two events A and B of a random experiment. 


1. A and B are independent of each other. 


2. P(B) = P(BIA) 
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3. P(A) = P(A/B) 
4. P(A B) = P(A) P(B) 


PROOF 


(1) = (2) follows from Definition 7.12. 


(2) = (3) © (4) follow from the multiplication theorem (Theorem 7.3), where we have 


P(AQ B) = P(A)P(B/A) = P(B)P(A/B) a 


Example ae 


Let A and B be independent events with P(A) = 0.6 and 
P(B) = 0.2. Find the following. 


(1) PAN B) 
(2) P(A/B) 
(3) P(B/A) 
(4) P(AUB) 


Solution: From Theorem 7.5, we have 
(1) P(A 2-1 B) is given by 
3 


P(A B)= P(A)P(B) =(0.6)(0.2) = 0.12 = = 


(2) P(A/B) is given by 
P(ANB)_ 0.123 
P(B) 02 5 


P(A/B) = 


(3) P(BI/A) is given by 
P(ANB)_012_ 1 
P(A) 0.6 5 


P(BIA) = 


(4) P(A U B) is given by 
P(AU B)= P(A)+ P(B)- P(An B) 


7 
25 


=0.6 + 0.2 — 0.12 = 0.68 = 


Example Lan 


A bag contains 20 balls out of which 10 balls are white 
and others are black. Two balls are drawn from the 
bag at random with replacement. Let A be the event 
“first ball drawn is white” and B be the event “second 
ball drawn is white”. Verify whether A and B are 
independent. 


Solution: It is given that the first ball drawn is 
replaced before drawing the second ball. Therefore, 
there are 20 x 20 ways to draw the two balls, of which 
10 x 20 have the property that the first ball is white. 
Therefore, 


10x20 1 
20x20 2 


P(A)= 


Similarly 
1 
P(B)== 
(B)=5 


Further, there are 10 x 10 ways to draw the balls so that 
both the first and the second balls are white. Hence 


P(ANB)= 10x10 _1 
20x20 4 
Now, 
1 11 
P(AN B)=—=—:~= P(A)P(B 
(An B)=3=5°5= P(A)PCB) 
Therefore, by Theorem 7.5, A and B are independent of 


each other. 


Example Bey 


A bag B, contains 3 white balls and 4 black balls and 
another bag B, contains 2 black balls and 4 white balls. 
A bag is drawn at random and a ball is drawn at random 
from it. Find the probability that the ball drawn is white. 


Solution: Let E, and E, be the events of choosing B, 
and B,, respectively. Then, 


P(E,)=5= P(E) 


Let A be the event that the ball chosen is white. Then, 


P(AIE,) == and P(A/E,)= - -+ 


Since FE, and E£, are exhaustive and mutually exclusive, 
it follows that 

A=(AN E,)U(ANE,) 
and (ANE, )A(ANE,)=6 
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Therefore _ em 12 
P(A) = P(ANE,) + PANE) 27 23 

3 1 23 

= P(E,)P(AIE,) + P(E,)P(AIEy) =ata=S 


THEOREM 7.6} Let E£,, E,, E,, ..., E,, be mutually exclusive and exhaustive events with non-zero probabilities of 
(ToTAL| arandom experiment € Then for any event A connected with €, 
PROBABILITY) 


P(A)= > P(E)PCAIE,) 


i=l 
PRooF| We have 
A=ANS 
=AN(E, VEU: VE) 
=(AN £,)U(ANE,)U-U(ANE,) 
Therefore 


P(A)= 3 P(ANE,) => P(E)P(AIE)) . 


THEOREM 7.7) Let E£,, E,, ..., E, be exhaustive and mutually exclusive events of a random experiment & and S be 
(Bayes’| the sample space of € with a probability function P on go(S) such that P(E,) > 0 for all 1 <i<n. 
THEoREM)| Then for any event A of the random experiment €, 


P(E,)P(A/E,) 


P(E,/A)= 


¥ P(E) P(AIE) 
i=1 
for any 1 <j<n. 
ProoF| By hypothesis £,, E,, ..., E,, are exhaustive and mutually exclusive and hence 
E,VE,U+ ES 
and E,\E,=6 for i#j 


Also, it is given that P(E,) > 0 for all 1 <i<n. For any event A (i.e., A C'S), we have 
A=AnS=An(YE)=YAnE) 
Since AN E;,QAN E,=ANE,O E,= ¢ for i#j we have 


P(A)=¥, (ANE) 


i=1 
=) P(E,)P(A/E,) (by Theorem 7.3) 
i=1 
Thus, by Theorem 7.3 again, for any 1 <i <n, we have 
P(E; A) 
P(A) 
P(E,;O A) 


P(E,/A)= 


YS P(E)PLAIE) - 
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Example 


Three bags, B,, B, and B, contain balls as givenin Table7.2.__ Having choosen the bag B,, the probability of choosing a 
red ball is P(R/E,) and is given by 
Table 7.2, Example 7.19 


2 4 2 
Red White Black P(R/E,)= 3 P(R/E,)= 5 and P(R/E,)= F 
B, 2 2 1 We want to find the probability P(E,/R). By Bayes’ 
B, 4 3 2 theorem, we get that 
B, 2 4 3 


P(E,) P(R/E,) + P(E.) P(R/E,) + P(E;)P(R/E 
A die is thrown. B, is chosen if either 1 or 2 turns up, EE EES) PERI) 


B, is chosen if either 3 or 4 turns up and B, is chosen if age 
either 4 or 5 turns up. Having chosen a bag in this way, a _ 3 9 
ball is chosen at random from this bag. If the ball chosen 1 y Zz ry 1 , 4 1 e 2 
is of red colour, find the probability that it comes from 3°°5 3°°9 3°°9 
bag B,? 

ag Dy 4 
Solution: Let E,be the event of choosing the bag B,, for = 27 
i=1,2,3.Let R be the event of choosing a red ball. Then [s + 20+ i) 

3x5x9 


P(E)=1 for i=1,2,3 
L 3 a 


27 48 12 


4 3x5x9 5 
x = — 
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In this section we define the concepts of random variables and probability distributions and discuss certain important 
properties of these. First we define a random variable which quantifies the events of a sample space of a random 
experiment. 


DEFINITION 7.13 Let Sbe the sample space of a random experiment. Then any real-valued function defined on 
Sis called a random variable on S.That is,a random variable of Sis simply a function 0:5 > R. 


Examples 


(1) Let S be the sample space of the experiment (3) LetSbe the sample space of the experiment “tossing 


“rolling a fair die” That is, S = {1, 2,3, 4, 5, 6}. Define three fair coins simultamously”. 
0:S > R by Then 
Lif siseven S ={HHH, HHT, HTH, HTT, THH, THT, TTH, TTT} 
ica fo if s is odd Define 3:5 > R by 
That is, Y(1) = 0(3) = 0(5)=0 and 8(2)=v0(4)= &(s) = The number of heads in s 


(6) = 1. Then is a random variable S. . For example, (HHH) =3, 0(HHT) =2, 0(THT) =1, 
Let S be the sample space of the experiment “tossing O(TTT) =0. Then #is a random variable on S. 
a fair coin”. That is, S ={H, T}, where H = Head and 


T= Tail. Define 0:5 > R by 
W(H)=1 and wXT)= 0 


(2 


— 


Then vis a random variable on S. 


For any random experiment € and its sample space S, we prove in the following that any probability function on 
g2(S) and a random variable on S give rise to a probability function on P(R). 
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THEOREM 7.8) Let S be the sample space of a random experiment. Let P: 9(S) > R be a probability function 
and 0: > R be a random variable. Define P’: g(R) > R by 


P(T)=P(e'(T)) for any TCR, 


where %'(T) ={s € S| 8(s) € T}. Then P’ is a probability function on g(R) and is called the prob- 
ability function induced by P and 0. 


ProoF| Since P(£) 20 for all E cS, we have 
P’(T)=P(8"(T))20 forallT cR 
since 0 '(T) cS. Also, 
P’(R) = P(S"'(R)) = P(S)=1 
If A and B c Rsuch that A 4 B= 4, then 
VANS (B)=0 (AN B)=0'(9) =6 
and v (AU B)=89 (A)UV'(B) 
and therefore 
P(AUB)=P[w' (Av B)] 
= P[S'(A)U 8 "(B)] 
= P[v'(A)] + P[d"(B)] 
= P’(A)+ PB) 
Thus P’ is a probability function on g9(R). Oo 


Example 


Let S be the sample space of the experiment “rolling a _ Also, since 
fair die” and P be the usual probability function on a(S) 


determined by P({1, 3, 5}) = 1 4 1 ae 1 = 1 
1 6 6 6 2 
P(s)=— foranyse S a PAG) 42 esas 
6 6 6 2 
Note that S$ is the 6-element set {1, 2, 3, 4, 5, 6}. h 
Let 3:5 — R be the random variable given by 0(1)= 24° 
0(3) = 0(5) =0 and (2) = 08(4) = 8(6)=1. Then, for Oif0,1¢T 


any TCR, ‘ 
$'(0) ={1,3, 5} P’(T) = P(S"(T)) = zit 0,1¢T but not both 
(1) = {2, 4, 6} lif 0,1eT 
gif0¢T andl¢T 
{1,3, S}ifO0e7T and1¢T 
~) 2, 4,6}if0eT andleT 
Sif O0eTandleT 


o'(T) 


It is a convention to use the letter X to denote a random variable and as such a random variable is simply a func- 
tion X from the sample space S into the real number system. Here afterwards, we use X to denote a random variable. 
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DEFINITION 7.14 Let S be the sample space of a random experiment and X:S — R be a random variable. 
Then, to each real number r, the event 


X"((-29, FI) ={5 € S1X(3) <7] 
is denoted by(X <r). That is, for each r ER, 
(X <r)={seS|X(s) <7} 


DEFINITION 7.15 For any random variable X, the function F:R > R, defined by 
F(r)=P((X<r)) foranyreR, 


is called the probability distribution function of X. 


THEOREM 7.9} Let X bea random variable and F the probability distribution of X. Then the following hold. 
1. O< F(r) <1 forallreR 
2. r<s = F(r) < F(s) for any randseR 
3. lim F(7) =land lim F(r) =0 


4. F(r+0)=lim F(s)= F(r) 


ProoF| For any real number, we have 
F(r)= P(X <1) 
where 
(X <r)={seS|X(s) <r} 
Since P is a probability function, we have 0 < P(E) <1 for all E CS and therefore 
0<F(r)sl 
Also, if rand s eR, then 
r<s=(--, r] Cc (-2, 5] 
= X"'((-~, r]) < X"((-~, s}) 
=>(X <r)c(X ss) 
=> P(X <r))< P(X ss)) 
=> Fir) < F(s) 
The remaining results follow from the fact that F'is an increasing function and 


lub F(r) =1, glb F(r) =0 
ee reR 


and, for any re R, 


(—29, r] = 0) (—c9, 5] = 
r<seR 
DEFINITION 7.16 A random variable whose range is atmost countable (i.e., finite or countably infinite) is 
called a discrete random variable. A random variable which is not discrete is called a contin- 
uous random. variable. 


The random variables given in all the above examples are discrete. Though there are certain continuous random 
variables, we confine our discussion to the discrete random variables only. In the following we introduce the notions 
of mean, variance, standard deviation and probability distribution of discrete random variables. 
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DEFINITION 7.17 Let X be a discrete random variable on the sample space S of a random experiment and let 
the range of X be {x,,x,, ...,x,, ...}. Let P be a probability function on 49(S). For eachn € Z’, 
let P(X = x,) be defined by 


P(X =x,) = P(X {x,}) 
1. If bye wae 4 =x,) is finite, then it is called the mean of X and is denoted by Ly, or simply 


U when there is no ambiguity about X. That is, 


1 = x,P(X =5,) 


2. If Y (x, -— uy P(X = x,) is finite, then it is called the variance of X and is denoted by v, or 
simply v. 

3. If vis the variance of X, then Vv is called the standard deviation of X and is denoted by 
o,, or simply o. Therefore Jv =o or 0° = v. 


4. The system of numbers 
X%, Hea 
P(X = %,):P, Pr Py? Pao 
is called the probability distribution of X. 
(Note that p,= P(X = x,) = P(X '{x}).) 


From the points given in Definition 7.17, we have = » xp,—2u’+p? (since ys x,p, = and y pal) 
ee ae a n n n 
2 mee = Gr, 


es nwa 2 
» ree wd pei 2 se Therefore 


2 2 2 
o+w=)> xp, 
n 


Example | 7.20 | 


The probability distribution of a random variable X is =0.25+1.00+2.25+4+6.254+9+4+12.25 
given in Table 7.3. = 35 
Table 7.3. Example 7.20 


X=x {- 2. 3 4. 4. 6 4 : 
P(X=x) 025 0.50 0.75 1.0 1.25 150 175 v=>(x,-HyP(X =x,) 
aos SS a eee r=1 


The variance is given by 


= (-34)°(0.25) + (—33)’(0.5) + (-32) (0.75) + (-31)°(1.00) 
+ (-30)°(1.25) + (-29)°(1.5) + (-28)°(1.75) 

= 289 + 544.5 + 768 + 9614+ 1125 + 1261.5 + 1372 

p= ¥ x PX =x) = 6321 


= 1x (0.25) + 2(0.50) + 3(0.75) + 4(1.0) 
+ 5(1.25) + 6(1.50) + 7(1.75) o = Vv = V6321 = 7129 


Find the mean, variance and standard deviation of X. 


Solution: The mean is given by 


The standard deviation is 
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Example 


Let X be a discrete random variable whose probability | Therefore 
distribution is given by 


K+1 
a =1 
Pan Hs ® 
2 
i o(1+ z + . +S )-1 
for K =0, 1, 2,3, 4 and 5. Find the value of a. 7° +t = 
Solution: Since (2 + 32+ at +16+10+ S)=1 
5 
YPGSh)=1 
K=0 a== 
we have 
>. (K +1)a 
) ee aan 
2 
K=0 


7.6 | Theoretical Discrete Distribution 


In this section, we discuss certain probability distributions in which the variables are distributed according to some 
definite probability law that can be expressed mathematically. In particular, binomial distributions and Poisson distri- 
butions are of special importance. 

A random variable X which takes just two values 0 and 1 with the probabilities p and q, respectively, is of partic- 
ular interest. In this case, note that 


P(X =0)=p, P(X =l)=q and p+q=1 


Quite often we come across such random variables. For example, in coin tossing experiment, we can define P(H) =p 
and P(T) =1-p, for some 0 < p < 1 and the random variable X can be defined by X(H) = 1 and X(T) =0, so that 


P(X =1)=p and P(X=0)=1-p 


Each repetion of such an experiment is called a trial. 


7.6.1 Binomial Distribution 


Let E and E* be two complementary events in a random experiment with probabilities p and q, respectively. Let us call 
the occurrence of the event EF as a success and the occurrence of the event EF‘ as a failure in a trial. If the experiment is 


repeated n times and E, is the event having k successes in these trials, then one of these cases is “E occurs in the first 
k trials, E° occures in the remaining n — k trials”. The required probability for such an event is p‘ q’“. 


However the number of such cases is 


‘ n! 


Thus 
P(E,) ="C,p*q" 
Let X denote the number of successes in these v trials. Then _X is a random variable with range {0, 1, 2, ..., m}. Further 
P(X =k)="C,p*q"“* ="C,p‘(1—p)""* (since p+ q=1) 


The distribution of XY is summarized in Table 7.4. This distribution shown in Table 7.4 is called a binomial distribution. 
Here n and p are called the parameters of X. 
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Table 7.4 Binomial distribution 


X=k 0 1 2 ae r ss n 
P(X = k) *C pg’ “Cpa Cog a "Cpg’* oat "Cp"g 


DEFINITION 7.18 A random variable X is said to follow binomial distribution, or simply, it is a binomial variate 
with parameters n and p if 


P(X=k)="C,p*q"* for k=0,1,2,...,n 


and this is described by writing X ~ B(n, p). 


Note that P(X =k) are nothing but the terms of the binomial expansion of (p + q)" and this justifies the name ‘bino- 
mial distribution”. Also, recall that g = 1-—p. 
The following can be easily proved by using the results in Chapter 7, Binomial Theorem, Vol. 1. 


THEOREM 7.10 | If X ~ B (n, p), then the mean p and the variance o” of X are equal to np and npgq, respectively. 


Notice that a binomial distribution takes place under the following experimental conditions. 
1. Each trial results in two mutually exclusive outcomes, termed as success and failure. 

2. The number n of trials is finite. 

3. The trials are independent of each other. 

4. The probability p of success is constant for each trial. 


7.6.2 Poisson Distribution 


Another important theoretical discrete distribution is the Poisson distribution which is indeed a limiting case of the 
binomial distribution. A random variable X is said to follow Poisson distribution with parameter A and X is called a 
Poisson variate if 


k 
P(X =k)= Ae 


for k=0,1,2,... 
k! 


where A> 0 is aconstant. This is called the Poisson law. Table 7.5 shows the Poisson distribution. 


Table 7.5 Poisson distribution 
X=k 0 1 2 3 nu k 


P(X =k) e* Aa A at A es Le 


The following is an important result and we skip the proof of this. 


THEOREM 7.11) Let X bea Poisson random variate with parameter A. Then the mean and variance of X are both 
equal to A. 


Note that the Poisson distribution can be used under the following experimental conditions. 
1. Each trial results in two mutually exclusive outcomes, termed as success and failure. 

2. The number n of trials is sufficiently large. 

3. The probability p of success is very small. 

4. The trials are independent of each other. 
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The Poisson distribution can be used, for instance, in 
problems like the following: 


1. The number of defective items in a packing 


2. The number of deaths from non-epidemic diseases 
such as heart attack or cancer or snake bites 


3. The number of vehicles passing a given spot per 
minute during the peak hours of a day in a given 
city. 


Example e224 


Eight coins are tossed simultaneously. Find the probability 
of getting atleast six Heads, using the binomial distribution. 


Solution: Let 
p = the probability of getting a head = ; 
Pe : 1 
and q = the probability of getting a tail = Fi 


The probability of getting r heads in a random toss is 


necne( (J “ol 


for r=0, 1, 2,..., 8. Therefore, the probability of getting 
atleast 6 heads is 


P(X >6)= P(X =6)+ P(X =7) + P(X =8) 


iy i ie 
=a(5] #o(5) #a(5) 


7, 1. LT 37 
+—+ = 
64 32 256 256 


Example ee 


In a book of 750 pages, there are 500 typographical 
errors. Assuming Poisson law for the number of errors 
per page, find the probability that a random sample of 
5 pages will contain no error. 


Solution: The average member of errors per page in 
the book is 
| eee 
750 3 


The probability of r errors per page is 


PX == M eh -(5] : eo8 


e 
r! 
Therefore 
P(Xx=H=€" 


The required probability that a random sample of 
5 pages will contain no error is 


(Pi x=) se" yee" 


Example eg 


A Poisson variate X satisfies P(X = 1) = P(X =2). Find 
P(X=6). 


Solution: Recall that 


P(X =r)=He*,A>0 

r! 

for r=0, 1, 2,.... It is given that P(X =1) = P(X =2). 
Therefore 


a ae 


fi. oy 


(2A-A’)e* =0 
A(2-A)=0 
Since A> 0, we should have A = 2. Therefore 


A 4g 64 2 (4) 2 
PX =6)= Set = Sh et (Se? 


Worked-Out Problems 


| WORKED-OUT PROBLEMS 


Single Correct Choice Type Questions 


1. A, B and C are three athletes running in a race. If 
the probability of A winning is twice as likely to win 
as probability of B and that of B is as likely to win as 
of C, then the probability of A’s win is 


1 2 3 4 
(A) 7 (B) 7 (C) 7 (D) 7 
Solution: Byhypothesis P(A) =2P(B) and P(B) =2P(C). 
Since 
P(A)+ P(B)+ P(C)=1 

we have 

4 P(C)+2P(C)+ P(C)=1 
Therefore 

7P(C)=1 or P(C)= : 
So 


P(A) =4P(C)= : 
Answer: (D) 


2. In Problem (1), the probability that one of B or C will 
win is 
2 3 4 5 
A) = B) = C) = D) = 
A> B85 OF @3 
Solution: The events that either of B or C will win are 
mutually exclusive events so that P(B 7 C) =0. Hence 


P(BUC) = P(B)+ P(C) 
o 2 


=—+4+-=>— 
7 7 


Answer: (B) 


3. Let S = {x,, x5, x;, x,} be a four-element sample space. 
Which of the following functions defines a probability 
function on S? 


(A) Pla)=3, Pla)= 5, Pln)=5, Pla) =3 
(B) Pl) =, Pl)= 3, Pes) =. Plu) =5 
(©) Pla) =, Pla) =—F, Pls) =, Pla) =5 


(D) P(x) =0, Pl)=5, Pla) =, Plus) = 


Solution: Since probability of an event is a non-negative 
real number and sum of all the probabilities is equal to 1, 
the correct answer is (A). 


Answer: (A) 


4. A die is so weighed such that the probability of a 
number appearing when tossed is proportional to the 
number on the face. Then, the probability of a prime 
numbered face to appear is 

4 5 10 11 
A) = B) — Cc) — D) — 
A> Bs OF OF 

Solution: 

that 


Let p be the constant of proportionality so 


P(K) = Kp for K =1, 2, 3, 4,5, 6 


Sum of the probabilities = 1. This implies 


2p=1= p== 


Let E be the event of a prime number face. That is 
E={2,3,5}.Then 


PU =epe ais Spe" 
21 
Answer: (C) 


5. A and B are two events of a random experiment. If 
P(AU B)=7/8, P(A B)=1/4 and P(A) = 5/8, then 
P(Ajn B) is equal to 

1 1 
A) = B) - 
(> Bz 


© os 


Solution: We have 


P(An B) = P(A- B)= P(A)- P(A B) 


3}: 


Answer: (A) 


6. Two dice of different colours are thrown at a time. 
The probability that the sum of the faces appeared is 
either 7 or 11 is 

7 5 
A) = Dy = 
(A) = (D) = 


Bo OF 
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Solution: The total number of possible outcomes = 
6 x 6 = 36. Let A = Event of the sum is 7 and B = event of 
the sum is 11. Therefore 


A={(L 6), (2,5), (3,4), (6, D, (5,2), (4, 3)} 
B={(5, 6), (6, 5)} 


It is observed that A 7 B= @. Hence 


6 2 4 
P(AU B)= P(A)+ P(B)= 36 + 36 7 5 
Answer: (B) 


7. From a well-shuffled pack of 52 cards, four cards 
are selected at random. The probability of drawing 
exactly 2 spades and exactly 2 aces is 


1494 1594 
(A) (B) 
270725 270725 
1296 1396 
(C) (D) 
270725 270725 


Solution: Total number of outcomes = °C, = 270725 

E = Event of exactly two spade cards and exists two aces. 

A = Event of 1 spade ace, 1 non-spade ace and 1 spade 
card and 1 non-spade card 

B=Event of 2 non-spade aces and 2 spade cards. 


P(A)= 1CC,)(?C,)C°C,) _3x12x36 1296 
i 270725 =. 270725 


°C, x"C,_ 3x66 198 
°C, 270725 270725 


P(B)= 


Now E=AvU Band An B= ¢. This implies 
P(E)= P(AUB) 


1494 
270725 
Answer: (A) 


= P(A) + P(B) = 


8. Six married couples (a couple means wife and 
husband) are standing in a room. Four people are 
chosen at random. The probability that the selection 
contains exactly one couple is 

1 1 16 17 
(A) 11 ®) 33 ©) 33 ©) 33 

Solution: From 12 people, 4 can be selected in 

°C, =495 ways. 

E = Event of the selection contains exactly one couple. 

Therefore the selection must contain one couple and the 

rest 2 must be non-couple. This can be done in 


°C, x 2°C, x*C,) = 6 x 40 = 240 ways 


Therefore 


_ 240 16 


P(E) =— =— 
oe 495 33 


Answer: (C) 

9. There are three boxes B,, B, and B;. B, contains 
1 white and 2 black balls. B, contains 3 white, 1 black 
ball and B, contain 2 white and 3 black balls. One ball 


is taken from each box. Among the balls drawn, the 
probability that there are two black and 1 white ball is 


at @®2 of wo2 


Solution: Let E be the event that the draw contains 
2 black and one white ball. Let w, drawing white ball 
from B, and b, be the event of drawing a black ball from 
the box B, (i= 1,2, 3, and j= 1, 2, 3). Therefore 


E=(B.Ab,0W,) UV (Bb, Ww, ,) U (WB, 0 B,) 
Each of the events in the union is mutually exclusive and 
independent. Hence 

P(E) = P(b,0b, AwW,) + P(b, Aw, 6) 
+ P(w,0b, 1 ,) 
= P(b,)P(b,)P(w;) + P(b,)P(w,)P(d,) 
+ P(w,)P(b,)P(b;) 


24.9 BAS 4.44 
= ee Hy 
345 345 345 
_25_ 5 
~ 60 12 


Answer: (D) 


10. Aclass contains 20 boys and 20 girls of which half the 
boys and half the girls have cat eyes. If one student 
is selected from the class, the probability that either 
the student is a boy or has cat eyes is 

1 3 3 2 
A) = B) — C) = D) = 
A> B® OF OF; 
Solution: Let A be the event of a boy and B the event 
of having cat eyes. So 
20 


PA) 9 


and P(B)= “ = 


Now 


P(ANB)= = 


Therefore 
P(AU B)= P(A)+ P(B) 
— P(A B) (see Theorem 7.2) 


1 1 1 3 
S24 252255 
22 4 4 
Answer: (B) 


11. If a positive divisor of 10” is selected at random, 
then the probability that it is an integer multiple of 
10° is 


9 18 36 9 
A) — B) — Cc) — D) — 
(A) 625 ®) 625 ©) 625 (D) 2500 
Solution: 10° =2”-5* = there are 50 x 50 = 2500 posi- 


tive divisions of 10°. Now 10° =2*-.5* => any integer 
multiple of 10°° must be of the form 2*-5’ where 38 <a, 
b < 49. That is, a and b will have 12 choices each. Hence 
required probability is 


12x12 _ 36 
2500 625 


Answer: (C) 


12. Let A and B be two events such that P(A) = 0.3, 
P(B) = 0.6 and P(B/A) = 0.5. Then P(A/B) equals 


@®2 Oz 
We have by Theorem 7.3 
P(A B)= P(A)P(B/A) = (0.3)(0.5) = 0.15 


(A) (D) = 


Solution: 


Now 
P(AU B)= P(A) + P(B)- P(AN B) 

=0.3 + 0.6 —0.15 
= 0.75 

Also 

P(A B) 

P(B) 

_ P(AVB) 

PCB) 

_1-P(AVUB) 

~ 1-P(B) 


P(A/B) = 


Answer: (B) 


Worked-Out Problems 


13. A positive integer is selected at random from the 
first 200 natural numbers. The probability that it is 
divisible by 4 or 5 is 

1 1 3 3 
As Bs OF OF 

Solution: 

ible by 20. 

Number of multiples of 4 lying between 1 and 200 

(including 200) is 50. 

Number of multiples of 5 is 20. 

Number of multiples of 20 is 10. 

Therefore required probability is 


50+20-10 60 3 
200 ~=©= 200:«+10 


Any integer divisible by 4 or 5 must be divis- 


Answer: (D) 


14. Out of 5 men and 6 women a committee of 5 is to be 
formed. If the selection is at random, the probability 
that the committee consists of at least 3 women is 

131 1 

(Cc) =D) 


143 
B) 2 
®) 462 4 


141 
AY 
(A) 462 


462 


Solution: Let 
E: Event that committee consists at least 3 women. 
The favourable cases to E are: 


Women Men No. of selections 


3 2 enue. 
4 1 Jone as 6 
5 0 ae a Or 
Therefore 
P(E)= °C. x°C, Cin °C, +°C,x°C, 
G 
_6x104+15x5+6x1 
462 
_ Mt 
462 


Answer: (A) 


15. Each of two bags A and B contain n cards numbered 
1 to n. One card from each of A and B is drawn. 
The probability that the card drawn from A bears 
number smaller than the number on the card drawn 


from B is 
n+1 n-1 n+1 n-1 
(A) () —- © (D) 
2n 2n n n 
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Solution: Let 


E, =Number drawn from A is smaller than that drawn 
from B. 

E,= Number drawn from A is greater than that drawn 
from B. 

E, = Both numbers are equal. 


Note that 
P(E,) => P(E) 
and Fe eee 
nN n 
Therefore 
2P(E,) =1- P(E,)=1- i 
n 
-1 
= P(E,) =~ 
2n 


Answer: (B) 


16. A, B, C are three events such that P(A) =0.3, 
P(B)=0.4, P(C) =0.8, P(A 7 B) =0.08, P(C A A) = 
0.28, PA A BAC) =0.09, and P(A U BUC) 20.75. 
Then P(B 4 C) belongs to the interval: 


(A) [0.11, 0.23] (B) [0.23, 0.48] 
(C) [0.13, 0.25] (D) [0.15, 0.20] 


Solution: We have 
P(AU BUC)=(¥ P(A))- P(An B) - P(BAC) 
—-P(CNA)+P(ANBOC) 
= (0.3 +0.4 + 0.8) — 0.08 — P(BAC) 
~ 0.28 + 0.09 (7.1) 
Therefore 
P(BAC)=123- P(AU BUC) 2123-1 
=0.23 [: PCAUBUC)§]I 


0.23 < P(BAC) (7.2) 


Also 


P(B AC) §< 1.23 - (0.75) = 0.48 
[. 0.75< PAUBUC) 


So 
P(BOC)< 0.48 (7.3) 
Equations (7.2) and (7.3) imply 
0.23 < P(BAC)<0.48 
Answer: (B) 


17. Let E, F and G be pairwise independent events with 
P(G)>0 and P(E Fo G) =0.Then P(E A F)/G)) 
is equal to 


(A) P(E) + P(F) 
(C) P(E) - P(F) 


(B) P(E) - P(F) 
(D) P(E)- P(F) 
Solution: Note that 
P(A- B)=P(A-ANB) (¢ A-~-B=A-ANB) 
and also 
P(A-B)=P(ANB) (2 A~B=ANB) 


Therefore 


P(EQF AG) =P(G-(EOF)) 
=P(G-(EUF)) 
=P(G-GnN(EUVF)) 
= P(G)- P(GN E) U(Gn F)) 
(See Theorem 7.2) 
= P(G)- P(GnN E)- P(GoF) 
+P(GQEQF) (By Theorem 7.2) 
= P(G) - P(G)P(E) -— P(G)P(F) +0 
(2 P(EQF OG)=0andE,F 
and Gare pairwise independent) 
= P(G)(1- P(E) - P(F)) 
=P(G)(P(E)-P(F)) 


Hence 
HMEAnG)=- rc 7 &) 
_ PGIP(E)- PUP) _ pa 
= PG) = P(E)- P(F) 
Answer: (C) 


18. Six students are to be selected for a quiz competition 
from 10 aspirants. The probability that two partic- 
ular students are excluded is 

2 1 1 2 
A) — B) = C) = D) = 
A> Bs OF WF 

Solution: Totalnumber of selections of 6 from 10 = "°C,. 

Since two particular students are to be excluded, we have 

to select 6 from 8 only. This can be done in *C, ways. The 

required probability is 


"Ce. 18 , oxl4 
"C, |éx|2 [10 
oe 
~ 9-10 15 


Answer: (A) 


19. E and F are complementary events of the events 
E and F. If 0 < P(F) <1, then 


(A) P(E/F) + P(E/F)<1 
(B) P(E/F) + P(E/F)=1 
(C) P(E/F)+ P(E/F)=1 
(D) P(E/F)+ P(E/F)=1 
Solution: 
(A) We have 


P(EQ F) 
P(F) 


P(E F) 


P(EIF) + P(E/F)= 7) 


_ P(FA(EVE)) 
7 P(F) 


_ PU) _ 
= PR 
Thus, (A) is not correct. 
(B) We have 
P(E/F)+ P(E/F) 


P(E A F) 


_ P(EQF) 
 P(F) P(F) 


P(F) 
_ P(EQF)P(F)+ P(E F)P(F) 
P(F)P(F) 


_ P(ENF)A-P(F)) + P(ENF)P(F) 
7 P(F)P(F) 


[P(E F)- PEO F)IP(F)+ PEO F) 
P(F)P(F) 


Hence (B) is not correct. 
(C) We have 


P(E/F)+ P(E/F) 
_P(EQF) , PEF) 
P(F) P(F) 
_ P(EQ F)P(F)+ P(E F)P(F) 
P(F)P(F) 
_ P(ENF)(A- P(F)) + P(EN F)P(F) 
- P(F)P(F) 
_ PUP)IP(EN F)- PEEOF)) +P(ENF) |, 
P(F)P(F) 


So (C) is not correct. 


Worked-Out Problems 


(D) We have 
m pip _P(ENF) , ENF) 
P(E/F) + P(E/F)= PF) A) 
_ P(EQF)+P(EOF) 
7 P(F) 
_ P(FO(EVE) 
P(F) 
2PEY 
= PUR) 
Therefore (D) is correct. 
Answer: (D) 


20. If P(B)=3/4, P(AN BAC) =1/3 and PCAN BAC) = 
1/3, then P(B A C) is 


(B) 2 : 


Os 


(A) Oz ; 


Solution: From Figure 7.2 we have 
B=(BOC)U(ANBAC)U(AN BAC) 
Therefore 


P(BAC)=P(B)- PAN BOAC)- P(ANBOC) 


FIGURE 7.2 Single correct choice type question 20. 
Answer: (A) 


21. If three distinct natural numbers are chosen randomly 
from the first 100 natural numbers, then the probability 
that all three of them are divisible by both 2 and 3 is 


4 4 4 4 

A) = B) — Cc) = D) — 
(A) 55 ®) 35 3 ©) i155 
Solution: A number is divisible by 6, only when it is 


divisible by both 2 and 3. Therefore the number of multi- 
ples of 6(<100) is 16 (they are 6, 12, 18, ..., 96). 
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From 100 numbers three are selected in '"C, ways. 
From 16 numbers 3 are selected in °C, ways. 
Therefore probability is 


"C, 6. (31197 
mc, ~ [3[13 * [100 


_ 16x15x14—— 4 
~ 100x99x98 1155 


Alternate Solution 

Since the three numbers are distinct, we can select the 
three one after other without replacement. Therefore the 
probability is 


16x15x14__ 4 
100x 99x98 1155 


Answer: (D) 


22. Let A, B and C be mutually independent events. 
Consider the following two statements. 
Statement I: A and B U C are independent. 
Statement II: A and Bm C are independent. 
Then, 


(A) both I and II are true 
(B) only I is true 

(C) only II is true 

(D) both I and II are false 
We know that 


AN(BUC)=(AN B)U(ANC) 


Solution: 


Now 
P(AN(BUC)) 
=P(AN B)+ P(ANC)-P(ANBOC) 
= P(A)P(B) + P(A)P(C) — P(A)P(B)P(C) 
= P(A)[P(B) + P(C) — P(B)P(C)] 
= P(A)[P(B) + P(C) - P(BaC)] 
= P(A)P(BUC) 
Therefore Statement I is true. Again 
P(AN(BOC))= P(A)P(B)P(C) 
= P(A)P(BOC) 


Hence A and Bn C are independent. So Statement II is 
also true. 


Answer: (A) 


23. A natural number x is selected at random from the 
first 100 natural numbers. The probability that 
x + (100/x) > 50 is 


11 9 13 3 
A> Bs OF MF 
Solution: We have 
x+ au >50 
x 
& (x —25)?> 525 
© |x — 25|> 22 


Hence x <3 or x>47. So the number of favourable 
cases to x is 2+ 53 =55. The required probability is 
55_ il 
100 20 
Answer: (A) 


24. The first 12 letters of English alphabet are written 
in a row at random. The probability that there are 
exactly four letters in between A and B is 


Al Bs OF MOF 


Solution: A and B can be arranged in "P,=11 x12 
ways. Since we want 4 letters in between A and B, the 
order of the four letters appearing has no importance. 
A and B can take the following places. 


Place forA Place for B 
6 


NYDN FP WN FP 
\o 


A and B can be interchanged. Therefore required prob- 
ability is 


14007 
11x12 66 


Alternate Solution 

12 letters can be arranged in [12 ways. In between 
A and B, four letters can be arranged in 'P, ways. Now 
6 letters for whom A and B are at extreme positions 
together with 6 other letters can be arranged in |7 ways. 


Further A and B can be interchanged. Therefore the 
required probability is 


2x°P.x|7 _2«|10«|7 


[12 [6 x [12 
_— 2x7 7 
11x12 66 


Answer: (C) 


25. Ifthe letters of the word UNIVERSITY are arranged 
in arandom order, the probability that all the vowels 
come together is 


1 2 1 1 

A) = B) — C) = D) — 

A BOF OF OF 
Solution: The word UNIVERSITY consists of 10 


letters out of which the vowels are e, i, i, u. The 10 letters 
can be arranged in |10/|2 ways (since there two identical 
letters 7). Since all the vowels are to be together, treat all 
the four written as a single object. The 6+ 1=7 objects 


can be permuted in 
4 
7 —, 
a( S| ways 


(since 4 vowels can be arranged among themselves in 
[4/|2 ways). Therefore required probability is 


42) a 
(10/2 8x9x10 3x10 30 
Answer: (D) 


26. A cubical die has four blank faces, one face marked 
2 and another marked 3. If the die is thrown 5 times, 
the probability that the sum is 12 is 


5 5 5 5 
A) —— B) —— Cc) —— (D) — 
(A) 1296 (B) 1294 (C) 2596 (D) 2592 
Solution: Total number of outcomes is 


6X6x6x6x6=6 


Let 
E=sum of the faces is 12. 


Favourable cases to E:2 three times, 3 two times or 
3 four times. This is possible in 


gER + IS ways 
[2|3 |4 
Therefore 
10+5 15 5 5 
P(E)= 
() 6 6x6 2x6 2592 


Answer: (D) 


Worked-Out Problems 


27. Each of the letters A, B, C, D, E and F are, respec- 
tively, written on six cards (one letter on one card only) 
and they are well-shuffled and then the top four cards 
are turned face up without changing their order. Then 
the probability that they form the word “DEAF” is 


(By. 


- eh 360 


C) 0.03 
120 :) 


(D) 0.13 


Solution: Total number of arrangements by cards = °P, = 
360. In only one way, the letters form the word DEAF. 
Therefore 


Probability = a 
Answer: (B) 


28. A boy remembers all but the last digit of his girlfriend’s 
mobile number. He randomly chooses a digit from 
0 to 9 (including 0 and 9). If he attempts two times, the 
probability that he reaches her at least once is 


(A) 02  (B)03 (©) 002 ~~ (D) 0.03 
Solution: Let 


E = Event that the boy makes correct dial at least once. 


E= Event of failing in both attempts. 


In the first attempt, the probability of failing is 9/10. In the 
second attempt, the probability of failing is 8/9. Therefore 


Pas 
10 9 5 
= 4 1 
P(E)=1- P(£)=1-—==—==0.2 
(E)=1- P(E)=1-2=% 
Answer: (A) 


29. The probability of the birth dates of all 6 persons to 
fall in only two different months is 


341 341 341 541 

A) = B) — C) = D) — 

Oo Gi. OF oO 
Solution: Since the birth date of any person can fall in 


anyone of the 12 months, the number of total outcomes 
is 12°. Let 


E: Event that the birth dates of all 6 fall in two different 
months. 


Number of possibilities of 6 persons’ birth dates to fall 
in two different months (say February and March) is 
2° -2 (this 2 corresponds to either all their birth dates fall 
in February or all fall in March). The number of ways 
that we can select 2 months out of 12 is '°C,. Therefore 


°C, (2°-2) _ 66x62 11x31 341 
12° 12° 12° 12° 
Answer: (B) 


P(E)= 
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30. A is one of the six horses entered for a race and 
one of the two jockeys B and C ride it. If B rides A, 
then all the six horses are equally likely to win. If 
C rides A, then chances of A’s win will be trebled. 


Then, the odds in favour of A’s win is 


(A) 2:1 (B) 3:2 (C) 1:2 (D) 2:3 
Solution: Let 
A = Event of A’s win. 
B=Event of B riding A. 
C = Event of C riding A. 
Then 
P(A/B)= Z 
“5 
1 1 
d P(A/C) =3}] = |== 
an ( ) (=| - 
Now 


A=AN(BUC)=(ANB)U(ANC) 
Since B and C are mutually exclusive we have 
P(A)=P(AN B)+ P(ANC) 
= P(B)P(A/B) + P(C)P(A/c) 


1 1 1 1 #143 «1 
=—X—+—=X—= — 
2 6 2 2 12 3 
Therefore 
= 1 2 
P(A)=1-=== 
(A) a3 


Hence odds in favour (see Note under Theorem 7.1) is 
P(E): P(E) = 1:2. 
Answer: (C) 


31. An urn contains m white balls and n black balls. 
A ball is drawn at random and put back into the urn 
along with k additional balls of the same colour as 
that of the drawn ball. A ball is again taken out at 
random. The probability that it is white is 


m n 

A B 

cae mt+n (B) mt+n 
mt+nt+k mn 

Cc) ———— D 

©) mn+k (D) mn+k 


Solution: Let 


W, = Event of drawing a white ball in the first draw. 
B, = Event of drawing black ball in the first draw. 
W, = Drawing white ball in the second draw. 


Now 


W,= W,0(W,U B)=(W, WU (W, 0B) 


So 
P(W,) = PCW, 0 W,) + PCW, 0 B,) Ce BLO W, = 9) 
Therefore by Theorem 7.3 
P(W,) = P(W,)P(W,/W,) + P(B,)P(W,/B,) 


m mt+k n m 


m+nm+nt+k m+n mt+nt+k 


_ mmt+k)+mn 
(m+n)(m+n+k) 


—  mm+k+n) m 
(m+n)(m+n+k) 


m+n 


Answer: (C) 


32. Let A, Band Cbe three events such that p = P(exactly 
one of A or B) = P(exactly one of B or C) = P(exactly 
one of C or A) and P(A, B, C simultaneously) = p” 
where 0< p<1/2. Then P(at least one of A, B or C) 
is equal to 


3p+2p° 
2 

2p+3p 
4 


2p+3p° 
2 

3p+2p’ 
4 


(A) (B) 


(C) (D) 


Solution: ExactlyoneofAorBmeans(A — B) U (B - A). 

By hypothesis 
P(A- B)U(B- A))=p 
P(B-C)U(C- B))=p 
P(C- A)U(A-C))=p 

Therefore 

p= P((A- B)U(B- A))=P(A- B)+ P(B- A) 
=[P(A) - P(An B)]+[P(B) - P(B oa A)] 


So 

P(A)+ P(B)-2P(AN B)=p (7.4) 
Similarly 

P(B)+ P(BOAC)-2P(BAC)=p (7.5) 
and P(C)+ P(A)- P(CNA)=p (7.6) 
Adding Eqs. (7.4)-(7.6), we have 
2[ P(A) + P(B) + P(C) - P(An B) 
—P(BAC)-P(CAA)| =3p (7.7) 


Now P(atleast one of A, B or C) is given by [see part (3), 

Theorem 7.2] 

P(AUBUC)= P(A) + P(B) + P(C)- P(An B) 
—P(BOC)- P(CNA)+ P(ANBNC) 


= “e + p’ [Eq.(7.7) and PPANBAC)=p'| 
_ 3pt+ 2p 
~ 3 

Answer: (A) 


33. A and B are two events with positive probabilities. 
Consider the following two statements. 
Statement I: P(A/B)=1- P(A/B). 
Statement II: P(A U B)=1-P(A)P(B/A). 
Then 
(A) both I and II are true 


(C) only I is true 


(B) Land I are false 
(D) only II is true 


Solution: 
(1) We have 
P(A B) 
P(B) 
_ P(B)- P(ANB) 
P(B) 
[ B=(B-A)U(ANB)=(BOA)U(ANB)] 
_1_ PCAOB) 
7 P(B) 
=1- P(A/B) 


P(A/B) = 


Hence Statement I is true. 
(2) By De’Morgans law we have 


P(AU B)=P(ATB) 
=1-P(ANB) 
=1- P(A)P(B/A) (Theorem 7.3) 
Therefore Statement II is also true. Hence both I 


and IJ are true. 
Answer: (A) 


34. Purse A contains 9 coins of 50 paise denomination and 
a one rupee coin. Another purse B contains 10 coins 
of 50 paise denomination. 9 coins are selected at 
random from A and transferred to B. Again 9 coins 
are selected at random from B and transferred to A. 
The probability that the rupee coin is still in purse A is 


AS OF OF OFZ 


Worked-Out Problems 


Solution: Let 

E, = Event of the rupee coin transferred from A to B and 
coming to A. 

E, = Event of rupee coin does not get transferred from A. 

E = Event of the rupee coin is still in A. 

Clearly E=EF,U E, and E,, E, are mutually exclusive. 

Therefore 


P(E) = P(E,) + P(E,) 
"Gaec, "Cee... °C, 
=n *% Tt 
C, C, C, 


_9 8 [axio 1 
10 (8x|10°. [19 10 


9 9 1 
=k + 

10°19 10 
_81+19 10 
~ 10x19 19 


Answer: (B) 


35. Aset Scontains n elements. A subset P of Sis selected 
at random and after inspecting the elements, they 
are put back into S and then a subset Q is selected 
at random. The probability that P and Q are disjoint 
subsets is equal to 


we eff @€] 


Solution: Since a set containing n has 2” subsets, 
the total number of outcomes =2” x 2”= 4". Suppose 
P contains “r” elements. Then, Q will have 2”” choices 
because P 7 Q=4@. For each selection of an r-element 
set P, there correspond 2”” choices for Q. Therefore the 
total number of choices for P and Q with Pm Q being 
empty set is (since P can be selected in "C, ways) 
y 12 S"C 2 C2 VC 2 tet "CD 


r=0 
=(2+1)'=3" 


Therefore the required probability is 
eee! (=) 
4" \4 


36. Out of 21 + 1 consecutive natural numbers, if three 
numbers are selected at random, the probability that 
they are in Arithmetic progression is 


Answer: (D) 


3n 3n 
A B 
- An’ -1 oe An? +1 
2n 2n 
C D 
o An? -1 (D) An’? +1 
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Solution: Three numbers out of 27 + 1 numbers can be 


selected in 


(2n+1) C = 
3= 


2 — 


Let a, b, c be three numbers from the given 2n+1 
numbers that are in AP. We need not distinguish 
between a, b,c and c, b, a. 


a,b, care in AP @a+c=2b 


Therefore either both a and c are even or both are odd, 
because b is fixed as per the relation 


a+c=2b 


Now 2n+1 consecutive numbers contain n even and 
n+1 odd or n+1 even and n odd numbers. Therefore 
the total number of choices for a and c is 


es oe a om = nr 


Hence required probability is 


n 3n 


[n(4r2-D\/3 42-1 


Answer: (A) 


37. Two numbers are selected randomly from the set 
S={1, 2, 3, 4, 5, 6} one by one without replacement. 
The probability that minimum of the numbers is less 


than 4 is 
1 14 1 4 
A) = B) — C) = D) = 
Az BF OF; OF 
Solution: Two numbers can be selected one after other 


without replacement in 6-5 = 30 ways. Let 
E=The minimum of the two is less than 4. 
The favourable cases to E are 
(1,2) (1, 3), , 4), G4, 5), C4, 6) 
(2, 1), (2, 3), (2, 4), (2, 5), (2, 6) 
(3, 1), (3, 2), (3, 4), (3, 5), (3, 6) 
(4, 1), (4, 2), (4, 3) 
(5, 1), (5, 2), (5, 3) 
(6, 1), (6,2), (6, 3) 
Therefore number of favourable cases to E is 24. The 
required probability is 
24 +4 
Ee) 30 5 
Alternate Solution 
E is the event that both numbers must be different and 
among 4, 5, 6. The number of favourable cases to E is 
3-2 =6. Therefore 
—~. 6 
P(E) 30 


Mle 


Hence 


P(E) =1- P(E)=1- 


Ml RR 
an) & 


Answer: (D) 


Try it out Find the fault in the following awe | 
ment. One number can be selected from {1, 2, 3, 4} 
and the other from S = {1, 2, 3, 4, 5, 6}. Therefore 
total number of favourable cases to E is 4x 6=24 
and hence 
4 


24 
P(E)=2 == 
()= 3975 


y 


38. Two numbers are selected at random from the natu- 
rals 1, 2, 3, ..., 100 and are multiplied together. The 
probability that the product thus obtained is divis- 
ible by 3 (upto two places of decimals) is 
(A) 0.65 (B) 0.55 (C) 0.45 (D) 0.35 

Solution: Two numbers can be selected from 100 in 

°C, = 99 x 50 ways. A product of two positive integers is 

divisible if and only if at least one of them is divisible by 

3 (since 3 is a prime). 

Let EF be the event that the product is divisible by 3. 
Let a and b be the selected numbers. Therefore 3 divides 
ab if and only if either 3 divides a or 3 divides b. Among 
the numbers 1, 2, 3, ..., 100, there are 33 multiples of 3. 

Now E = Event of none of a and b is divisible by 3 so 
that there ’C, favourable cases to FE. Therefore 


67 
oe 
P(E) = 
ae 
_ 67x33 
99 x 50 


ee 
150 


Hence 


=, 83 

P(E) =1- P(E) =—=0.55 

(E)=1- PB)== 

Answer: (B) 
39. There are four machines and it is known that exactly 
two of them are faulty. They are tested one by one, 
in a random order till both the faulty machines are 
identified. The probability that only two tests are 
needed is 
1 1 
A) = B) = 
(A> Bs 


OF OF 


Solution: The procedure ends in first two tests if either 
both are faulty or both are good. Therefore the prob- 
ability is 


Answer: (A) 


40. Let A=({l1, 2, 3, 4} and B= {x,, x,} be two sets. If 
a function from A to B is selected at random, the 
probability that it is a surjection is 

1 2 3 7 
A) = B) = C) = D) — 
A> B85 OF OO; 

Solution: Total number of functions from A to B 

is 2'=16, out which 2 are constant functions and the 


remaining 14 are surjection. Hence the required prob- 
ability is 


Answer: (D) 


41. A pair of dice is rolled together till the sum of the 
faces is either 5 or 7. The probability that 5 comes 


before 7 is 
1 2 3 4 
A) = B) = C). = D) = 
As BF OF OF 
Solution: Let A be the event that the sum is 5 and 


B the event that the sum is 7. A and B are, respectively, 
their complements. Therefore 


A=AU(AN BON A)U(ANBONANBOA)U™ 
For A, the favourable cases are 
(1, 4), (4, 1), (2, 3), (3, 2)} 
For B, the favourable cases are 


{(1, 6), (6, 1), (2, 5), (S, 2), 3, 4), (4, 3)} 


Therefore 
Ps = and EG eee 
36 9 36 6 
So 
= 1 8 
P(A)=1--—=— 
(A) a 
= 1 5 
P(B)=1-—== 
(B) 576 
5 


Worked-Out Problems 


and hence 


PAuARHt=2 == 
18 18 


Now 
P(A) = P(A) + PAN BO A) 
+P(ANBANANBOA)+:- + 
= P(A) + P(AUB)O A) 


+ P((AU B)A(AUB)O A) +--+ 
= P(A) + P(AU B)- P(A) + (P(A U B)Y ++ 400 
-1B1,(B) 2 


++ 00 
9 189 18) 9 

1 13 (2) 
=—x/1l+—+ + +++ 00 
9 18 18 

1 1 

SS _—. 

9 1-(13/18) 

_ 18 _2 

"9x5 5 


Answer: (B) 


42. Three faces of a fair die are yellow, two faces are 
green and one face is blue. If the die is tossed three 
times, the probability that the colours yellow, green 
and blue appear in the first, second and third toss, 
respectively, is 

1 1 11 35 
(A) 36 m) 12 . 12 ©) 36 

Solution: The probability of yellow in the first toss is 

3/6, the probability of green in the second toss is 2/6 and 

the probability of blue in the third toss is 1/6. As these 

events are independent, the required probability is 


3.2 1 ~=«1 


xx l= 
6 6 6 36 
Answer: (A) 


43. A boy whose hobby is tossing a fair coin is to score 
one point for every tail and 2 points for every head. 
The boy goes on tossing the coin, till his score reaches 
n or exceeds n where n = 2. If p,, is the probability 
that his score attains exactly n, then p, is equal to 


1 
(A) Pr-r + Pn-2 (B) 3 Pr + Pr-2 
2 (-1)" grt as (-1)" 
6) eee ee pb). 
© $+ (D) 
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Solution: As usual H denotes head and T denotes tail 1Y 2 
so that = | Poem 4 


Let E, denote the event that the score is n. One can 
easily see that 


1 | : , 
P= — PO) _ (- 4) (+ 7 2) 
[ 
[ 


-1)" 2 
E,, =(E,2 OH) U(E4 OT) ~ >. aa =| 
Therefore = 4) (5 = 2} 
2 2 3 
Pr= P(E, ) 
= P(E,., 0H)+ P(E, AT) Hence 
= P(E, »)P(H) + P(E,.,)P(T) 2 +(- ay (-2) 
i eBay AG 
== + 
2 (P,2 Pn) : 2 11) 
Now 3 3\ 2 
1 e+e 
Pu * 5 Pna= Pua * 5 Pn-2 3.2" 
1 Answer: (D) 
= Pn-2 + 3 Pas 
44. In Problem 43, the probability that his score is 
1 . 
eae. me : 21 65 31 
A) = B) — C) — D) — 
(A) 8) & () 9% ©) 6 
Solution: Inthe formula, 
1 n+ n 
= Pit 5 Pr Pp ida 
i 3-2” 
Since put m =5 so that 
1 
eae lear p= 63 _21 
* 3:32 32 
and D=P(TOAT)VA) Answer: (A) 
EE ee) 45. A pair of fair dice is rolled. The probability that the 
= . 1 n 1s sum is 9 given that 5 appeared on the first die is 
22 2 4 1 8 1 5 
a5 (B) > (C) 2 (D) = 
we have 9 9 6 6 
1 7 1 : 3 1 - Solution: Let 
Pat 5 Pn Pt aia 4 E, = Event of 5 occurs on the first die. 
E,=Sum of the faces is 9. 
Tberetone Favourable cases to E, are 
i _ z : : : oe (5, 1), (5,2), (5,3), (5,4), (5,5) and (5,6) 
1 2 Favourable cases to E, are 
= -_) Pn-1 > 3 
(5, 4), (4, 5), (3,6) and (6, 3) 


Therefore 
EF, ‘a E, = {(5, 4)} 
Hence 
P(E, AE 
P(E,/E,)= ao ) 2) 
1 
7 (=) e (=) gl 
(36) (36) 6 


Answer: (C) 


46. Two numbers x and y are selected at random from 
the set of the first 37 natural numbers (7 21) one 
after other without replacing the first drawn number. 
The probability that x° — y’ is divisible by 3 is 


4n-1 2n—3 
(A) 3(3n — 1) (8) 3(3n — 1) 

2n+3 5n-—3 
©) 3(3n - 1) ©) 3(3n — 1) 


Solution: Fermat’s theorem states that, if p is a prime 
and x is any natural number, then either p divides x or 
x’ -1 is divisible by p. Hence, if x is a positive integer, 
then either 3 divides x or x° — 1 is divisible by 3. Similarly, 
either 3 divides y or y —1 is divisible 3. Observe that 
x°-y’ =(x’-1)-(y’-1) is divisible by 3 if both x and y 
are not multiples of 3. 

Among 1, 2, 3..., 3m, there are n multiples of 3. 
Among the multiples of 3, we can select two one after 
other without replacement in n(n-—1) ways. Out of 
the remaining 2n numbers, we can select two one after 
other without replacement 2n(2n —1) ways. Hence the 
required probability is 


n(n—1)+2n(2n—-1)_ 5n-3 
3n(3n — 1) ~ 3(3n- 1) 
Answer: (D) 


47. The coefficients b and c of the quadratic expression 
x° + bx + cwill be determined by throwing a fair die. If 
one such quadratic expression is selected at random, 
the probability that the equation x° + bx +c =0 has 
real roots is equal to 

13 17 19 7 
Soa (B) 3 OF OD 

Solution: Total number of quadratic expressions 

formed is 6x6. The equation x° + bx+c=0 has real 

roots if b* > 4c. Table 7.6 gives you the number of values 
taken by b and c such that b* > 4c. 


Worked-Out Problems 


Table 7.6 Single correct choice type question 47 


No. of values 


“c” value 4c value b value(b’ > 4c) of b 
1 4 2,3,4,5, 6 5 
2 8 3,4,5,6 4 
3 12 4,5, 6 3 
4 16 4,5, 6 3 
5 20 5,6 2 
6 24 5,6 2 
Total 19 
Therefore required probability is 19/36. 
Answer: (C) 


48. In the game of cricket, an over means 6 balls. 
A batsman can score 0 or 1 or 2 or 3 or 4 or 6 runs 
per ball. In the last over of the match, a team needs 
30 runs to win. The probability to win the match is 

70 

o 


Solution: 


(A) Or OF MF 
There are four possibilities to win. 
(i) five sixes and a duck (means zero) 
(ii) four sixes, a2 anda4 
(iii) four sixes and two 3’s 
(iv) three sixes and three fours 


Table 7.7 gives the arrangements. 


Table 7.7 Single correct choice type question 48 


Case No. of arrangements 
” Sa — 2 —1=5 (“.. 666660 cannot occur) 

(ii) Four sixes, |6 
a2anda4 j4~ 30 

(iii) Four sixes 6 
and two3’s_ /4)0_ 15 

(iv) Three sixes [6 
and three 13/3 = 20 
fours 


Total 70 


Therefore the required probability is 

70 

oF 
(Since for each ball the batsman can score 0, 1, 2, 3, 4 or 
6, the number of total cases is 6°.) 


Answer: (A) 
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Try it out Six-digit numbers are formed randomly 
using the digits 0, 1, 2,3, 4 and 6 with repetitions. If a 
number is selected at random from these, what is the 
probability that the sum of the digits is 30 with 0 not in 
the units place? 

(This question is another form of Question 48.) 


49. The number of throws with a single fair die required 
for a person such that his chance of getting the face 
6 is 1/2 is 


(A) 6 (B) 5 (C) 4 


Let x be the number of chances required. 


(D) 3 
Solution: 


E = Event of throwing 6 so that P(E) = ; 


Therefore 


P(E)=1- 


Nin 


s 
6 


Probability of not throwing 6 in all the x chances = (2) 
Therefore . 
Probability of throwing 6 at least once = 1- (=) = 
This implies 


_ log(1/2) 


= = 3.8 approximatel 
** Tog(5/6) re 


Therefore the number of chances required is 4. 
Answer: (C) 


50. A person is assigned three works A, B and C. The 
probabilities of the person finishing the works A, B 
and C are, respectively, p, q and 1/2. The person will 
get full payment only if he either completes atleast 
the works A and B or A and C. If the probability of 
his getting full payment is 1/2, then 


(A) p+q=pq (B) p+pq=1 

2 1 

(C) peer, (D) P-Pa-, 
Solution: Let A, B and C denote the events of the 


person finishing the works A, B and C, respectively. By 
hypothesis 


P(A)=p, P(B)=q and P(C)=5 


Let E be the event of the person getting full payment. 
Therefore 


E=(ANBOC)U(ANBNC)VU(ANBNC) 


Now 
5 = P(E) 
= P(A)P(B)P(C) + P(A)P(B)P(C) + P(A)P(B)P(C) 


=re(2} 0-02) +0e(2) 


Therefore 
pq+ p(l-4q)+ pq=l 
p+pq=1 
Answer: (B) 
51. Four friends put their car keys on a table. When 


they leave the place, they picked up their keys at 
random. The probability that no person picks his 


own key is 
3 1 3 3 
A) = B) — C) = D) — 
A> Bz Of OF 
Solution: This problem is nothing but derangement 


problem (See Theorem 6.20 and Try it out, page 295, Vol. 1). 
The number of derangements of 4 distinct elements is 


a a 4+1=9 


+ 
U 2 B 
Therefore the required probability is 
9 9 3 


ut 


4 24 8 
Answer: (A) 


52. An unbiased coin is tossed. If the result is head, then 
a pair of fair dice is rolled and the number obtained 
by adding the numbers on the faces is noted. If the 
result is a tail, then a card is picked from a well-shuf- 
fled pack of 11 cards numbered 2, 3, 4, ..., 12 and 
the number is noted. The probability that the noted 
number is either 7 or 8 is 


183 193 173 153 

A) — B) — Cc) — D) — 

- 792 (B) 792 (©) 792 792 
Solution: Let H and T be the events of head and tail, 


respectively. E is the event of the noted number is 7 or 8. 
Then 


E=EN(HUT)=(ENA)V(ENT) 
and EH, En Tare mutually exclusive. Therefore 
P(E)= P(EQ H)+ P(EOT) 
= P(H)P(E/H) + P(T)P(E/T) (Theorem 7.3)(7.8) 


When a pair of dice is rolled, the favourable cases to the 
event of the sum is 7 or 8 are 


(1, 6), (6, 1), (2, 5), 9, 2), (3, 4), 
(4,3), (4, 4) (5,3), (3, 5), (2, 6), (6, 2) 


Therefore 
P(E(A)=*2 ‘ana PRT) == 
36 11 
Therefore from Eq. (7.8), 
PG) 4 46 
2 36 2 11 
_121+72 193 
~ 72x11 (792 
Answer: (B) 


53. The odds in favour of a book reviewed by three 
independent critics are, respectively, 5:2, 4:3 and 
3:4. The probability that majority of the critics give 
favourable remark is 


210 209 211 205 

A) = B) — C) —— D) —— 

~ 343 ®) 343 © 343 ©) 343 
Solution: Let £,, E, and E, be the events of the critics 


giving favourable remarks. Then 


P(E) =3, PU) =3 


3 
d P(E,)== 
7 an. (E;) 7 


Let E be the event that majority reviewed favourably. 
Therefore 
B=GABALUEOBAL) 
UE, NE, E,)VU(ENE,E,) 
Hence 
P(E) = P(E,)P(E,)P(E;) + P(E,)P(E,)P(E;) 
+ P(E,)P(E,)P(E;) + P(E,)P(E,)P(E;) 


5 4 ( =)+( >) 4 3 5 
=—x—x/1 +} 1 xXx—xXo=+ 
7 7 7 7 7 7 7 


7 de 
5 4 4 2 4 3 5 3 3 5 4 3 
= —x—xX—+—X—X=+4+=xK=xK=4+=xK—+ 
7 7 7 7 7 7 7 7 7° +7 +7 ~ 7 
_ 80+ 24+ 45+ 60 
Fag 6F 
_ 209 
343 
Answer: (B) 


Worked-Out Problems 


54. The probability that India winning a hockey match 
against Pakistan is 1/2. In a 5-match series, India 
surely wins the third match is 

1 1 2 1 
A) = B) — C) = D) = 
A> BZ OF OF; 

Solution: India winning the third match is independent 

of the results of the first two matches. Hence, the prob- 

ability that India surely winning the third match is 1/2. 


Answer: (D) 


55. The probability of India winning a test match against 
England is 1/2. In a five match series, the probability 
that India registers its second win in the third test is 
(you can assume the independence from match to 


match) 
1 1 1 2 
A) = B) = C) = D) = 
A> Bs OF OF 
Solution: India has to win one of the first two tests and 


a win in the third test. Therefore required probability is 
P(WALAW)+ P(ILAWAW)= P(W)P(L)P(W) 
+ P(L)P(W)P(W) 
1 1 1201201 
x x 


where W denotes win and L denotes loss. 
Answer: (C) 


56. A person has to go through three successive tests. 
The probability of his passing first test is p. If he fails 
in one of the tests, then the probability his passing 
next test is p/2, otherwise it remains the same. For 
selection, the person must pass atleast two tests. The 
probability that the person to be selected is 


(A) p+ (B) 2p*-p° 
(©) p*=2p" (D) p+ 5p 
Solution: Let E,(i=1, 2,3) be the event of the person 


passing the ith test and F is the event that he is selected. 
Then 


E=(E,N E,)U(E,NE,OE;) U(E AE, AE) 
Therefore 
P(E) = PLE PEE) oe P(E,)P(E,/E,)P(E;/E,) 
+ P(E,)P(E,/E,)P(E,/E,) 


=p p+ pl pst PSP 


= ap _ D 
Answer: (B) 
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57. A and B are independent events and C is the event 
in which exactly one of A or B occurs. Then 


(A) P(C)< P(AU B)P(ANB) 
(B) P(C)> P(AU B)P(AN B) 
(C) P(C)=P(AUB)P(ANB) 
(D) P(C)=P(AU B) (ANB) 
Solution: We have 
C=(A- B)U(B- A)=(AN B)U(ANB) 


Since A and B are independent, the pairs (A, B), (A, B) 
and (A, B) are also pairs of independent events. Further 
AQB and ACB are mutually exclusive. Now, let 
P(A) =x and P(B) = y. Therefore 


P(C) = P(AQB)+ P(AOB) 
= P(A)P(B) + P(A)P(B) 


=x(1-y)+(1-x)y (7.9) 


Also 

P(AUB)P(AN B) =[P(A) + P(B)— P(AM B)|P(A)P(B) 

=(x+ y—xy)(1-x)(1- y) 

=(x + y)(1-x)(1- y)- xy(1— x)(1— y) 
<(x+y)Q-x)(-y) [+ xyd-x)(- y)20] 

=x(1-x)(1- y)+ yd-x)(- y) 

=a =y)-x (l-y) 4 yp -2)-y 14%) 

=x(1-y)+ yd -x)-["*(1-y)+ y°(1- »)] 


<x(1-y)+y(l-x)=P(C) [by Eq.(7.9)] 
Answer: (B) 


58. A factory A produces 10% of defective screws and 
another factory B produces 20% of defective screws. 
A bag contains 4 screws of factory A and 5 screws of 
factory B. If two screws are drawn at random from 
the bag, then the probability that atleast one screw is 
defective (correct to three places of decimals) is 


(A) 0.168 (B) 0.158 (C) 0.165 (D) 0.155 
Solution: Let E be the event that atleast one screw is 


defective. Then FE can be regarded as the union of the 
following events. 


E, = one defective from A and one non-defective from B. 
E, = one defective from B and one non-defective from A. 
E,= one defective from A and one defective from B. 
E,,= both defective from A. 

E.= both defective from B. 


It is given that 


P(defective screw of A) = 
and P(defective screw of B) = : 
Therefore 
P(E)= P(E,)+ P(E,)+ P(E,)+ P(E,)+ P(E;) (7.10) 
Now 
4 5 
P(E,)= at C, . 1 eo 2 
C, 10 5 45 
5 4 
Ho gs ee 
C, 5 10 10 
5 4 
P(E,)= = C, . 1 e 11 
° C, 10 5 90 
4 2 
P(E,)= Ke) x( 1 me 
C, \10/ 600 
1) 1 
P(E;)=;—x| =| = 
Substituting these values in Eq. (7.10), we have 
P(E)= = =0.168 (approximately) 
Answer: (A) 


59. Ifacircle is selected at random touching all the sides 
of a triangle, then the probability that it touches two 
sides externally and one side internally is 

1 3 1 2 
A) -— B) — C) = D) = 
A> BF OF OF 

Solution: Itis known that there are four circles touching 

all the three sides of a triangle out of which one is the 

incircle and the other three are ex-circles. Therefore the 

required probability is 3/4. 


Answer: (B) 


60. Three groups A, B and C are competing for the posi- 
tions on the Board of Directors of a company. The 
probabilities of their winning are 0.5, 0.3 and 0.2, 
respectively. If the group A wins, the probability of 
introducing a new product is 0.7 and other corre- 
sponding probabilities for groups B and C are, respec- 
tively, 0.6 and 0.5. The probability that new product 
will be introduced is 
(A) 0.43 (B) 0.53 


(C) 0.63 = (D) 0.73 


Solution: Let A,Band Cbe the events winning of A,B and 
C, respectively. FE is the introduction of new product. Then 


E=EN(AUBUC)=(ENA)U(ENB)VU(ENC) 
Therefore 
P(E) = P(E A)+ P(E B)+ P(ENC) 
= P(A)P(E/A) + P(B)P(E/B) + P(C)P(E/C) 
5. 7 3.6 2.5 
=—xX—+—x—+—x 
10 10 10 10 10 10 


- © 063 
100 


Answer: (C) 


61. A box contains m green balls and n yellow balls. It is 
given that the probability of drawing 2 yellow balls 
from the bag is 5 times the probability of drawing 2 
green balls. Also, the probability of drawing 1 ball 
of each colour is equal to 6 times the probability of 
drawing 2 green balls. Then the pair (m, 1) is equal to 
(A) (6,3) (B) 3.5) (©) (4,6) (D) G,6) 


Solution: Let G, and Y, be the events of drawing K 
green balls and K yellow balls. Therefore 


n(n-1) 
(m+n)(m+n-1) 
m(m-—1) 
(m+n)(m+n-1) 


P(Y,)="C, + iad Oe = 


P(G,)="C, +" C, = 


2mn 
(m+n)(m+n-1) 


P(G, lant Y,) = Ce x oe * iat Om _ 


Now by hypothesis 
P(Y,) =5P(G,) => n(n- 1) =Sm(m-1) (7.11) 
and P(G,AY,)=6P(G,) => 2mn=6m(m- 1) (7.12) 


From Eq. (7.12), we have n = 3(m -1). Put this value of n 
in Eq. (7.11) so that 


3(m — 1)(3m — 4) = 5m(m — 1) 
4m’ -16m+12=0 
(m—1)(m-3)=0 
m=1,3 


Now 


3 6 


Since n # 0, the pair (m, 1) = (3, 6). 
Answer: (D) 


Worked-Out Problems 


62. Bag A contains 5 red and 7 white balls and bag B 
contains 3 red and 12 white balls. One of the bags 
is selected at random and one ball is drawn from it. 
The probability that the drawn ball is red is 


37 83 63 17 

A) — B) —~ C) — D) —~ 

my 120 ®) 120 120 (0) 120 
Solution: Let A and B denote the events of selecting 


bags A and B, respectively, and R denote drawing a red 
ball. Then 


R=(AVB)N R=(ANR)U(BOR) 
Therefore 
P(R)= P(A R)+ P(BOR) 
= P(A)P(R/A) + P(B)P(R/B) 
1 5 1 3 
= =x 4x 
2 12 2 15 
(2 4 
=—| —+ — 
2\12 15 
_254+12 37 
~ 2x60 120 


Answer: (A) 


63. On each evening a _ boy either watches 
DOORDARSHAN channel or TEN SPORTS. The 
probability that he watches TEN SPORTS is 4/5. If 
he watches DOORDARSHAN, there is a chance of 
3/4 that he will fall asleep, while it is 1/4 when he 
watches TEN SPORTS. On one day, the boy is found 
to be asleep. The probability that the boy watched 
DOORDARSHAN is 

5 2 3 4 
A> Bs OF Ws 

Solution: Let E, and E, be the events of the boy 

watching DOORDARSHAN and TEN SPORTS, respec- 

tively. It is given that 


1 4 
P(E) == and PUD) =. 


Let E be the event of the boy falls asleep. Again by 
hypothesis 


P(EIE) == and P(EIE,) == 
Now 
E=EN(£,VE,)=(L,0£)U(E,0 £) 
so that 
P(E)= P(E,)P(E/E,) + P(E,)P(E/E,) 
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By Bayes’ theorem (Theorem 7.7) 


P(E IE) = P(E,)P(E/E,) 
: P(E,)P(E/E,)+ P(E,)P(E/E,) 
7 (1/5) x (3/4) 3 
(1/5) x (3/4) + (4/5) x (1/4) 7 


Answer: (C) 


64. The chance that doctor A will diagnose disease X 

correctly is 60%. The chance that a patient of doctor 

A dies after correct treatment is 75% while it is 80% 

after wrong diagnosis. A patient of doctor A having 

disease X dies. The probability that his disease is 

correctly diagnosed is 

8 9 11 6 

A) = B) = C) = D) = 

(A) 5 Ca () 5 (D) oa 

Solution: Let A denote the event of correct diagnosis 
and E the event of patient’s death. It is given that 


60 4,5, _ 40 
P(A) =F A9? A)= Gog? 


P(E/A) = ~~ and P(E/A)= ~ 


By Bayes’ theorem (Theorem 7.7) 


P(A)P(E/A) 
P(A)P(E/A) + P(A) P(E/A) 
60 75 
— XxX — 
_ 100 100 
6075 40 80 
x + x 
100° 100° 100° 100 


P(AIE) = 


Answer: (B) 


65. A person has two coins in his pocket of which one is 
a fair coin and the other has heads on both the sides 
(i.e., two headed coin). He selects one of the coins at 
random and tosses. If head appears, then he will toss 
the other coin otherwise he tosses the same coin. The 
probability that head appears in the second toss is 


5 3 7 1 
A> B85 OF; WO; 


Solution: Let 
H,: First toss head. 
T;: First toss tail. 


H,: Second toss head. 

E,: Selecting fair coin. 

E,: Selecting two headed coin. 
Then 


A, =(£,0 1,0 A,)U(E,0T,9 A) VU (EL 0 A, A,) 
Therefore 
P(A) = P(E, 7 A,) P(A, /(E, 0 A,)) + P(E, AT,) 
P(A, /(E,04,)) + P(E, OF, ) P(A, /(E, 04, )) 
= P(E,) P(A, /E,)P(A,/(E, 0 ,)) + P(E, )P(T,/E,) 
P(A, /(E,OT,)) + P(E,)P(H,/E,) 
P(A,/(E,0H,)) (Corollary 7.1) 


x Meee +5x1x5 


_ if 
7 a 2 oO 


+ 


1 
2 
1 
4 
Answer: (A) 


66. In a test, an examinee either guesses or copies or 
knows the answer for a multiple choice question 
having FOUR choices of which exactly one is correct. 
The probability that he makes a guess is 1/3 and the 
probability for copying is 1/6. The probability that 
his answer is correct, given that he copied it is 1/8. 
The probability that he knew the answer, given that 
his answer is correct is 

5 9 
(A) 59 ©) 55 


OF MF 


Solution: Let the events be defined as 
E,: Guessing 
E,: Copying 
E,: Knowing 
E: Correct answer 
By hypothesis, 


P(E) = 5, PUR) = 2, P(E) =1- 


Nile 


ae 
3 6 


P(E/E,)=— (out of four choices only one is correct) 


[rR BIR 


P(EIE,) = 5 


P(E/E,)=1 
Therefore by Bayes’ theorem, 


P(E) P(EIE,) 


P(EsIE) = FEY P(EIE) + P(E,) P(EIE,) + P(E) (ETE) 


aa 
_ 2 
j ees ems Cea Ceeeans 
X—+—=xX—+=xl1 
3 4 6 8 2 
_24 
~ 29 


Answer: (C) 


67. Aletteristocome from either LONDON orCLIFTON. 
The postal mark on the letter legibly shows consecutive 
letters “ON”. The probability that the letter has come 
from LONDON is 

12 13 5 4 
A) = B) — C) = D) = 
A) By 5 O) 5 
Solution: Let the events be defined as 
E,: Letter coming from LONDON. 
E,: Letter coming from CLIFTON. 
E: Two consecutive letters ON. 


The word LONDON contains 5 types of consecutive 
letters (LO, ON, ND, DO, ON) of which there are two 
ON’s. The word CLIFTON contains 6 types of consecu- 
tive letters (CL, LI, IF, FT, TO, ON) of which there is 
one “ON”. Now 


1 
ae 
PBIB) =" 
5 
1 
and PCBIES 
By Bayes’ theorem, 
fe 
ee ak. eee 
P(E,/E) 12-1017 
=X L+=xK= 
25 2 6 
Answer: (A) 
68. Three persons Mr. Iyyengar, Dr. Singh and 


Prof. Mukherjee are competing for the post of the 
principal of a degree college exclusively meant 
for boys. Their chances are, respectively, 0.5, 0.3 
and 0.2. If Mr. Iyyengar is selected, he will introduce 
co-education with probability 0.5 while the prob- 
abilities are 0.7 and 0.6 with regard to Dr. Singh 
and Prof. Mukherjee, respectively. Co-education 
is introduced in the college. The probability that 
Dr. Singh is selected as principal is 

31 21 27 37 
ae (B) ee (Oy 0) = 


Worked-Out Problems 


Let the events be 
E,: Event of Mr. Iyyengar’s selection 


Solution: 


E,: Event of Dr. Singh’s selection 

E,: Event of Prof. Mukherjee’s selection. 

E: Event of introduction of co-education. 
By hypothesis, 

P(E,) =0.5, P(E,) = 0.3, P(E,) = 0.2 
and P(E/E,)=0.5, P(E/E,) =0.7, P(E/E,) = 0.6 
By Bayes’ theorem, 

P(E,) P(EIE,) 
P(E,)P(E/E,) + P(E,)P(E/E,) + P(E,)P(E/E,) 
_ (0.3)(0.7) 
(0.5)(0.5) + (0.3)(0.7) + (0.2) (0.6) 


_ 0.21 0.21 21 
~ 0.254+0.214+012 0.58 58 


P(E,/E) = 


Answer: (B) 


69. Bag A contains 3 white and 2 black balls. Bag B 
contains 2 white and 2 black balls. One ball is drawn 
at random from A and transferred to B. One ball is 
selected at random from B and is found to be white. 
The probability that the transferred ball is white is 


A> B+ Of WT 


Solution: Let E, and E, denote the events of the 
transferred ball being white and black, respectively. W 
denotes the drawn ball from B is white. By hypothesis, 


| ne 
ea lame 
“C2 
aha 
PWIE)=<1=3 
mS 
C2 
P(W/E,) _ a = g 
By Bayes’ theorem, 
: P(E,)P(W/E,) + P(E,)P(W/E,) 
2y2 
3 3,2%,2 6 
5 5 5 5 


Answer: (D) 
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70. 


Solution: 


A bag contains 4 black, 2 white and 6 red balls. 
Another bag contains 3 black and 5 white balls. An 
unbiased die is thrown. If either 1 or 2 appears, a ball 
is chosen from the first bag, otherwise a ball from 
the second bag. If the drawn ball is black then the 
probability that 2 appeared on the die is 


2 11 6 ef 
(A) a5 cs OG (Dy a5 
Let the events be 
E,: Event of 1 appearing. 
E,: Event of 2 appearing. 
E, EGE, HE, £,. 
B: Event of drawing a black ball. 


Now 
1 1 4 
BB) = ha) a) 
and P(B/E,)= - 
“12 
4 
P(B/E,)=— 
(BIE,) == 
P(B/E,)= . 
8 
By Bayes’ theorem 
P(E,)P(B/E,) + P(E) P(B/E,) + P(E,) P(B/E,) 
1. 4 
Par x —,» 
= 6 12 
1 4 1,°4 4203 
X—+=X—+—=x 
6 12 6 12 6 8 
1 
- a _ % 6 2 
T,1,3 3°B 13 
3.3 2 
Answer: (A) 
71. Bag A contains 5 white and 3 black balls. Bag B is 


empty. Four balls are taken at random from A and 
transferred to empty bag B. From B, a ball is drawn 
at random and is found to be black. Then, the prob- 
ability that among the transferred balls three are 
black and one is white is 
1 7 
(> Bs 


O2 wes 


Solution: Let B, be the number of black balls trans- 
ferred (j=0, 1, 2, 3). B is the event of drawing a black 
ball. Therefore 


“Cy 3 
PB so 
( ) a 70 
°C, x°C, 30 
Bae ag 
4 
°C, x °C, 30 
P(B,)= 36 : ~ 70 
4 
Care, 4 
P(B;) = 5G “aq 
4 


Also 
P(B/B,)=0 (-. no black ball is transferred) 


P(B/B,)= 


P(B/B,) = 


ALO BIN Ble 


P(BI/B,) = 


Therefore by Bayes’ theorem, 
P(B,)P(BIB,) 
3 

> P(B)P(BIB,) 


i=0 


P(B,/B) = 


5 3 
—_x— 
70 4 
5 30. 1 30 2 5 3 
x0O+ x xX+ x 
70 70 4 70 4 70 4 
_ 15 1 1 
30+60+15 105 7 


Answer: (D) 


72. A person goes to office either by car, scooter, bus 

or train whose probabilities are, respectively, 1/7, 3/7, 

2/7 and 1/7. The probability that he reaches office on 

time, if he takes car, scooter bus or train is 7/9, 8/9,5/9 

and 8/9, respectively. Given that he reached office in 
time, the probability that he travelled by car is 

1 2 6 5 

A) = B) = C) = D) = 

A> BF OF 

Solution: Let £,, E,, E, and E, denote the events 

of the person travelling by car, scooter, bus or train, 


respectively. Let E denote the event of his reaching 
office in time. By hypothesis 


1 3 2 1 
P(E,)=—~, P(£,)= 5, P(E,) ==, P(E) = 5 
(E,) =>, P(E) = 5. PUES) = 5, P(E.) = 5 

P(EIE) =~, P(EIE, =* 
9 9 
P(EIR,) =>, P(EIE, =" 
“9 9 
By Bayes’ theorem 
P(E,/E)= EEE) 
YP, P(EIE) 
j=l 
17 
—xXx— 
_ 9 
1 7 3-8 2,5 128 
X—+2X—+=X=+=x 
79 79 79 7 9 
oe 
49 7 
Answer: (A) 


73. A natural number a is selected from the first 100 
natural numbers. The probability that 


ols] Ls 


where for any real x, [x] denotes the integral part of 


x, iS 
(A) 0.4 (B) 0.3 (C) 0.2 (D) 0.1 
Proof: The natural number “a” can be selected from 


the 100 numbers in 100 ways. Let 
a=30n+r 


where 0 < r< 30. Therefore 


15n+10n+6n+]5|+|£]+|£]—30n«7 


GEE 


Now, for each value of r, there is exactly one value of 
n and hence one value of a. Therefore the number of 
values of “a” satisfying the given conditions is 30. The 
required probability is 


Answer: (B) 


Worked-Out Problems 


74. If a natural number zx is selected from the set {4, 5, 
6, ..., 23}, then the probability that 


XXX zXy + Ny XzH Xz + XZAYAGXp too + XXX; =0 
where each of x; is either 1 or —1 is 
2 1 
(B) = (GC) 
5 4 


(A) = (D) = 


Solution: Out of 20 numbers, one is selected in 20 ways. 
Let E be the event that 
XX) XgX y+ XXzXjX5 +++ + X,X,X,X,=0 
where each x,= 1 or -1 (j= 1,2, ..., 2). Let 
Vi = Hy %y%q> 


Vy = XgX3XyX5, Vy, = XX Xy%X3 


so that 
Yt y+ Y3+-° + y, =0 


and each of y,=1 or -1 ( x,=+1). Therefore n must 
be even say n=2m. Among y,, m are +1 and m are —1. 
Therefore 


Was" Yn = CT" = 1” (7.13) 
But 
Waa n= QZ KVL (Co x;= £1) 
From Eq. (7.13), (-1)” =1 and m=2K. So 
n=2m=4K 


Therefore 7 is a multiple of 4. Among the numbers 4, 5, 
6, ..., 23 there are 5 multiples of 4. Hence 
5 
P(4)=—= 
@) 20 


Ble 


Answer: (C) 


75. “A” is an officer of a company and B is his subordi- 
nate. B noticed that his officer A is happy on 60% 
of his calls. B also noticed that if A is happy then A 
accepts his request with probability 0.4, and when 
A is not happy he accepts B’s request with proba- 
bility 0.1. On one day B calls on A for a request and 
A accepts it. The probability that A is happy is 
1 6 3 4 
A> Br OF Ws 
Solution: Let H be the event that A is happy when B 
calls on him and H the event that A is not happy. Let E be 
the event that A accepts the request of B. By hypothesis, 


0 3 


P1007 5 


P(H) == 
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4 
P(E/H)=— 
arr 
PUE/B)=— 
10 
By Bayes’ theorem, 
P(HIE) = al 
P(A) P(E/#H)+ P(A)P(E/A) 
3.2 
—xX— 
= 55 
3.92 2 1 
=x t+=x— 
5 5 5 10 
ee] 
25°14 7 


Answer: (B) 


76. A bag contains 4 balls of unknown colours. A ball is 
drawn at random from it and is found to be white. 
The probability that all the balls in the bag are 
white is 

4 3 2 
A) = C) = D) = 
(A) Or WMO; 

Solution: Let W, (j=1, 2, 3, 4) denote 1, 2, 3 and 4 

white balls are in the bag. Let W be the ball drawn is 

white. Then 


(B) = 


P(W,) = P(W,) = P(W;) = P(W,) 


Therefore by Bayes’ theorem 
P(W,)P(WIW,) 
4 

» P(W,)P(W/W,) 


j=l 


P(W,/W) = 


Answer: (D) 


77. Let S be the set of all matrices of order 3 x 3 whose 
elements are 1, 2, 3,0, -1, —2, —3. If a matrix is selected 
at random from S, the probability that it is skew- 
symmetric is 

1 2 1 2 

(A) a6 (B) a6 (C) aa (D) aa 
Solution: Let A €S. Each element of A can be among 
the given 7 elements. Hence the total number of matrices 
in Sis 7. 

Let E be the event that A is skew-symmetric. For a 
skew-symmetric matrix, the principal diagonal elements 
must be zeros. Therefore, place 0 in the principal diag- 
onal elements positions. When once the elements above 
the principal diagonal are fixed, then automatically, the 
positions of the elements below the principal diagonal 
will be fixed (-.. a,,=—a,). Hence number of favourable 
cases to E is 7°. Therefore, 


4 
P(E) = a5 = 76 
Answer: (A) 


78. Let a and b be two consecutive integers selected 
from the first 20 natural numbers. The probability 


that ja°+b°+a°b’ is an odd positive integer is 
9 10 13 
A) = B) — C) — D) 1 
A> B87 OF OM 
Solution: With the first 20 natural numbers, there are 


19 pairs of consecutive numbers. Let a=n, b=n+1 
so that n = 1, 2,3, ..., 19. Now 


a+b+ab=n+(n+lytn(ntly 
=n'+2n'+3n°+2n+1 
=(n+n+1/y 


Therefore 


Jatb+ab =n +n+1=n(n+1)+1 


which is always odd because n(n + 1) is always even. So 


Probability = 1 
Answer: (D) 


79. x, y, Z are three numbers selected at random from 
the first 15 natural numbers and r= xi + yj + zk. 
The probability that r-a<12 where a=i+j+k is 

44 37 46 47 
A) — B) — Cc) — D) — 
A) ®) oi © oF ©) x 
Solution: The number of ways of selecting x, y, z is 
SC, = 455. Now 


reasi2ex+y+zs<12 (7.14) 


The number of possible integral solutions satisfying the 
inequality Eq. (7.14) is (Theorem 6.15, Vol. 1) 


12 

(n-1) = 2 3 4 11 
bie Oe Oe er a 
n=3 


=(°C,+°C,) + CC, +°C, ++ +"C,) 
(. °C,=1="C,) 

= (*C,+“C,)+ PC, 4+°C, +--+"C,) 

=(C,4+°C,) 4-4", 


= MC, + "C,) 
= C= 220 
The required probability is 


220 _ 44 
455 91 
Answer: (A) 


80. Using the vertices of a cube, triangles are formed. If 
a triangle is selected at random from these, the prob- 
ability that it is an equilateral triangle is 

2 3 1 5 
A> @® OF @; 

Solution: A cube has 8 vertices out of which 3 can be 

elected in °C, = 56 ways. Consider Figure 7.3 in which the 

vertices of the cube A,, B,, C,, D,; A,, B,, C, and D,. If 
we consider the vertex C,, then C,D,B, is an equilateral 
triangle because the sides are the diagonals of 3 faces. 

Again C,A,B, is equilateral. For each vertex, there 

corresponds an equilateral triangle so that there are 8 

equilateral triangles. Hence the probability is 


8 tl 
56 7 


D, 


Do 


FIGURE 7.3 Single correct choice type question 80. 
Answer: (C) 


Worked-Out Problems 


81. An urn contains 5 red balls and 3 blue balls. A ball is 
selected at random and discarded, but 2 more balls 
of the other colour are added into the bag. A second 
ball is selected at random. Then the probability that 
this ball is red is 

31 13 41 23 
A) = B) — C) — D) — 
(A) 5 ®) 36 () 55 ©) 36 

Solution: Let R, and B, denote the events that first 

drawn ball is red and blue, respectively. R, is the event 

of the second drawn ball being red. Then 


R=RO(RYB)=(ROR)U(ROB,) 
Therefore 


P(R)= P(R,)P(R,/R,) + P(B,)P(R,/B,) 


20421 41 
Se 


Answer: (C) 


82. Let S = {2, 3, 4,5, 6, 7, 8, 9, 10}. A subset of S is said 
to be nice if it is a four-element subset such that the 
four elements have no common divisor except 1. If 
a four-element subset of S is chosen at random, the 
probability that it is nice is 


121 41 1 5 

A) — B) — Cc) — D) — 
(A) 156 iG OB () 56 
Solution: The number of four-element subsets of 


S =°C,=126. Let E be the event of nice subset. Any four 
numbers selected from the numbers 2, 4, 6, 8, 10 have 
common divisor greater than 1. Four elements from 2, 4, 
6,8 and 10 can be selected in °C, = 5 ways. Therefore 


- 5 — 121 

P(E) =— = P(E£)=1- P(£)=— 

) 126 4) sf) 126 
Answer: (A) 


83. An urn contains 6 white balls and 4 black balls. 
Another urn contains 4 white and 6 black balls. A ball 
is drawn from first urn and transferred to second urn 
and again ball is transferred from second to first. 
Now, a ball is drawn from the first urn. The prob- 
ability that it is white is 

181 


(A) Bae 


81 
BB) 
275 ®) 


275 215 
Solution: Let 


W,: Event of transfer of white ball from the 
first urn. 


B,: Event of transfer of black ball from first urn. 


W,: Event of white ball from second to first. 
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B,: Event of black ball from second to first. 


W: Event of drawing white ball after the trans- 
actions. 


Therefore 
W=Wa[(WUB)AWU(WVB)AB] 
=WA(WAW,YBAW,UWABUBOB,) 
=(WAW,AW)U[(B.OW,) OW] 
UWA BAW) (BN BAW) 


Hence 
Piss ge eg 
10 11 10 10 11 10 10 11 «10 
4. 7.6 
+—xX— x — 
10 11 10 


(since all the events are independent). 
Answer: (A) 


84. In a city 60% are males and 40% are females. 
Suppose 50% of males and 30% of females have 
colour blindness. One is selected at random and is 
found to be colour blind. The probability that the 


selected person is male is 

12 9 b) 
B) — C) — D 
(8) & (C) 55 


10 
A) == 
(A) 19 
Solution: Let 
E, = Event of selecting male. 
E,= Event of selecting female. 
B= Event of colour blindness. 


Then 


By Bayes’ theorem 
P(E, )P(BIE;) 
P(E,)P(B/E,) + P(E,)P(B/E,) 
3 1 
x 


P(E,/B)= 


__ 5 2 
re 
5 2 5 10 


3. 50 
=—xX 

10° 15+6 
13 
21 ~=7 


Answer: (D) 


85. Box A contains 2 white, 1 black and 3 red balls. Box 
B contains 3 white, 2 black and 4 red balls. Box C 
contains 4 white, 3 black and 2 red balls. A die is 
rolled. If 1,2 or 3 appears, then a ball from box A 
will be drawn. If 4 or 5 appear, then a ball from box 
B will be drawn, otherwise a ball from box C will be 
drawn. A ball is chosen from one of the boxes and 
it is found to be red. The probability that is from 
box B is 

12 16 11 13 
(A) 47 (8) 47 ce) 47 (D) 47 

Solution: Let A, B and C denote the selections of the 

box A, B and C, respectively, and R denote drawing red 

ball. By hypothesis 


3 2 1 
P(A)=—, P(B)== d P(C)== 
(A)==, P(B)== and P(C)=~ 
Also 
3 4 2 
P(R/A)= 6° P(R/B)= 9 and P(R/C)= 9 


Therefore by Bayes’ theorem 


P(B)P(R/B) 
P(A) P(R/A) + P(B)P(R/B) + P(C)P(RIC) 


P(BIR) = 


a Bil R 
+ 
N 
~— 
No 
— 


_4 108 _ 16 
27° 27+20 47 


Answer: (B) 


86. Let X be a random variable whose range is {-1, 0, 1}. 
If mean uw of X is 0.1, P(X = 0) = 0.3, then P(X = 1) is 
(A) 0.2 (B) 0.4 (C) 0.32 (D) 0.3 


By Definition 7.17 


w= Yu P(X=%,) 


Solution: 


Therefore 
0.1=(-1) P(X =-1)+ (0) P(X =0) + (DP(X =1) 
This implies 
0.1=-u+v (7.15) 


where u = P(X =-1) and v= P(X = 1). Again sum of the 
probabilities of X = 1. This implies 


u+03+v=1 


=>u+v=0.7 (7.16) 
From Egs. (7.15) and (7.16), w=0.3, v = 0.4. Therefore 
P(X =1)=04 
Answer: (B) 


87. The range of random variable X is {1, 2, 3} and 
P(X =1) =31’, P(X =2) = 41-107’, P(X =3) =5A4-1 
where / is constant. Then P(2 < X <3) is equal to 


Bs ©; 


We have 


8 1 
(A) 5 (D) = 


Solution: 
3 
YPX=K)=1 
K=1 


=> 34°-104°+9A4-1=1 
= 34°- 1007+ 9A-2=0 
=> (A-1)(3A-1)(A-2)=0 
A cannot be 1 and 2. Therefore A = 1/3. Now 
P(2< X <3)= P(X =2)+ P(X =3) 


“5-05 


Answer: (A) 


88. The range of a random variable is the set of all natural 
numbers and / is a positive constant. If 


PX =) = (k =1,2,3,...) 


then A equals 


(A) log2 (B) log3. (©) 5 (D) Flog, 3 
Solution: We have 
2 3 
¥ P(X = K)= (ey A fel tr too=l 
kal [1 2 [3 


Worked-Out Problems 


It is known that 


x x? 
e=1+7+ 2 


i 2B 


where x is real or complex. Therefore 


e’-1=1 
=e =2 
=A=log,2 
Answer: (A) 


89. The distribution of a random variable X whose 
range is {1, 2, 3, 4} is given in Table 7.8. 


Table 7.8 Single correct choice type question 89 


x 1 2 3 4 
P(X =x) K 2K 3K 4K 


Then, the mean and variance of X are, respectively 
(A) 2,3 (B) 3,1 (C) 3,2 (D) 2,4 


Solution: We have 


By Definition 7.17, mean is 
=>} xP(X=x) 
=1(K)+2(2K)+3(3K) + 4(4K) 


=30K =22=3 
10 


Also, if o* is the variance, then by Quick Look 2 
oO+Ww= yr re =x) 
=1?(K)+2°(2K)+3°(3K)+4°(4K) 


=100K = 10) 10 
10 
Therefore 
o’ =10-3"= 


Answer: (B) 


90. Let X be a binomial variate with parameters n and p. 
If the mean is 20 and variance is 15, then p is equal to 

1 1 

B) - C) = 
BZ 5 


(A) 5 (D) + 
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Solution: Mean pw=np and variance o°=npq 
(see Theorem 7.10). Therefore 
np = =20 
and 15=npq 
Solving we get 
15=20q 
ye 
oe 
3 1 
=> p=1-q=1--= 
Pp q i 
Answer: (B) 


91. X isa binomial variate with mean 10 and variance 5. 
Then the number of trials is equal to 


(A) 10 (B) 15 (C) 20 (D) 16 


Solution: Let be the number of trial and p the prob- 
ability of a success. Then by Theorem 7.10 


10 =np,5=npq 
Hence 
5=10qg> = 
= 1U0q a5 
1 
and =1-q== 
P q ) 
So 
1 
10=np=n| = 
np n( 5] 
=>n=20 


Answer: (C) 


92. If Xisa Poisson variate such that PLX = 1) = p(X = 2), 
then the parameter m is equal to 


1 1 
(A) 2 (B) 3 (C) 5 (D) = 
2 3 
Solution: By hypothesis (Section 7.6.2) 
m 
P(X =k)=e" — 
lk 
By hypothesis 
em 7 eM 
fb 2 
Therefore 
m=2 
Answer: (A) 


93. X is a Poisson variate such that 
P(X =2)= = P(X = 


then P(X = 3) is 


34 3/4 36 4/3 
A) — B) — 
ae ar 
32 36 
C) ~e* D) ~634 
 gi° ©) 3° 
Solution: Let mbe the parameter of the Poisson distri- 


bution. Then 


—m_k 
P(X=k=-— 
[k 
Hence 
2 
P(X =2) =e 1) 
> en =-e”"-m 
2 3 
4 
>m=— 
3 
and so 
P(X =3)= ew 4/3y 64 as _ 32 as 
[3 27 x6 81 
Answer: (C) 


94. The probability that a candidate securing admis- 
sion in IIT through entrance test is 1/10. Seven 
candidates are selected at random from a centre. 
The probability that two will get admission in IIT 
through entrance test is 


(A) 20(0.1)? (0.9)° 
(C) 21(0.1)? (0.9)* 


Solution: Let 


(B) 15(0.1)? (0.9)° 
(D) 2(0.1) (0.9) 


= =01 
10 


q = Probability of failure = 1—0.1=0.9 


p= Probability of success = 


Therefore 
P(X =2) = Probability of 2 success and 5 failures 
='C,(0.1)(0.9 (Definition 7.18) 
= 21(0.1)' (0.99 
Answer: (C) 


95. A person has three coins A, B and C in his pocket 
out of which A is a fair coin. The probability of B 
showing head is 2/3 and that of C is 1/3. He selected 


one of the coins at random and tossed it three times 
and observed 2 heads and 1 tail. The probability that 
the selected coin is A is 
7 18 9 16 
A) = B) — C) = D) = 
(A) Se (B) 55 (C) 35 (D) Se 
Solution: Let A, B and C denote the events of selecting 
the coins A, B and C, respectively, so that 


P(A)= P(B)= P(C)=3 


Let E be the event of getting 2 heads and 1 tail. Hence by 
the binomial distribution we have 


pceiay='c,(3) (3)= 
reva)=c,(2) (2)- 
peicyc,(1 (2)- 


Therefore by Bayes’ theorem 


P(A)P(E/A) 
P(A)P(E/A) + P(B)P(E/B) + P(C)P(EIC) 


P(A/E) = 


= 
x 
w 


\0| Boo | 


Wile 
\O| Bloo| Uw CO; Ww 

+ 

ol WI RYO | 


Answer: (C) 


96. A man takes a step forward with probability 0.4 and 
a step backward with probability 0.6. After 11 steps, 
the probability that he is one step away from the 
starting point is 
(A) 462 x (0.24) 
(C) 362 x (0.24) 


(B) 462 x (0.25)° 
(D) 362 x (0.25)° 


Solution: One step away means, six forward and five 
backward steps or six backward and five forward steps. 
Therefore 


P(one step away) ="'C,(0.4)° (0.6) + "C, (0.6)°(0.4)° 
="'C,(0.4)°(0.6)5(0.4 + 0.6) 


= 462 x (0.24) 
Answer: (A) 


Worked-Out Problems 


97. The probability of a coin showing head is p. 100 coins 
are tossed at a time. If the probability of 50 coins 
showing heads is same as 51 coins showing heads, 
then the value of p is 


49 51 1 49 
A) = B) — C) = D) — 
() i00 (8) to (5 ©) io 
Solution: By hypothesis, 
a a a oo pe gq? 
where g = 1 — p. Therefore 
\100 [100 
‘5050 7 js1ja9 °?) 
fc eee a 
50. 51 
51q=50p 
5101 - p)=50p 
_5L 
P* 01 
Answer: (B) 


98. In an experiment, the odds in favour of success 
are 2:1. In six trials, the probability of at least five 


success is 
240 256 496 396 
A) — B) — Cc) — D) — 
- 729 cB) 729 (C) 729 ») 729 
Solution: Let X denote the number of successes. Then 


X is a binomial variate with 


P(probability of success) = ; 


1 
=1- = 
q P 3 


Then 
P(at least five successes) = P(X =5)+ P(X =6) 
5 6 0 
JRE) 
3) \3 3) \3 


_ 6x32, 64 _ 256 
~ 729° +729 «729 
Answer: (B) 


99. A book writer writes a good book with probability 
1/2. If it is a good book, the probability that it will 
be published is 2/3, otherwise it is 1/4. If he writes 
2 books, the probability that at least one book will 
be published is 

407 411 405 307 
eo 576 ®) 576 © 576 (D) 576 
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Solution: Let 
G = Event of good book 
G’= Event of not a good book 
E=Event of publication 


Then 
E=(GUG)NE=(GNE)U(GW NE) 
Now 
P(EIG) =2 
3 
P(EIG’)=4 
4 
1 j 
Therefore 
P(E) 12 jii_u 


Further, X denotes the number of books published. Then 
P(at least one book will be published) = P(X =1)+ P(X=2) 
2. 0 
(aoe) °Laa) (2) 
24 )\ 24 24) \24 
11 13 ( ia ) 
=2x—x—-+| — 
24 24 \24 
_ 407 


~ 576 
Answer: (A) 


100. A fair coin is tossed 6 times. The probability of 
getting at least four heads is 


21 19 13 11 
A B) — C= D) 
“) 32 (B) 32 ©) 32 (D) 32 
Solution: With a fair coin, 


Probability of getting head = Probability of getting tail 


Let X be the number of heads. Now 
P(getting at least four heads) = P(X = 4) + P(X =5) 
+ P(X =6) 


1s, . 4 
64 «64~=«O64 
2 oid 
64 «32 


Answer: (D) 


101. If on average 1 ship in every 10 is wrecked, then out 
of 5 ships expected to reach the shore, the prob- 
ability that 4 at least will arrive safely is 


(A) 0.9  (B) 0.905 = (C) 0.891 — (D) 0.99 


Solution: Let p be the probability of safe arrival and q 
be the probability of wreck. By hypothesis 


Let X denote the number of ships arriving safely. Now, 


P(at least four safe arrivals) = P(X = 4) + P(X =5) 


5x 6561 59049 

= Cd 5 
10 10 

91854 

~ 10x 10° 

_ 45927 

~ 50000 

= 0.905 


Answer: (B) 


102. Anelectrical bulb manufacturing company supplies 
bulbs to a firm. It is known that 1 bulb out of every 
10 is defective. If 8 bulbs of the company are 
selected at random, the probability that the selec- 
tion contains 5 good and 3 defective bulbs is 


56x9 44 x 9° 
A B 
(A) @) =* 
46x 9° 54x 9° 
C D 
© (p) =* 
Solution: We have 


p= Probability for a good bulb = - 


q = Probability for a defective bulb = 7 


Let X denote the number of good bulbs out of 8. Then 


na-o~e( 2) (4) 


_56x9 
~~ 10° 


Answer: (A) 


103. A random variable X has Poisson distribution such 
that P(X =1) = P(X =2). If wand o° are the mean 
and variance of the distribution, then 


Eales 
o 
1 
A2 B85 ©1 MOR 
Solution: Let A be the parameter of X. By hypothesis 


P(X =1)=P(X=2) 
on ee 
[1 [2 
=>A=2 


For a Poisson distribution, mean and variance are equal 
(see Theorem 7.11) 


2 


2 


Answer: (C) 


104. A random variable X has Poisson distribution with 
parameter 2. Then P(X 2 3) is 


(pies (B) 1-+ 


Multiple Correct Choice Type Questions 


1. A and B are two events of a random experiment such 
that P(A) > 0 and P(B) #1. Then P(A/B) equals 


(A) 1- P(A/B) (B) 1— P(A/B) 


(C) 1- P(A/B) (D) ni 
Solution: We have 
P(A/B)= 7a 
_ PCB) 


P(B) 


Worked-Out Problems 


3 3 


(C) 1+ 5 (2), t= 
e e 

Solution: We know that 

Y P(X =k)=1 

k=0 

co 2oak 
= e-2 =] 

k=0 |k 

Therefore 


Z 2 2? 
Y P(X 23)=1-e [14242 


=1|-— 
e 


Answer: (B) 


105. If the mean of a Poisson distribution is 1/2 then the 
ratio of P(X = 3) is to P(X =2) is 
(A) 1:6 (B) 1:8 (C) 1:4 (D) 1:2 


Solution: For a Poisson distribution, the mean is equal 
to the parameter. Hence the parameter is 1/2. Now, 


1/2 3) 
P(X =3)= aoe 


P(X =2)=" 


ery 
[2 


Therefore 


P(X =3):P(X =2)= 


Answer: (A) 


_1-P(AUB) 
— -P(B) 


Therefore (D) is correct. Also, 


P(AQB) P(A B) 


P(A/B) + P(A/B) = 


P(B) P(B) 
_ P(AVA)OB) 
P(B) 
_ P(B) _ 
Fa) 
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This implies Solution: Mutually exclusive events means one event 
prevents the other. Hence they are dependent events. 


P(A/B) =1— P(A/B) Now E and F are independent events implies that 


So (B) is correct. P(E/F)= P(E) 
al = P(EN F)= P(E)P(F) (7.17) 
2. If M and N are two events, then the probability of = Now 
exactly one of them occurs is _ 
(A) P(M) + P(N) -2P(MON) Ca eae 
(B) P(M) + P(N) - P(MAN) P(F) 
(C) P(M)+ P(N) -2P(M AN) _ P(E-F) 
(D) P(MAN)+P(MAN)  P(F) 
Solution: We have _ P(E)- P(E OF) 
P(exactly one of M and N occurs) Ee) 
= P(MAN) EE EG) [From Eq. (7.17)] 
=P((M-N)U(N-M)) ae) 
= P(M—N)+P(N-M) mS) Ura) 
= P(M) - P(M AN) + P(N) - P(MAN) mu) 
_ PE)P(F) _ 
[part (2), Theorem 7.2] “aR P(E) 


= P(M)+ P(N)-2P(MON) 
Hence (B) is correct. 


Hence (A) is correct. Also, (C) follows from (B) and so (C) is correct. Now, 
P(MAN)+ P(MAN)=P(M-N)+P(N-M 7 
(MAN)+ PUM a (N-M) reins Pen = PEOP steed 

So (D) is correct. Again _ PQEVE)OF) 

P(F 
P(M)+ P(N)-2P(MAN) Per w2 
=1- P(M)+1- P(N)-2P(MUN) op! 


=2-P(M) - P(N) -2[1- P(MUN)] 

=—P(M) - P(N) + 2[P(M)+ P(N) - P(MON)| 
= P(M) + P(N) -2P(M aN) 

= P(M —N)+ P(N- M) 


So (D) is correct. 
Answers: (B), (C), (D) 


4. A bag contains 9 coins of which 3 are fair, 2 are 
two headed and 4 are two tailed coins. Define the 
following events, 

A: Drawing a fair coin 

B: Drawing two headed coin 

C: Drawing coin having tails on both sides 
E: Drawn coin showing tail 


Hence (C) is correct. 
Answers: (A), (C), (D) 


3. If E and F are independent events such that 0 < P(E), 


P(F) <1, then 

ee and F are mutually exclusive a 

(B) Eand F are mutually independent (A) P(ANE)= “ (B) P(COE)= : 
(C) E and F are mutually independent 1 g 
(D) P(E/F)+ P(E/F)=1 (i =s eG = 


Solution: We have 
3 1 
P(A)=—== 
(A) = 
P(E/A)=4 
2 
Therefore 
PpAA = SoS 
3 2 6 


So (A) is correct. Now 
P(C) =< and P(E/C)=1 


Therefore 


P(COE)=5x1= 


So (B) is correct. Now the event E is given by 
E=(AUC)NE=(AN £E)U(CNE) 
Therefore 
P(E)=P(AN E)+ P(COE) 
1 4 #11 
=—4+—= — 

6 9 18 

Hence (C) is not correct. Finally, 


P(COE) 


P(CIE) = AG 


So (D) is correct. 
Answers: (A), (B), (D) 


5. A, B are two events with positive probabilities. If 
P(A) =0.4, P(B/A) =0.9, P(B/A) = 0.6, then 
(A) P(A U B) =0.64 (B) P(A nr B) =0.36 
(C) P(A/B)=0.6 (D) P(A/B) =0.2 


Solution: We have 
0.6 = P(B/A) 
_ P(Ba A) 
P(A) 
_ P(AUB) 
P(A) 


Worked-Out Problems 


_1-P(AVUB) 
1- P(A) 
_1-P(AVUB) 
1-(0.4) 
_1-P(AVUB) 
0.6 
Therefore 
P(AvuU B)=1-(0.6)(0.6) 
=1-0.36=0.64 
So (A) is correct. Now 
P(An B)= P(A)P(B/A) 
= (0.4)(0.9) = 0.36 
Hence (B) is correct. Again 
0.64= P(AU B) 
= P(A)+ P(B)- P(An B) 
=0.4+ P(B) - (0.36) 


Therefore 
P(B)=1- (0.4) =0.6 
Given P(B) we have 
P(A/B) = P(ANB) 
P(B) 
ee. 0.6 
0.6 
So (C) is correct. Again 
P(A/B) = P(AQB) 
P(B) 
_ P(A)- P(AN B) 
1— P(B) 
_ 0.4 — (0.36) 
~ 1-(0.61) 
=o" =01 
0.4 


Here we have used A=(AN B)U(AN2 B). This implies 
(D) is not correct. 


Answers: (A), (B), (C) 


6. Two fair dice are thrown. Let A be the event of both 
faces are even numbers and B the event of sum of the 
faces is 10. Then 
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(A) P(A)= 


Jo Bile 


(B) P(B)= = 


io“) 


1 
C) P(An B)=— 
(©) PAnB)== 
2 
(D) P(exactly one of A and B) = 5 


Solution: For the event A, the favourable cases are 
(2, 2), (2, 4), (2, 6), 
(4, 2), (4, 4), (4, 6), 
(6, 2), (6, 4), (6, 6) 

Therefore 


P(A)= == 


Ble 


Hence (A) is correct. For the event B, the favourable 
cases are (4, 6), (5, 5) and (6, 4). Therefore 


3 1 
P(B)= rae) 
So (B) is not correct. Now 
An B={(4,6), (6,4)} 
This implies 


2 1 
AOE a a5 


So (C) is correct. Finally 
P(exactly one of A and B is correct) 
= P((A- B)U(B- A) 
= P(A- B)+ P(B- A) 


ee oe 
36. 36 36 9 


So (D) is correct. 
Answers: (A), (C), (D) 


7. A natural number is selected at random from the 
first 100 natural numbers. Let A, B and C denote the 
events of selection of even number, a multiple of 3 
and a multiple of 5, respectively. Then 


(A) P(ANB)= 5 


(B) BNO) == 


(©) (Cn A)== 


(D) PAU BUC)=2 


We have 

Number of even numbers < 100 is equal to 50. 
Number of multiples of 3 < 100 is 33. 

Number of multiples of 5 < 100 is 20. 


Number of common multiples of 2 and 3 is 16. 


Solution: 


Number of common multiples of 3 and 5 is 6. 


Number of common multiples of 2 and 5 is 10. 


Number of common multiples of 2, 3 and 5 is 3. 


Now, 
50 33 20 
P(A) =~, P(B)=—~-, P(C)= 
(A) = 99° PP) = to PO = Too 
RAR HS PEAOS—_ FCA = 
100 100 100 
Also 
P(AUBUC) 


= P(A)+ P(B)+ P(C)- P(AN B)- P(BAC) 
—-P(CAA)+P(ANBAC) 
50 33 20 16 6 10. 3 

= + + + 
100 100 100 100 100 100 = 100 


_ 106-32 74 _ 37 
100 100 50 


Hence all (A), (B), (C) and (D) are correct. 
Answers: (A), (B), (C), (D) 


8. A and B are two among 10 students from which 
3 students are to be selected at random to form a 
committee. Then, 


(A) Probability that A belongs to the committee is = 


(B) Probability that A and B belong to the committee 
is = 
15 

(C) Probability that either A or B belong to the 


: . 8 
committee is — 
15 


(D) Probability that exactly one of A and B belongs 


to the committee is is 


Solution: 


respectively. Then 


°C, 36 3 
P(A)=y 2 = OUT 
C, 120 10 
3 
P(B)=— 
(B) Ti 
8 
PAAR =e 
C, 120 15 
Now 
P(AU B) = P(A) + P(B)- P(A B) 
ee ee ee ee 
~10 10 15 30 10 
So 


P(exactly one of A and B)= P((A —- B) U(B- A)) 
= P(A- B)+ P(B- A) 


aC AG 
=n, *9E. 
3 3 
28 28 
= — + — 
120 120 
_ 56 
~ 120 
anal 
15 


Hence all (A), (B), (C) and (D) are correct. 


9. 


Answers: (A), (B), (C), (D) 


A coin is so weighted such that the probability of it 
showing H (Head) is 2/3 and that of T (Tail) is 1/3 
when it is tossed. If head appears, then a number from 
the first 9 naturals is selected at random, otherwise a 
number from 1, 2,3, 4,5 will be selected. Let E be the 
event of getting an even number. Then, 


(A) P(EIH) == 
(B) P(EIT) == 


(©) P(E)=> 


(D) P(HIE)= 


Let A and B denote the events “A belongs 
to the committee” and “B belongs to the committee,” 


Worked-Out Problems 


Solution: Since there are 4 even numbers among 
1 to 9, it follows that 


P(E/H) = : 


Again, since there are 2 even numbers among | to 5, it 
follows that 


P(EIT)= - 
Therefore (A) and (B) are correct. Now, 
E=(HUT)N E=(ANE)VU(TOE) 
This implies 


P(E)= P(HO E)+ PTE) 
= P(H)(E/H)+ P(T)P(E/T) (Theorem 7.3) 


So (C) is correct. By Bayes’ theorem, 


P(H)P(E/H) 


es P(H)P(E/H) + P(T)P(E/T) 


Hence (D) is correct. 
Answers: (A), (B), (C), (D) 


10. G, and G, are two groups of students. G, consists of 
4 boys and 3 girls. G, consists of 3 boys and 3 girls. Let 
Pp, be the probability of arranging the boys and girls 
of G, alternately. p,’ is the probability of arranging 
the boys and girls of G, such that all the 4 boys are 
together and all the 3 girls together. p, is the prob- 
ability of arranging boys and girls of G, alternately. 
Pp, is the probability of arranging boys and girls of G, 
such that no two boys and no of two girls are sepa- 
rated. Then, 


1 ~ 2 
A)p,=— B =e 
(A) p, 35 (B) p, 35 
1 , 1 
C =— D =— 
(C) p, 10 (D) p, 0 


Solution: Since number of boys is greater than number 
of girls, they can be arranged alternately only when the 
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first place is occupied by a boy (example BG BG BG B 
where B stands for boy and G for girl). Therefore 
“43322111 

7654321 35 


P, 


Therefore (A) is correct. Since boys are together and 
girls are together (example b,, b,, b;, b,, g,, 25, 23), we 
consider all the 4 boys as a single object and all the 3 girls 
as a single object. Two objects can be arranged in |2 
ways. In each of these arrangements boys can be inter- 
changed among themselves in |4 ways and girls can be 
interchanged among themselves in |3 ways. Therefore 
the number of arrangements of boys and girls satisfying 
the condition is |2 x |4 x |3. So 


,_ (2x|4x|[3_ 2x6 2 
a (7 5x6x7 35 
Hence (B) is correct. Number of arrangements of boys 


and girls alternately (example: bgbgbg or gbgbgb) 
=2x|3x|3. Therefore 


2x|(3x|3 72 #1 
m6 720 10 
Hence (C) is correct. Finally 


,_ 2x([3x[3_ 1 
P, = [6 ~ 10 


(Example: b,b,b,g,2,2; or g,2,2,b,b,b;.) Therefore (D) is 
not correct. 


Answers: (A), (B), (C) 


11. Let A and B be any two events in a sample space. 
Then 
(A) When P(B) 40, 
P(A/B) > P(A) + P(B)=1 
P(B) 


is always true 
(B) P(An B)= P(A) - P(An B) is always true 


(C) P(AUB)=1-P(A)P(B) if A and B are 


independent 
(D) P(AUB)=1-P(A)P(B) if A and B are 
disjoint. 
Solution: We have 
pape) 
P(B) 
_ P(A) + P(B)- P(AU B) 


P(B) 


2 Oo [. PAU B)s]] 

Hence (A) is correct. Again 
A=(A- B)U(ANB) 

=> P(A)= P(A- B)+ P(A B) 

=> P(A- B)=P(A)- P(AN B) 

= P(A B)= P(A)—- P(A B) 


Hence (B) is correct. Now if A and B are independent, 
then so are A and B and hence 


P(A B)= P(A)P(B) 
Therefore 
P(AU B)=1-P(AU B) 
=1- P(A B) 
= 1- P(A)P(B) 
Consider the following example which shows P(AUB) # 
1— P(A)P(B) when An B= @. 
Let S be the sample space obtained when a fair die 
is rolled so that S = {1, 2, 3, 4,5, 6}. Let A ={1, 3, 5} and 


B=({2, 4, 6} so that AM B= and P(A U B)=P(S)=1. 
But 


P(A)= P(B) = 5 = P(A) = PCB) 
Therefore 
ee ee 
1- P(A)P(B)=1->x > 
= 
4 
4 P(AU B) 


Hence (D) is not correct. 
Answers: (A), (B), (C) 


12. Aand Baretwo random events such that 0 < P(A) <1 
and 0< P(B)<1. Then which of the following are 
true? 


(A) P(A/B) > P(A) = P(BIA) > P(B) 
(B) P(B/A)+ P(B/A)=1 
(C) P(A/B) = P(A/B) only when A 0 B= 


(D) P(B/A)=P(B/A) only when A and B are 
independent 


Solution: Suppose 
P(A/B) > P(A) 
P(A B) 
P(B) 
P(A B) 
P(A) 


= P(B/A)> P(B) 


> P(A) 


> P(B) [-:0< P(A), P(B) 


So (A) is correct. We now show that (B) is false. 
Consider the following example: Let S = {1, 2, 3, 4, 5, 6} 
which is obtained by rolling a fair die. Let A = {2, 6} and 
B= {2,3, 5}. Then 


P(A/B) = 


P(AIB) = 


WlR WlR 


so that 


P(AIB) + P(A/B) = ; #1 


Matrix-Match Type Questions 


1. A man will live 10 more years for which the prob- 
ability is 1/3 and the probability that his wife will live 
10 more years is 1/4. Match the items of Column I with 
those of Column I. 


Column I Column IT 
(A) Probability that both wife and (p) 2 
husband will live 10 more years is ° 
(q) = 
(B) Probability that at least one of them 4 
will live 10 more years is 1 
(r) 4 
(C) Probability that neither will be alive 1 

in 10 more years is ) 12 

2 


(D) Probability that only husband will _—(t) 


live 10 more years is 3 


Solution: Let H be the event that husband will live 10 more 
years and W be the event that wife will live 10 more years. 


(A) We have that since H and W are independent 
P(H AW) = P(A)P(W) 
pes 
SS SS Ss 
3 4 12 
Answer: (A) —> (s) 


Worked-Out Problems 


(C) is also false for which consider the same sample space: 
S={1, 2, 3, 4, 5, 6} and let A = (2, 4, 6} and B= {2, 3, 5}. 
Then 


P(A/B)= 


P(A/B) = 


WIN Wily 


but A 7 B # ¢. Finally 
P(B/A) = P(B/A) 
P(AQB)_ P(BO A) 
P(A) P(A) 
© [1- P(A)]P(A 2 B)= P(A)P(BO A) 
© [1- P(A)]P(A 2 B)= P(A)[P(B) - P(AN B)] 
© P(AnN B)= P(A)P(B) 


© Aand Bare independent events 


Hence (D) is correct. 
Answers: (A), (D) 


(B) We have 
P(H UW)= P(A) + P(W)- P(H AW) 


Answer: (B) > (p) 
(C) We have 


P(A AW)=P(H OW) 
=1-P(HUW) 


Answer: (C) > (p) 
(D) We have that since H,W are independent 


P(H AW) = P(H)P(W) 


-3x(1-3)=4 
3 4) 4 


Answer: (D) > (r) 
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2. In aclass, there are 10 boys and 5 girls. Three students 
are selected one after other without allowing the 
earlier selected student to join the class. Match the 
items of Column I with the items of Column II. 


Column I Column IT 
(A) The probability that the first two (p) 7 
are boys and the third a girl is 3 
(B) The probability that first and third = (q) e 
are boys and the second a girl is : 
(C) The probability that first and third —(r) TT 


are of same sex and the second is of 
opposite sex is 


(D) If the first and third are of same sex (s) — 
and the second is of opposite sex, 
then probability that the second 
student is girl is 


Solution: Let b and g denote boy and girl, respectively. 
(A) The probability that the first two are boys and the 
third a girl is 
9 5 15 
x = 
144 13 91 
Answer: (A) —> (s) 


(B) The probability that first and third are boys and the 
second a girl is 


10 
P(bbg) = 72% 


10 5 9 15 
Xx—x—= 
15 14 13 91 
Answer: (B) —> (s) 


(C) The probability that first and third are of same sex 
and the second is of opposite sex is 


P((bgb) U (gbg)) = P(bgb) + P(gbg) 
15 5 10 4 
— +x — x — 
91 15 14 #13 
15 20 
=— + 
91 3x91 
— 6 © a 
~ 3x91 21 
Answer: (C) > (r) 
(D) Let E, = (bgb) U (gbg) and E, = bgb. Then 


P(bgb) = 


P(E 
P(E,/E,)= rE 
1 

15 21 9 

ee ee Se 

91 5 13 


Answer: (D) => (p) 


3. A and B are two events with P(A) = 1/3, P(B) =1/4 
and P(A U B) =1/2. Match the items of Column I 
with those of Column I. 


Column I Column IT 
(A) P(A/B) is equal to (p) : 
(B) P(B/A) equals (q) : 
(C) The value of P(A B) is (r) ; 
(D) P(A/B) is equal to (s) : 
Solution: We have 
1 
== P(AUB) 
2 
= P(A) + P(B)- P(An B) 
eee PAA) 
3 4 
Therefore 
Pee 
3 4 2 
ae goG 1 
~~ te 12 
(A) We have 
p(a/py =P A081 11 
PB) 2 48 
Answer: (A) — (p) 
(B) We have 
ppiay= POA) _ 1 11 
P(A) 12.3 4 
Answer: (B) —> (q) 
(C) We have 


P(Ac B)= P(A- B) 
= P(A)- P(AN B) 


aoe o 
“a ie 
oe aoe 
12 4 


Answer: (C) > (q) 


(D) We have 
P(A B) 
P(B) 
_ 4 1 
~1-(1/4) 3 
Answer: (D) > (p) 


P(AIB) = 


4. Bag X contains 5 red, 3 white and 8 black balls. Bag Y 
contains 3 red and 5 white balls. A fair die is tossed. If 
2 or 5 appears a ball from bag Y is chosen, otherwise a 
ball from bag_X is chosen. Match the items of Column I 
with those of Column II. Here R, W and B denote 
drawing red ball, white ball and black ball, respectively. 


Column I Column IT 
(A) PRIX) = (p) 2 

(B) P(RIY) = @) = 
(C) P(WIX) = (r) = 
(D) PUXIR) = 6) 2 
Solution: We have 


(A) The required probability is 
P(R/X)= 2 
16 
Answer: (A) —> (s) 
(B) The required probability is 


P(RIY)= = 


Answer: (B) > (r) 
(C) The required probability is 
P(WIX)=—- 
16 
Answer: (C) > (q) 
(D) By Bayes’ theorem, 
P(X)P(R/X) 
P(X)P(R/X)+ P(Y)P(R/Y) 


P(X/R) = 


Worked-Out Problems 


ee 
16 
1 
+=x 
3 
2 
8 


CO] Ww 


~10+6 


Answer: (D) > (p) 


5. A, B and C are three students of Mathematics. Each 
is given two problems in probability. Their chances 
of solving the problems are, respectively, 1/2, 1/3 
and 1/6. They try independently. Let A,, A,, B,, B,, 
C,, C, denote the events of their solving the first and 
second problems. Match the items of Column I with 
those of Column II. 


Column I Column II 
(A) P(A, By) (”) 7 
1 
(B) P(C,AA,) (q) 6 
() + 
(C) P(B, OC.) e 
(s) 18 
1 
(D) P(A, A A,) (t) a6 


Solution: 
(A) The required probability is 
P(A, B,) = P(A,)P(B,) 
11.1 
a 4 nate 
2 3 6 
Answer: (A) — (q) 


(B) The required probability is 


PQA A,)= P(C,)P(A,) 
11 1 
— a a 
6 2 12 
Answer: (B) > (r) 
(C) The required probability is 
P(B,OC,)= P(B,)P(C,) 
1 1 1 
= MSS 
3 6 18 
Answer: (C) > (s) 
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(E) The required probability is 


P(A, 0 A,) = P(A,)P(A,) 
111 


a oa 
Answer: (D) => (p) 


6. The probability that a person can hit a target is 3/4. 
He tries 5 times. Let X denote binomial variate with 
parameters n =5 and p=3/4, q=1/4. Match the items 
of Column I with those of Column II. 


Column I Column IT 
459 
A) P(X s2 aces 
(A) P(XS2) ) = 
(B) P(X>3) (q) 2 
16 
53 
C) M f Xx — 
(C) Mean o (r) a) 
: 15 
(D) Variance of X (s) ri 
Solution: By hypothesis 


P(X =k)="C, pq 


for k=0, 1,2, 3, 4,5. 
(A) The required probability is 


P(X <2) = P(X =0) + P(X =1)+ P(X =2) 


Comprehension-Type Questions 


1. Passage: We consider a two-player game in which 
there is always a winner. A, B and C are three players. 


If A plays B, then the probability of A beating B is .. 
If B plays C, then the probability of B beating Cis =. 


If C plays A, then the probability of C beating A is =. 


Answer the following questions: 


(i) When A plays B, the winner plays C. Then, the 
probability that A is the final winner is 


-<()}-@) Ce) 


(3) 5x3 10x9 
= ee gg as 
4 4 4 


Answer: (A) => (r) 
(B) The required probability is 
P(X 23)=1- P(X $2) 


106 
= )— ae 
_ 1024 - 106 
1024 
_ 918 
~ 1024 
aa 
512 
Answer: (B) > (p) 
(C) Mean is given by 
315 
=5x—=— 
oe a 
Answer: (C) > (s) 
(D) Variance is given by 
npq=5xX 2 x Lee 
Baa 4g 4G 
Answer: (D) > (q) 
2 7 2 1 
Ay B) — on DiS 
A> By OF WO; 


(ii) When B plays C, the winner plays A. Then, the 
probability that A is the final winner is 
2 5 7 4 
A) = B) = C) = D) = 
A> Bz OF; OF 
(iii) When C plays A, the winner plays B. Then, the 
probability that A is the final winner is 
4 2 
B) = C) = 
Bs OF 


(A) 2 (p) 2 


Solution: 


(i) First, A must beat B and then A must beat C. The 
probability that A is the final winner is 


2 1 2 
vane 


a3. 6 
Answer: (A) 


(ii) Whether B beats C or C beats B, the winner must 
lose to A. Therefore 
Probability (A is final winner) 


= P(B beats C and loses to A) 
+ P(C beats B and loses to A) 
2.2 1.51 =5 
==xX=+—x-=- 
3.3 3 3 9 
Answer: (B) 
(iii) First, A must beat C and then A must beat B. The 
probability that A is the final winner is 
1.2. 2 
—-x—=— 
3.3 9 
Answer: (C) 


2. Passage: A and B are independent events with 


P(A) =; and P(AU B)=4 


Answer the following questions. 
(i) P(B) is equal to 


A> Bs OF Wy 
(ii) P(A/B) equals 
3 2 
(A) 7 (B) 3 (C) 5 (D) = 
(iii) P(B/A) is equal to 
A> Bl ©; we 
2, 3 3 
Solution: 
(i) We have 
== P(AUB) 


= P(A) + P(B) - P(ANB) 


1 1 


1 1 
=—+—P(B 
oo 


Worked-Out Problems 


Therefore 


4 1 
~=1+ P(B)=> P(B)== 
51+ P(B)= P(B)=3 
Answer: (B) 

(ii) The required probability is 
P(A B) 

P(B) 
_ PUA)P(B) 
PCB) 


P(A/B) = 


Answer: (D) 
(iii) A and B are independent. This implies A and B are 
also independent. So 
P(BoO A) 
P(A) 
_ P(B)P(A) 
P(A) 


P(B/A) = 


Answer: (B) 


3. Passage: A box contains 3 coins out of which two are 
fair coins and the third is a two headed coin. A coin 
is selected at random and tossed. If head appears, the 
same coin is tossed again. If tail appears, another is 
selected from the remaining two coins and tossed. 
Answer the following questions. 


(i) The probability that head appears twice is 
1 2 1 1 
A) = B) = C) = D) — 
A> BF ©; WF 


(ii) If the same is tossed twice, then the probability 
that it is a two headed coin is 


A> Bz OF © 


wile 


(iii) The probability that tail appears twice is 


2 1 1 
AS Bs OF © 


BIR 


Solution: Let £, be the event of selecting fair coin and 
E, be the event of selecting two headed coin. H; denotes 
head and 7; denotes tail where j = 1, 2. 
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(i) We have 
A, A, =(E,0 H,O AL) U(E,0 A, A) 


Then 
P(A, H,)= P(E,A A, A,)+ P(E, A, O4#,) 
ere ce ee 
3 2 2 3 2 
Answer: (A) 
(ii) Let E be the event of the same coin being tossed 
twice. Then 
E=(£,0 A)VE, 
Therefore 
P(E) = P(E, H)+ P(E,) 
2 1 1 2 
— ee or ae 
3 2 23 3 
Now 
P(E,)P(H/ E,)+ P(E) 
1 
7 ra 1 1 
2,1,1 2 
3 2 3 
Answer: (B) 


(iii) 7 = Tail appearing twice. This implies selection of 
fair coin first, getting tail and then selection of fair 
coin and again getting tail. Hence 


P(T) = P(E, T,) x P(E, AT,) 
seta 


Answer: (C) 


4. Passage: A and B are two tennis players participating 
in a singles match as opponents. As per the rules of 
the lawn tennis, the one who wins atleast six games 
with at least two games more than his opponent wins 
the set. They serve alternately from game to game 
(i.e., for each game). A starts to serve after winning 
the toss. It is given that the probability of A winning 
his service game is 2/3 and that of losing it is 1/3. 
Answer the following questions: 


(i) The probability of A winning the first set at six- 
LOVE (6-0) is 

Zz ‘ley a 

A B)/= C) = 

(2) w(5) ©§F 


1 
3 (D) 5 


(ii) The probability of A winning first set 6-1 is 


40 40 20 32 
A> BF OF OF 
(iii) The probability of B winning the first set 6-1 is 
20 20 40 4 
AS BF OF OF 
Solution: 


(i) “A” wins the set at 6-0 means A has to win all his 
3 service games and B has to lose all his 3 service 
games. Therefore the probability is 


2Vf1) 2 
B)-3 
(ii) Probability of A winning by 6-1 is 
4 2 3 3 
(33) (2) elas) ) = 
3/A3) (3 3/3) \3 3 


Answer: (B) 
(iii) Probability of B winning the first set by 6-1 is 


“BOE GEG)-# 


Answer: (A) 


Answer: (C) 


5. Passage: A fair die is tossed repeatedly until face six 
appears. Let X denote the number of tosses required. 
Answer the following questions: 


(i) The probability that X is equal to 3 is 


25 25 a) 125 

A) = B) — C) — D) — 

(A) 216 (8) 36 Se 36 my 216 
(ii) The probability that X = 3 is 

125 25 2 25 

A) — B) — C) = D) — 

(A) 216 2) 36 36 me 216 


(iii) The conditional probability that X26 given 


X > 3 equals 
125 25 5 25 
A) — B) — C) — D) — 
( ) 216 ( ) 16 () 35 ( ) 36 
Solution: Let p be the probability of getting six 


(success) in a single throw of a die so that 
| oe 


and the probability of failure 


5 
=1- = 
q P 6 


(i) The required probability is 


dy Gh 
P(X =3)=q p=| —| | —|=— 
ae 3) (5) 216 
Answer: (A) 
(ii) The required probability is 


P(X >3)=qG ptqptqpt--+% 


=q pl+q+qt--+e) 


-(J (Az a) ce 
Answer: (B) 


(iii) The required probability is (-- X > 3) 
P((X 2 6)/(X > 3)) =1- (P(X =4) + P(X =5)) 


=1-(p+ pq) 
=1- p(l+q) 


Answer: (D) 


6. Passage: Urns A, B, C, respectively, contain 2 white 
and 3 black balls, 1 white and 4 black balls, 4 white and 
1 black balls. The probabilities of choosing the urns 
are, respectively, 2/5, 2/5, and 1/5. One of the urns is 
chosen at random and a ball is drawn from it. Answer 
the following questions: 


(i) Probability that the drawn ball is white is 


12 13 2 3 

A) = B) — C) = D) = 

A= Be OF WF 
(ii) Probability that the drawn ball is black is 

13 12 2 3 

A) = B) — C) = D) = 

A= B= OF WW; 


Assertion—Reasoning Type Questions 


In the following set of questions, a Statement I is given 

and a corresponding Statement IJ is given just below it. 

Mark the correct answer as: 

(A) Both Statements I and II are true and Statement II 
is a correct explanation for Statement I 

(B) Both Statements I and IJ are true but Statement II 
is not a correct explanation for Statement I 


Worked-Out Problems 


(iii) If the drawn ball is white, then the probability 
that it is from urn C is 


(A> @B)z 


12 13 
5 (C) 35 (D) 35 


Solution: 
(i) Let W denote that drawn ball is white. Then 
W=(AUBUC)AW 
=(ANW)U(BOC)U(CO A) 
Therefore 
P(W)= P(ANW)+ P(BAW)+ P(CAW) 
= P(A)P(W/A) + P(B)P(W/B) + P(C)P(W/C) 


2.9 2 1. 1.4 
= =Xt+=X+4+=X= 
5° 5 5 § 5 5 
_10_2 
35. 5 


Answer: (C) 
(ii) Let E denote that drawn ball is black. Then 


P(E) = P(A)P(E/A) + P(B)P(E/B) + P(C)P(EIC) 


Answer: (D) 
(iii) By Bayes’ theorem we have 
P(C)P(W/C) 


ils P(A)P(W/A) + P(B)P(W/B) + P(C)P(WIC) 


Answer: (A) 


(C) Statement I is true and Statement II is false 
(D) Statement I is false and Statement II is true 
1. Statement I: Let A and B be two events and 
AAB=(A- B)U(B-A) 
Then 
|P(A) — P(B)|< P(AAB) 
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Statement II: P(A) — P(B) isnot greater than P(A — B). 
Solution: We have 
P(A) — P(B)s P(AU B)- P(B)= P(A- B) 
Statement IT is true. Similarly 
P(B)- P(A) s P(AU B)- P(A) = P(B- A) 
Therefore 
| P(A) — P(B)|s P(A - B) + P(B- A) = P(AAB) 


Statement I is correct. 
Answer: (A) 


2. Statement I: A is an event with non-zero probability. 
If A is independent of itself, then P(A) = 1. 


Statement Il: Two independent events cannot be 
mutually exclusive. 


Solution: A is independent of itself. This implies 
P(A) = P(An A)= P(A)P(A) 
= P(A)=1 (. P(A) 40) 
Statement I is true. If E and F are independent, then 
P(E F)= P(E)P(F) 40 
but if E and F are mutually exclusive, then P(E 4 F) =0. 
Answer: (B) 


3. Consider the system of equations ax + by = 0 and cx + 
dy =0, where a, b, c, d belong to the set {0, 1}. 


Statement I The probability that the system has 
unique solution is 3/8. 


Statement I: The probability the system has a solu- 
tion is 1. 


Solution: Statement II is correct, because x = 0, y = 0is 
always a solution. The system has unique solution if and 


only if the matrix 
a b 
c d 


is non-singular. Since each of a, b, c and d is either 0 or 1 
it follows that the number of matrices is 2* out of which 
the matrices 


are non-singular matrices. Therefore the probability is 


8 


6 
16 
Answer: (B) 


4. Statement I: If P(A U B) = 0.65 and P(A 1 B) = 0.15, 
then 


P(A) + P(B)=1.2 
Statement [I For any two events E and F, 
P(E UF)=P(E)+ P(F)- P(E F) 


Solution: Statement II is the addition theorem for 
probabilities, and hence statement II is correct. Now 


P(A) + P(B)=1- P(A) +1- P(B) 
=2-(P(A)+ P(B)) 
=2-(P(AU B)+ P(ANB)) 
=2-(0.65 + 0.15) 
219 
Answer: (A) 


5. Statement I: A and B are two events such that 
P(A)= a P(B)= a and P(AN B)= s 
ey 3 6 
Then 
1 
P(exactly one of A and B)= 5 


Statement I For any two events E and F 


P(exactly one of E and F) = P(E)+ P(F)-2P(E F) 


Solution: We have 


P(exactly one of E and F) 
= P((E- F)U(F-E)) 
= P(E-F)+P(F-E) 
= P(E)- P(EQ F)+ P(F)-P(FOE) 
(. E-F=E-EOF) 
= P(E)+ P(F)-2P(En F) 
Therefore Statement IT is correct. Now 


P(exactly one of A and B)= P(A) + P(B)-2P(An B) 


Answer: (A) 


6. A and B are two equally strong players in tennis. 
Consider the two events 
E,: A beats B exactly in 3 games out of 4. 
E,: A beats B exactly 5 games out of 8. 


Statement I: £, is more possible than E,. 


Statement II: In a binomial distribution B(n, p) 
where n is the number of trials and p is the probability 
of success in a single trial and g = 1 — p, the probability 
k success = "C, p“q"™. 


Solution: Statement IT correct (see Section 7.6.1). Now 


P(E,) ="C;- pq 
“ef SIQ) Gore 


Integer Answer Type Questions 


1. Let n be a positive integer and A = {1, 2,3, ..., n}. Let S 
be the set of all mappings f: A — A. The probability that 
arandomly chosen element of S to be injective mapping 
is given to be 3/32. Then the value of 7 is 


Solution: Number of mappings from A to A is n”, that 
is S contains n” elements. It is known that the number of 
injections from A to A is |n (see Theorem 6.18, page 293, 
Vol. 1). Therefore by hypothesis 


w_3_/4 
n 32° 
So 
n=4 


Answer: 4 


2. 5 pairs of socks are in a cupboard of which 4 socks 
are drawn randomly. The probability that the drawn 
sample contains exactly one pair is m/n, where m 
and n are natural numbers having no common factor 
except unity. Then 1 — mis ____. 


Solution: 4 socks out of 10 can be selected in "°C, = 210 
ways. Let E be the event that the draw contains only one 
pair. Out of 5 pairs 1 pair can be selected in °C, =5 ways. 
From the remaining 8 socks 2 can be selected in °C, = 28 
ways. But these 28 ways contain 4 pairs also. Therefore 
number of ways of selecting exactly one pair is 


5x (28-4) =5x 24 


Hence 


Worked-Out Problems 


J 
16 4 
1y(1) 
P(E,) =°C.| =| | = 
(£,)="c,(3) (5) 
_56_ 7 
2% 32 
Therefore 
P(E,) > P(E,) 
Answer: (A) 
This gives 
n-m=7-4=3 
Answer: 3 


3. A bag contains n balls (n> 3) of different colours. 
If the bag has 3 white balls and the probability of 
drawing 2 white balls from the bag is 3/10, the value 
of nis 


Solution: By hypothesis 

ea mn 
"C, 10 
3x2 3 
n(n—1) 10 

n—n-20=0 

(n—5)(n+4)=0 

n=5 


Answer: 5 


4. A sportsman’s chance of shooting an animal at a 
distance r>a (“a” is constant) is given to be a’/r’. 
He fires at r= 2a and if he misses, then again fires at 
r=3a. He repeats the same process at r= 4a, 5a and 
6a. When he misses at r= 6a, the animal escapes into 
the jungle. If the odds against the sportsman are p:q, 
then g — pis 


Solution: The sportsman’s chance of missing when r = ja is 


a 1 
1 =1 j=2,3,4,5,6 
ja 7 G ) 


Chapter 7 | Probability 


The animal escapes when the sportsman misses in all the 
five shots. Therefore the probability of animal escaping 
to jungle is 


il-z}-(-s)0-3)-s)-s)(-3) 


E 2 3 4 =\(3 4 5 6 4 
= x x x x x x x x 
2 3 4 5 6/2 3 4 5 6 
ee ae ee 

6 2 12 q 


Therefore 
q- p=12-7=5 


Answer: 5 


5. Boxes B,, B,, B, contain different coloured balls as 
given in Table 7.9. The probabilities of selecting boxes 
are, respectively, 1/6, 1/2 and 1/3. One of the boxes is 
chosen at random and a ball is drawn from it. If the 
probability of the drawn ball is black is 23/90 then the 
value of is equal to ___. 


Table 7.9 Integer answer type question 5 (n is 
a positive integer) 


White Black Red 

B, 2 n 2 

B, 3 2 4 

B, 4 3 2 
Solution: Let B be denote the event of drawing a black 
ball. Then 

B=(B,UB,UB)AB 
=(B,0 B)U(B,0 B)U(B,9 B) 

Therefore 


P(B) = P(B,)P(B/ B,)+ P(B,)P(B/ B,)+ P(B,)P(B/ B;) 
1 n L 2: 73 
=—xX +—=X=+=—x 
6 n+4 29 3 9 
n 2 
+— 
6(n+4) 9 


_ 3n+4(n+4) 
18(n+4) 


By hypothesis 
23 
P(B)=— 
Carr 


Therefore 


3n+4(n+4) 23 
18(n+4) 90 


35n +80 =23(n +4) 
12n=12 


n=1 
Answer: 1 
6. A and B are two independent events whose probabili- 


ties are, respectively, 1/n and 1/(n + 1). If the proba- 
bility of A A B is 1/12, then n equals ___. 


Solution: A and B are independent events. This implies 
P(An B)= P(A)P(B) 

Therefore 

+ _ p(ayP(B) 

12 

ol 
n(n +1) 
which gives 
n=3 


Answer: 3 


7. A number x is selected from the set of first 9 natural 
numbers (i.e., x = 1, 2, 3, ..., 9). If the probability that 
f( f(x)) =x where 


f(x)=x°-3x43 


is m/9, then m is equal to 


Solution: Clearly all the solutions of f(x) =x are also 
solutions of f(f(x)) =~. First, we solve f(x) =x. 


TeaH=xS7 —3e43=2% 
=>x°-4x+3=0 
=> (x -1)(x-3)=0 
>x=1,3 


Therefore x =1, 3 are also solutions of f(f(x)) =x. We 
want to seek if there are any more solutions of f(f(x)) =x 
other than 1 and 3. 


f(f(x))=x=> f(x - 3x4 3)=x 
=> (x°- 3x +3) -3(x° - 3x + 3)+3=0 


= x*-6x°+12x°-9x+3=0 
= (x°— 4x + 3)(x°-2x+1)=0 
=> (x-1)(x-3)(x-1) =0 
>x=1,3 


In this case we have no additional solutions. Therefore 
the probability that x satisfies equation f( f(x)) =x is 2/9. 
Therefore m = 2. 


Answer: 2 


8. A fair coin is tossed n times. Let_X denote the number 
of heads appeared. If PX = 4), P(X =5) and P(X = 6) 
are in AP, then the smallest values of n is 


Solution: Since the coin is fair, 


P(H)= P(T) =; 


By binomial distribution, 


nx-wee( 


By hypothesis 
2P(X =5)= P(X =4)+ P(X =6) 
Therefore 
2("C;) ="C, + "Cy 
nw —21n+98=0 
n=7,14 


Therefore n =7 (smaller value). 


Answer: 7 


9. P,, P,, .... Pz are equally strong players (i.e., for each 
of them the probability of win or lose is 1/2) are partic- 
ipating in tennis singles tournament. If the probability 
of P, losing to eventual winner of the tournament is 
min then n — m is equal to ____ 


Solution: Let X be the eventual winner. P, may lose to 
X in I, IJ and III rounds. 
P(P, to lose in I) = P(P, pairing with X and losing) 
1 


1 
=— xX — 
reas) 


Worked-Out Problems 


since 
ie : 1 
P(P, pairing with X) = 4 
as there are four pairs. 
P(P, to lose in ID) = P(P, wins in I) P(P, pairing with X in IT) 


P(P, losing) 


sles 
—-x—-— 
2 2 


P(P, to lose in III) = P(F, wining I and II) P(P loosing) 


E | 1 
=|=x=|x= 
2 2) 2 


Cole 
Co | 
CO] rR 


Hence 


n-m=8-3=5 
Answer: 5 


10. The odds against an event A is 2:3 and odds in 
favour of another event B is 1:2. If A and B are 
independent and P(AU B)=m/n, then |m—n| is 
____.. Here m and n do not have proper common 


divisor. 
Solution: We have 


P(AU B)= P(A) + P(B)- P(A B) 


3,13 51 
5 3 5 3 
945-3 
45 
i 

~ 15 


Therefore m= 11 andn=15. So |m—n|=4. 
Answer: 4 
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SUMMARY 


7.1 


7.3 


7.4 


7.5 


Random experiment: An experiment is called 
random experiment if the following conditions are 
satisfied. 


(1) The experiment can be repeated any number of 
times under similar conditions. 


(2) All possible outcomes of the experiment are 
known in advance 


(3) The actual outcome in a particular experiment 
cannot be exactly predicted. 


Sample space and event: The set of all possible 
outcomes of a random experiment is called sample 
space of the experiment and any subset of the sample 
space is called an event. 


Exhaustive events: Two or more events are called 
exhaustive events if the performance of the experi- 
ment results in the occurrence of at least one of 
these events. 


Mutually exclusive events: Two or more events are 
said to be mutually exclusive if the occurrence of one 
of the events prevents the occurrence of any one of 
the other events. 


Equally likely events: Two or more events are said 
to be equally likely (or equiprobable) if there is no 
reason to expect one of them in preference to the 
others. 


7.6 Probability (classical definition): Suppose in a 


random experiment there are n exhaustive, mutually 
exclusive, equally likely outcomes. If m of them are 
favourable to an event E, then the probability P(E) 
of E is defined as 


P(E) = “ 


auicK 00K 


7.7 


O<P(E)s1 (2 0Smsn) 


Complementary event: If E is an event, then non- 
occurrence of EF is called complementary event of E 
and is denoted by E (or E*). 


auicK LOOK 


Jeo aes 


(ee! See) 
n 


7.8 


7.9 


7.10 


7.14 


Usual probability: The classical probability is also 
called usual probability. 


Sample points and sample space: Any possible 
outcome of a random experiment is called a sample 
point and the set of all sample points is called 
the sample space of the random experiment. An 
elementary event means a sample point. Generally 
sample space is denoted by S. 


Finite sample space: A set A is called finite if either 
A is an empty set or it is bijective with the set {1, 
2, 3,..., n} for some positive integer n. If a sample 
space is finite, then it is called a finite sample space. 


Countably infinite sample space: A set A is called 
countably infinite set if it is bijective with the set 
Z" of all positive integers. If the sample space of a 
random experiment is countably infinite set, then 
the sample space is called countably infinite. For 
example, tossing a fair coin till head appears has a 
countably infinite sample space. 


Definition: Here afterwards events mean subsets 
of the sample space. If A and B are two events, then 
AUB means at least one of A or B and ANB 
means both A and B. Impossible event is denoted 
by empty set @ and a certain event means the entire 
sample space. 


Various events in set theoretical form: 

(1) Events E,, E,,..., E,, are said to be mutually 
exclusive if E, 0 E, = $ for i #j. 

(2) E,, E,, ..., £, are called exhaustive events if FE, U 
E,U-:-U E,=S (sample space). 

(3) Mutually exclusive and exhaustive events means 
E,VE,U+VE,=Sand Eo E,= ¢ for i #4). 

(4) E,, E,, ..., E, are called equally likely (or equi- 
probable) if there is no reason to expect one of 
them in preference to the others. 


Probability function (Axiomatic): Let S be the 
sample space connected with a random experi- 
ment and ga(S) is the power set of S (ie., the set 
of all subsets of S). Then a function P: g(S) > R 
is called a probability function on the sample S, if it 
satisfies the following conditions: 

(1) P(E) 2 0 for all E € g(S) 

(2) P(S)=1 

(3) If E, and E, belong to a(S) and E, 4 E, = ¢, then 


P(E, U E,) = P(E,) + P(E) 


If P is a probability function on S, then for any 
Ee @(S), P(E) is called the probability of the event E. 
If E = {s}, then we write P(s) instead of P({s}). 
If S is a countably infinite space then (3) will be replaced 
by the following: 
(3’) If { EZ, } is a sequence of mutually exclusive events, 
then 


P(OE,)= DPE) 


provided the infinite sum exists. 


auicK LOOK 


One can verify that the usual probability (classical 
definition) is also a probability function according to 
modern probability definition given above in 7.14. 


7.15 Theorem: The following hold good for any prob- 
ability function P defined on a sample space S. 


(1) P(g) =0 

(2) P(E)=1- P(E) 

(3) O< P(E) <1 for all Ee e(S) 

(4) P(E, — E,) = P(E) — P(E, 0 E,) and in particular 
P(E, — E,) = P(E,) — P(E,) whenever E, c E, and 
hence E, c E, => P(E,) 2 P(E). 

(5) If £,, E,,.. 
then 


P(E,VE,U-- VE,)= P(E) + P(E) +-:-+ P(E) 


., &, are mutually exclusive events, 


7.16 Definition (Odds in favour, odds against): If E is 
an event, E is its complementary event and P is a 
probability function, then the ratio P(E):P(E) is 
called odds in favour of E and the ratio P(E): P(E) 
is called odds against EF. 


7.17 Addition theorem: If A and B are two events of a 
random experiment, then 
P(AU B)= P(A)+ P(B)- P(An B) 
and in particular, if A 7 B= ¢, then 
P(AU B)= P(A)+ P(B) 


. auick took 


If A, B and C are any three events, then 
P(AUBUC)=P(A)+ P(B)+ P(C) 
— P(AN B)-P(BOC) 
—P(COA)+P(AN BOC) 


7.18 Conditional probability: Let A and B be two events 
and P be a probability function with P(B) > 0, then 
we define P(A 4 B)/P(B) as the conditional prob- 
ability of the occurrence of event A after the occur- 
rence of the event B and it is denoted by P(A/B). 
That is 


P(AB) 
P(B) 


S. auicK 00K 


If the sample space S is finite, then 


P(AIB) = 


Number of favourable cases to both A and B 
Number of favourable cases to B 


P(AIB) = 


7.19 Multiplication theorem: Let A and B be two events 
of a random experiment with positive probabilities, 
then 


P(A)P(B/A) = P(An B) 
= P(B)P(A/B) 


7.20 Corollary: Let E,, E,, ..., E,, be n events with posi- 


n-1 
tive probabilities and (4 E) >0, then 
P(E,N ELAN: OE,) = P(E) P( E/E) P(E/(E, 0 E,)) 


P(E, M(O E,)) 


7.21 Definition (independent events): Two events A 
and B are said to be independent of each other if 
the occurrence of one does not effect the occur- 
rence of the other. That is, B is independent of A, 
if P(B/A) = P(B). 


7.22 Theorem: Two events A and B are independent if 
and only if P(A A B) = P(A)P(B). 


7.23 Theorem (total probability): Let E,, E,, ..., E,, be 
mutually exclusive and exhaustive events with posi- 
tive probabilities. Then for any event E, 


P(E)= > P(E, )P(EIE;) 


j=l 


7.24 Bayes’ theorem: Let E,, E,,..., E, be mutually 
exclusive and exhaustive events with positive prob- 
abilities. If F is an event then 


P(Ex)P(E/Ex) 
> P(E)P(EIE}) 


P(E, /E)= 
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7.25 Definition (random variable): If S is a sample 
space and R is the real number set then any func- 
tion from S to R is called a random variable on 
S. Generally, random variable is denoted by the 
capital letters X, Y, Z, etc. 


7.26 Probability function induced by a random vari- 
able: Let S be asample space, P a probability func- 
tion on S and X a random variable on S. Define 
P,: @(R) > R by P,(T) = P(X"(T)) for T € e(R). 
Then P, is a probability function on R and is called 
the probability function induced by X on R. 


7.27 Probability distribution: Let S be a sample space 
with probability function P and X a random vari- 
able. Then the function F: IR > R defined by 


F(r)=P(X <r),reR 


is called the probability distribution function of the 
random variable X. 


7.28 Theorem: Let X be a random variable on a sample 
space S and F the probability distribution function 
of X. Then the following hold. 


(1) O< F(r) <1 forallreR. 

(2) r<s => F(r) < F(s) for any r ands of R. 
(3) lim F(r) =1 and lim F(r)=0. 

(4) F(r+0)=lim F(s)= F(r). 


s>r 


7.29 Definition (discrete random variable): A random 
variable X is called discrete if its range is finite or 
countably infinite. 


7.30 Definition (mean and variance): Let X be a 
random variable on a sample space S and suppose 
the range of X = {x,, x, ...,X,, -..}. Let P be a prob- 
ability function on S. Let P(X =x,) = P(X“{x,}). 
Then 


(1) If SY x, P(X =x,) is finite, then it is called the 


mean of X and is denoted by uy or simply u 
when there is no confusion about _X. That is 


= Sx, P(X =x,) 


(2) If })(x,- uw)’ P(X = x,) is finite, then it is called 
variance, denoted by o” and |o| is called stan- 
dard deviation of X. 


(3) Table 7.10 is called the probability distribution 
table of X where p,= P(X = x,) = P(X“({x})). 


Table 7.10 
xX x, xX, Kens Kivi: 
(X=4,) BD By Bye Bye 


7.31 Formula: If u and o° are, respectively, the mean 
and variance of a random variable X whose range 
is {X,,X,,X,...,X,,...} and P(X =x,) =p,, then 


2 2 2. 
o +p => xp, 
n 


7.32 Table 7.11 enables for quick calculation of mean 
and variance. 


Table 7.11 
Xe IE OX= 59) xP(X =x) POL =%) 
x) p,=P(X=x,) XP; eps 
Xy p,= P(X =x) XP Ps 
x3 p;=P(X=x,) X3)3 aD 
Xp p, = P(X =x,) be 


XnPn 


Total=u Total=o°+p 


7.33 Bernoulli trial: A random experiment in which we 
consider an event called success and its comple- 
mentary called failure is called Bernoulli trial. 


7.34 Binomial variate: Let n be the number of indepen- 
dent Bernoulli trials in which the probability for 
a success is p and that of failure is g=1-—p. If X 
denotes the number of successes, then 


P(X =k)="C,p*q"™ 


P(X =k) is called the probability of k successes and 
n —k failures. n and p are called parameters of the 
binomial variate X and we write X ~ B(n, p). 


7.35 Theorem (mean and variance of X ~ B (n, p)): 
If X ~ B(n, p), then the mean of X is np and the 
variance is npq. 


quick took 


The mean of a binomial variate is greater than or 
equal to its variance. 


Note: If a set of n Bernoulli trials are repeated N 
times, then the expected number of sets which contain 
r success and n — r failures is N("C_p’q”’’). 


7.36 Poisson distribution: Let X be a random variable 7.37 Theorem: The mean and variance of a Poisson 


whose range is {0, 1, 2, 3, ..., 7, ...} and 2 a positive variate X with parameter A are equal and equal 
number. We define to A. 
oak Note: In Vol. 3 (Calculus) we will prove that the Poisson 
P(X =k)= distribution is a limiting case of binomial distribution. 


[k 


then_X is called a Poisson variate and A is called the 
parameter of X. 


| EXERCISES 


Single Correct Choice Type Questions 
1. A bag contains 8 white, 6 black, 2 red and 4 green 8. An ellipse of eccentricity 22/3 is inscribed in a 


balls. Two balls are picked at random at a time. The 
probability that they are of different colours is 


art ot oF ws 


. An urn contains 6 white, 4 red and 10 green marbles. 
Three are drawn one after other without replacement. 
The probability that they are of different colours is 


2 3 6 2 
A> B® > OF OF 


. A bag contains 4 black and 7 white balls. Two balls 
are drawn randomly. The probability that at least one 
of them is black is 


(A) 0.71. (B) 0.618 =(C) 0.728 ~—- (D)-(0.628 


. Three fair coins are tossed at a time. The probability 
of getting at least one head is 


Az Bs OF WF 


. There are 9 books of which one is very popular. The 
books are arranged in a row at random. The probability 
that the popular book is always at the middle place is 


2 1 (4!) 2(4!)° 
A) = B) = C) —— D) —— 
AF Bs OF OF 
. The letters of the word PECULIAR are arranged 
at random. The probability that all the vowels are 
together is 


3 1 1 3 
A> B> Of OF 


. A and B are two students among six students. If all 
the six students are arranged in a row, the probability 
that B immediately succeeds A is 


1 1 2 2 
As B27 OF OF 


circle. A point inside the circle is selected at random. 
The probability that the point lies outside the 
ellipse is 


A> Bs OF OF 


9. Two subsets A and B are chosen at random from 
a set containing 6 elements one after other with 
replacement. The probability that A and B contain 
equal number of elements is 


131 231 331 101 
A) — B) —— Cc) —— D) —— 
aa 1021 ®) 1021 © 1021 ») 1021 


10. A lot contains 12 cell phones out of which 4 are 
defective. If two cell phones are drawn from the lot 
at random, the probability that one is defective and 
the other is non-defective is 


As @B®2 OF OF 


11. On the real line (i.e., x-axis) points p and qg are 
selected at random such that -2 <q <3and0<pS3. 
The distance between p and q is greater than 3 with 
probability 


Al BF OF WF 


12. A and B are two events such that 


P(A)==, P(B)=5 and P(ANB)== 


Then P(A 2 B) is equal to 


A> By OF WM; 


13. A bag contains 4 red, 3 white, 2 blue and 1 green 
marbles. Four marbles are drawn from it at random. 
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14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


The probability that the draw contains one each 
from the given colours is 

1 6 4 31 
A) = B) = C) — D) — 
A> @®2 Of OF 
A gardner plants 3 apple trees, 4 neem trees and 
5 mango trees in a row at random. The probability 
that no two mango trees are next to one another is 


At @®F; OF OF 


The first 11 letters of the English alphabet are arranged 
in all possible ways at random. The probability that 
there are exactly 4 letters in between A and B is 

12 14 7 6 
A) = B) = Cc) = D) = 
(A) ) 55 () 5 ©) 55 
Two positive real numbers x and y such that x + y= 
12 are selected at random. The probability that xy 
is greater than or equal to 3/4 times their greatest 
product is 

1 S) 
A) = D) <= 
(A) 5 (D) 5 


B> OF 


From 15 consecutive positive integers, 3 are selected 
at random. The probability that they are in AP is 


AS B® OF MOF 


Five numbers are selected at random from the first 50 
natural numbers and arranged in the increasing order 
X,<X)<xX,<x,<x;. The probability that x, is 30 is 


2c x%C a) xPC 
(A) 6 (B) ie 
Cx 2C 55 
©). =e D) === 
(©) ss m) 1029 


Two different coloured dice are rolled. A is the event 
that the sum of the faces appeared is odd and B is 
the event that one of the faces turned up shows 
face 1. Then P(A 2 B) is 

1 2 
A) = B) = 
(5 ©) 5 


OF MF 


Two dice are thrown at a time. The probability that 
the sum is greater than 8 is 


(A)=  (B) 5 ; 


(D) 23 


; 18 


A problem in combinatorics is given to three students 
whose probabilities of solving it are, respectively, 


22. 


23. 


24. 


25. 


26. 


27. 


1/2, 3/4 and 1/4. They try the problem independently. 
The probability that majarity of them solving the 
problem is 

1 3 
A) = D) — 
(A) 5 (D) 5 


B> OF 


A lot contains 15 cameras out of which 4 are defec- 
tive. Cameras are drawn one after other to identity 
the defective pieces. The process continues till all 
the defective pieces are identified. The probability 
that the proceedure ends at the ninth testing is 


oy 


©) is 195 


13 
B) — 
®) 195 


11 
AY) 
(A) 195 


195 


The probability that man aged x years to die in five 

years is 1/3. Out of persons P,, P,, P;, P, and P;, each 

aged x years, P, will die in 5 years and he is the first 

person to die in 5 years is 
211 311 

A) — B) —— 
(A) 1215 (8) 1315 


111 1 
(C) 115 (D) 5 


The probabilities of three mutually exclusive events are 


1+3p l1-p 1-2p 
30° a 2 
Then 
1 1 1 
A) 0<ps= B) —<ps= 
(A) PSS IB) SPs, 
1 1 1 
C) =<p<l D) =—<ps-— 
(Oy seP (D) 25757 


Two events A and B are such that P(A) =0.7, 
P(B) =0.4 and P(An B)=0.5. Then P(B/(A U B)) 
is equal to 

1 1 
A) = B) = 
(> @B) 5 


Oz Ws 


A fair die is rolled four times. Out of the four face 
values obtained, the probability that the minimum 
face value is greater than or equal to 2 and the 
maximum value is less than or equal to 5 is 


Ay BOs OF 


A purse contains four 50 paise coins and three 
Rs. 1 coins. Another purse contains six 50 paise coins 
and two Rs. 1 coins. One of the purses is selected 
random and a coin is drawn from it. The probability 
that it is a 50 paise coin is 

35 25 37 27 
(A) & B) & Oo) ©) & 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


If each of a, b and c takes values from the set {1, 2, 
3, 4, 5, 6}, then the probability that the equation 
ax’ + bx +c =0 has real roots is equal to 


{oy 


23 
= 
oe 216 


43 
By 
(8) 216 


53 
A) 2 
(A) 216 


216 


In a regular hexagon ABCDEF, if three vertices are 
selected at random, then the probability that they 
form the vertices of an equilateral triangle is 


1 1 2 1 
A) = B) = C) = D) — 
A> B®; OF OF 
From the set {1, 2, 3,..., 15}, seven numbers are 


selected at random one after other with replace- 
ment. The probability that the largest of these is 9 is 


8 7 9 7 7 7 3 a 
A) | — B) | — C) | — D) /= 
w(2) w(2) off) o(2 
Two cards are drawn at random from a deck of 
52 playing cards one after other, replacing the earlier 
drawn card. The probability that the first card is 
diamond and the second card is Queen is 

3 4 5 1 
A) — B) — a 
A) 13 ) 13 52 
Let S be a four-element set. If a two-element subset 


of S is selected at random, the probability that it 
belongs to a partition class of S is 


Bs OF 


(Hint: See Definition 1.28 and Single Correct Choice 
Type Question 13, Chapter 1, Vol. 1, page 60.) 


2 4 
(A) a ys 


Let w#1 be a cube root of unity. A fair die is 
thrown three times. If 7,, 7, and r, are the numbers 
that appeared on the faces, the probability that 
w'+w? +w* =0 is 

1 1 2 1 
A) = B) = C) = D) — 
A> 8B; OF WO, 
“A” is one of the six horses entered for a race and it 
is to ridden by one of the two jockeys B and C. If B 
rides A, then all the horses are equally likely to win. 
If C rides A, the chances of A’s win will be trebled, 
then, the odds in favour of A is 
(A) 1:2 (B) 2:1 (C) 1:3 (D) 3:1 
A and B are two persons. A speakes truth 2 out of 
3 times, while B speaks truth 3 out of 4 times. They 
are independent witnesses in an accident case which 


36. 


37. 


38. 


39. 


40. 


41. 


is in a police court. The probability that they have 
given identical statements is 


A> BG : 


(D) 5 


7 

Cc) — 

©) a 

There are five pairs of socks in a cupboard. If 4 socks 

are drawn at random, the probability that the draw 
contains exactly one matching is 


AS Bl ©2 MF 


In a bolt-producing factory, machines A, B and C 
give 25%, 35% and 40% of the total output, respec- 
tively. It is also known that 5%, 4% and 2% of them 
are defective. If a bolt of the factory is selected at 
random then the probability that it is defective is 


ic 2 


63 
By = 
®) 2000 


69 
A) 
(A) 2000 


83 
D) —_— 
2000 (0) 


2000 


A and B are two politicians who settle disputes 
between parties independently. The probabilities of 
their settling disputes amicably are, respectively, 4/7 
and 7/15. A firm has engaged them for a settlement 
of dispute between the firm and the employees. The 
probability that neither of them settle the dispute is 


32 8 
B® OF 


73 
Ay 2 
eS 105 


105 


S is a five-element set. A subset P of A is selected 
at random. After inspecting the elements of P, 
the elements are restored to S. Again a subset Q 
of S is selected at random. The probability that P 
and Q form a partition of S (i.e., PUQ=S and 
POAQ=¢?)is 


(A) . 


(B) 16 


(D) = 


1 

fan ess 

(C) 5 

A set_X has 10 elements. Subset A of X is selected at 

random and then the elements of A are returned to 

X, Again a subset B of X is chosen at random. The 
probability that B is disjoint with A is 


Oe Os Of) (7 


Three groups of workers contain 3 women, 1 male; 

2 women and 2 male and 3 males and 1 woman. One 

worker from each group is selected for a work at 

random. The probability that the selection consti- 

tutes 2 males and 1 lady is 
9 3 

(A) 5 (B) 5 


O5 OF 
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42. Two persons A and B each tosses a fair coin thrice. 
The probability that they get same number of heads is 


A> @®2 Of Oa 


43. If A and B are two independent events in a random 
experiment then P(A U B) + P(A 2 B) is equal to 


Ao BF Ol Ms 


44. Three bags have the following combination of balls. 
Bag I: 7 black, 3 white 
Bag II: 4 black, 6 white 
Bag III: 2 black, 8 white 
The probabilities of selecting bags are, respectively, 
1/5, 3/5 and 1/5. One of the bags is chosen at random 
and two balls are drawn from it, one after other 
without replacement. The probability that both balls 
are black is 


4 1 41 8 
A) — B) = Cc) — D) — 
A Bs OF OF 
(Hint: Total probability.) 
45. Five men out of 100 and 25 women out of 1000 have 


colour blindness. If a colour blind person is selected 
at random, the probability that the person is a male is 


1 2 1 1 
A) = B) = C) = D) — 
A> BF OF OF 
(Hint: Use Bayes’ theorem.) 


46. A fair coin is tossed (m +n) times where m >n. The 
probability for m consecutive heads is 


Multiple Correct Choice Type Questions 


1. If A and B are independent events, then 
(A) A and B are independent 
(B) A and B are independent 
(C) A and B are independent 
(D) A and B are exclusive events 


2. Two different coloured fair dice are thrown at a time. Then 


(A) (Sum of the faces is odd) -5 


(B) P(At least one face is odd) = . 
(C) P(Sum of the faces is 5) => 
25 


(D) P(Neither of the faces is 1) = ae 


n+2 n+1 m+2 m+1 
NS 8a OSGeo ©) oar 


47. Three identical bags contain the following composi- 
tion of balls. 
Bag I: 2 white, 1 black 
Bag II: 1 white, 2 black 
Bag II: 2 white, 2 black 
The probabilities of selecting the bags are equal. 
One of the bags is selected and a ball is drawn from 
it. The drawn ball is found to be black and it is kept 
outside. Then the probability of a black ball again is 


1 2 2 3 
As BF OF WF 


48. A fair die is rolled. The probability that first 1 appears 
at even number of trials is 


A> @®2 OF M2 


49. An experiment has 10 equally likely outcomes. Let 
A and B be two non-empty events of the experi- 
ment. If A consists of 4 outcomes, the number of 
outcomes B should have such that A and B are inde- 


pendent is 
(A) 2,4 or 3 (B) 3,6o0r9 
(C) 4o0r8 (D) 5 or 10 


50. If the mean and variance of a Binomial variate X 
are, respectively, 2 and 1, then P(X > 1) is 


A> B®. © OZ 


3. Let P be a probability function on a sample space S$ 
and B a fixed non-empty subset of S. For any subset 
A of S, define 


P,(A) = P(A/B) 


Then 
(A) P,(S)=1 

_P(ANBOC) 
(B) Py(ANC)=“T 


(C) P(A UC) =P,(A) + P,(C) — P(A C) 
(D) P,(A AC) =P,(A) P,(C), whenever A and C are 
independent. 


4. Let A, B, C be mutually exclusive and exhaustive 


events of a random experiment with sample space S. 


Suppose P is a probability function on S. Which of the 
following are not correct? 
(A) P(A) =0.24, P(B) =0.4, P(C) =0.2 

1 1 1 
(B) P(A)=3, P(B)=3, P(C)=5 
(C) P(A) =0.1, P(B) = 0.2, P(C) =0.6 
(D) P(A)=0.6, P(A B)=0.5 


5. Let A and B be two events of a random experiment. 
Suppose P(A) = p,, P(B) = p,and P(A U B) = p,.Then 
(A) (AUB)=1-p,+p; 

(B) P(ANB)=1-p,- P,P; 
(C) P(AU(AN B))= D+ P,— Ps 
(D) P(AUB)= pit P,- P 


6. Two fair dice are thrown at a time. Let A, B, C be the 
following events: 
A= {(x, y) | x is odd} 
B = {(x, y) | y is odd} 
C={(x, y) | x+y is odd} 
Then 
(A) P(A B) = P(A) P(B) 
(B) P(BO C)=P(B) P(C) 
(C) P(CO A) =P(C) P(A) 
(D) PAN BOC)= P(A) P(B) P(C) 


7. The probabilities of the events A 1 B, A, Band A UB 
of a random experiment are in AP in the given order, 
with the common different as P(A). Assume that 
P(A) >0. Then A and B are 


Matrix-Match Type Questions 


In each of the following questions, statements are given 
in two columns, which have to be matched. The state- 
ments in Column I are labeled as (A), (B), (C) and 
(D), while those in Column IT are labeled as (p), (q), 
(r), (s) and (t). Any given statement in Column I can 
have correct matching with one or more statements in 
Column II. The appropriate bubbles corresponding to 
the answers to these questions have to be darkened as 
illustrated in the following example. 


Example: If the correct matches are (A) > (p), (s); 
(B) > (q), (s),(t); (C) > (1); (D) > (7), (t); that is if the 
matches are (A) > (p) and (s); (B) > (q), (s) and (t); 
(C) > (1); and (D) > (1), (t), then the correct darkening 
of bubbles will look as follows: 


(A) mutually exclusive 

(B) independent 

(C) exhaustive and dependent 

(D) such that one is twice as likely as the other 


8. Theletters ofthe word PROBABILITY are arranged 
in a row at random. Let E, be the event that the two 
T’s are together and E£, is the event that two B’s are 
together. Then 


(A) P(E E)== (B) P(E E) == 


(©) PUB IE)=3 


(D) P(E,IE,)=% 

9. The probabilities of a 12th standard student passing 
the subjects Maths, Physics and Chemistry are, 
respectively, m, p and c, the probability of passing 
at least one subject is 3/4, the probability of passing 
at least two subjects is 1/2 and the probability of 
passing exactly two subjects is 2/5. Which of the 
following relations are true? 


(B) peewee 


19 
A) p+mt+c=— 
A) Per e= a, 20 


1 1 
Cc =— D == 
(C) pmc 10 (D) pmc i 


10. A and B are independent events of a random experi- 
ment. If P(A B)=1/6 and P(AnN B)=1/3. Then 


1 1 

se a by aes 

1 1 

Fe = (Dy FB)=5 
Pp gq ros f 
A@Oceo 
sCleCee 
clOIOI@IOIO 
o\oclece 


1. A, B and C are three events of a random experiment 
and P is a probability function. If P(A) = 0.6, P(B) = 
0.4, P(C) = 0.5, P(A U B) = 0.8, P(A 1 C) = 0.3, 
P(AQNBOC)=0.2 and P(AUBUC)=0.85, then 
match the items of Column I with those of Column I. 
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Col I Col - 4. Match the items of Column I with those of Column II. 
olumn olumn 
(A) P(A B)is (p) 0.35 Column I Column II 
: (q) 0.8 
(B) P(BAC)is (r) 0.2 (A) If two fair dice are rolled, then (p) ; 
= : the probability of sum of the 
(C) P(A/B) is equal to (s) 0.3 faces is 7 is : 
(D) P(AUB) equals (t) 2 (B) If acard is picked from a deck (q) 5 
3 of 52 playing cards, then the 
probability of getting a red 
card is 
2. A, B, C are three events such that (CF PG) eapcinomial (x) : 
_3 = =, _1 satisfying the relation 
RBs PNB: P(x) + P(2x) = 5x -18 for all 
1 real x. Now, each coefficient 
and P(AN BOC)== a, b and c of the quadratic 
3 expression ax’ + bx +c is one 


of the roots of the equation 

P(x) =0. The probability that 

ax’ + bx + c= 0 has real roots is 

Column I Column IT (D) In class X of a school 75% (s) 


Match items of Column I with those of Column II. 


= 1 are boys and 25% are girls. 
(A) P(BOC) is (p) D Probability of boy getting 
4 first class is 1/3 while girl 
(B) P(BA C) is (q) = getting first class is 1/2. If 
9 one candidate is selected at 
(C) P(ANC)/B) is (r) 1 random, the probability of the 
2 candidate getting first class is 
(D) P((ANO©)/B) is (s) ; 


5. The letters of the word MATHEMATICS are written 
in a row at random. Match the items of Column I with 


3. A and B are two independent events. It is given that those of Column II. 


P(AQB)=1/12 and P(A B)=1/2. Match the 


items of Column I with those of Column II. Column I Column II 
is 2 
Column I Column IT (A) Probability of the two (p) Tl 
i M’s together is i 
(A) P(A) is equal to (p) = B) The probability that — 
p y q 
: two M’s and two A’s 55 
(B) P(B) is equal to (q) = are together is 
(C) The probability that the (r) — 
(C) P(ANB) is (r) : vowels are together is e 
l (D) The probability of (s) 35 
(D) P(AN B) is (s) — beginning with M and 
4 end with M is 
Comprehension-Type Questions 
1. Passage: A and B are two bags. A contains 4 fair coins sides. Two coins are transfered from bag A to bag B 
and 3 counterfeit coins while B has 5 fair and 7 coun- and then a coin is taken from the bag B and tossed. 


terfeit coins. The counterfeit coins have tail on both Answer the following three questions. 


(i) If both coins transfered from A to B are counter- 
feit coins, then probability of getting a tail is 
3 5 1 23 
A) = B) — C) = D) — 
A> @®f ©F OF 
(ii) If tail appears, then the probability of both coins 
transferred from bag A are counterfeit is 


1 23 23 23 
A> 85 Of O72 


153 
(iii) If head appears, then the probability of both 
coins transferred from bag A are fair is 

14 21 25 14 

A) = B) — C) = D) — 

AB Bs OB ©) 39 
2. Passage: In a tennis tournament, there are 12 players 
S,,S,, .....5,, and they are divided into 6 pairs at random. 
From each pair, the winner will be decided on the basis 
of the game played between the two players of the pair. 
Assume that all players are of equal strength so that 
the probability of any player beating any other player 

is 1/2. Answer the following questions. 
(i) The probability that S, and S, are not playing 
against other is 


(A) 5 : 


Se 


10 
By 
Ba 11 


5 
Dy) = 
OD Ss 
(ii) The probability that exactly one of S, and S, is 
among the losers is 


(A> Bs : 


(D) 1 


6 
Cc) — 
OF 
(iii) The probability that both S, and S, are among 
the winners is 
1 5 6 5 
A) — B) — C) = D) = 
A> BS OF WS 
3. Passage: A box contains 6 coins out of which at least 
one is biased. Let E,(1 < K <6) denote the event that 
exactly K out of 6 coins are biased. Also let P(E,) 
be directly proportional to K(K+1). Answer the 
following questions. 


Assertion-Reasoning Type Questions 


In the following set of questions, a Statement I is given 
and a corresponding Statement IJ is given just below it. 
Mark the correct answer as: 


(A) Both Statements I and II are true and Statement II 
is a correct explanation for Statement I 

(B) Both Statements I and IJ are true but Statement II 
is not a correct explanation for Statement I 

(C) Statement I is true and Statement II is false 

(D) Statement I is false and Statement II is true 


(i) The proportionality constant is equal to 


A> Oa OF Oy 


(ii) If E is the event of selecting a biased coin out of 
6 coins, then P(E,/E) is 


Go. (.- wy 


1 
ey Emer 
132 133 133 


266 

(iii) If the coin selected is found to be biased, then 
P(E, / E) is equal to 

5 3 

Cc) — D) — 

(C) 35 ©) 55 


A= Bs 


4. Passage: There are n urns numbered from 1 to n. The 


Kth urn contains K white balls and (n + 1 — K) black 
balls. Let E,, denote the event of selecting the Kth urn 
at random and let W denote the event that the ball 
drawn from the selected urn is white. Let P(A) denote 
the probability of an event A. Answer the following 
questions. 
(i) If P(E,) is proportional to K for K = 1, 2,3, ...,n, 
then lim P(W) is 
1 2 1 3 
A) = B) = C) = D) — 
A> B83 OF WF 
(ii) If P(E,) = C, a constant for all K =1, 2, 3,..., n, 
then P(E,/W) is equal to 


(C) le 


(8) n+1 


) aI n+1 


1 
D) — 
nt+1 (0) 2 
(iii) If P(E,)=1/n for all K=1, 2, 3,..., n and E 
denote the event of choosing an even numbered 
urn, then P(W/E) is equal to 


1 n+4 
A a, ®) 2(n + 1) 

n+2 n+1 
(©) 2(n+ 1) @) 2n 


1. A fair coin is tossed 3 times. Let A be the event that 
the first toss gives head; B is the event that the second 
toss gives head and C be the event that there are 
exactly two consecutive heads or exactly two consecu- 
tive tails. 


Statement I: A, B, C are independent events 


Statement I: A, B, C are pairwise independent. 
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2. Suppose two persons A and B have n+ 1 and vn coins. 
All the coins are fair. They toss their coins. 


Statement I: The probability that A gets more heads 
than B is 1/2. 


Statement I: The probability that A gets more heads 
than B is the same as A gets more tails than B. 


3. In throwing a pair of fair dice, let A, be the event that 
the first die turns up odd number, A, be the event that 
the second die turns up odd number and A, be the 
event that the sum of the faces turn up is odd. 


Statement I The events A,, A,, A, are independent. 


Statement Ik A,, A,, A, are pairwise independent. 


4. Let E,, E,, ..., E, be mutually exclusive and exhaus- 
tive events of a random experiment with P(E,) > 0 for 
i=1,2,3,...,n. Let E be any event connected to the 
experiment with 0 < P(E) <1. 


Integer Answer Type Questions 


The answer to each of the questions in this section is a 
non-negative integer. The appropriate bubbles below 
the respective question numbers have to be darkened. 
For example, as shown in the figure, if the correct answer 
to the question number Y is 246, then the bubbles under 
Y labeled as 2, 4, 6 are to be darkened. 


1. Each of two bags contain both black and white balls. 
The total number of balls in both bags is 25. One ball 
is taken from each bag. The probability of both balls 
are black is 27/50. Then the probability of both balls 
are white is p/50 where p is ___ 


2. 10 girls and 4 boys are to sit at a round table. If the 
arrangement is random, the probability of no two 
boys sit next to each other is a!/(b!c!) Then (b+ c)—a 
is equal to 


Statement Lk P(E,/E)> P(E,)P(E/E,) 


Statement I: }’ P(E,)=1 


i=l 


. A random number selector can only select one of the 


numbers from the set {1, 2, 3, ..., 9} and he will make 
these selections with equal probabilities. 


Statement I: After n trials (n>1), the probability 
that the product of these selected numbers is divisible 


by 5 is 
BUBOMG 
9 9 9 
Statement I: For the product to be divisible by 10, 


the selections must contain at least one 5 and one 
even number. 


. Let A and B be two sets. A contains 4 elements while 


B contains 3. The probability of choosing a surjective 
map from A to B is m/n (m/n is in lowest terms). Then 
the value of n —- mis : 
(Hint: See Theorem 6.19, Vol. 1.) 


. A number from the set {1, 2, 3, ..., 15} is selected at 


random. The probability that it is a proper divisor of 30 
is a/b (in lowest terms). Then a + b is equal to 


. Let m/n, in lowest terms, be the probability that a 


randomly selected divisor of 10'’ is an integer multiple 
of 10". Then m+n is _—____ 


. A box contains 3 gold coins and 4 silver coins. Coins 


are drawn one by one without replacement until all 
the gold coins are drawn. If a/b (in lowest terms) is the 
probability that the number of draws required is more 
than 4, then b —a value is 


. If the integers m and n are chosen from the set {1, 2, 


3, ..., 100}, then the probability that a number of the 
form 7” + 7” is divisible by 5 is 1/K where K is equal to 


. The probability of a bomb hitting a bridge is 1/3 and 


two direct hits are enough to destroy the bridge. The 
least number of bombs required so that the prob- 
ability of the bridge getting destroyed is greater than 
0.5 is ; 


| ANSWERS 


Single Correct Choice Type Questions 


1. (C) 26. (A) 
., (D) 27. (C) 
3. (B) 28. (B) 
4. (A) 29. (D) 
5. (B) 30. (D) 
6. (C) 31. (D) 
7. (B) 32. (A) 
8. (A) 33. (C) 
9. (B) 34. (A) 
10. (A) 35. (C) 
11. (B) 36. (D) 
12. (A) 37. (A) 
13. (C) 38. (C) 
14. (A) 39. (D) 
15. (D) 40. (C) 
16. (B) 41. (D) 
17. (B) 42. (A) 
18. (A) 43. (C) 
19. (A) 44. (D) 
20. (D) 45. (B) 
21. (B) 46. (A) 
22. (C) 47. (A) 
23. (A) 48. (D) 
24. (B) 49. (D) 
25. (C) 50. (A) 


Multiple Correct Choice Type Questions 


4: (A),{B), (C) 6. (A), (B), (C) 
2. (A), (B), (C), (D) 7. (A), (D) 
3. (A), (B), (C), (D) 8. (A), (B), (C) 
4. (A), (C), (D) 9. (B), (C) 
5. (A), (B), (C) 10. (A), (B), (C), (D) 
Matrix-Match Type Questions 
1. (A)> (1); (BB) >); (Q>(; (> @ 4. (A)>(s); (B) >); (C)>(@); (D) > @ 
2. (A)>(s); (B)> (Pp); (CQ >); (D) > @) 5. (A) (p); (B) > (q); (C) > @; (D) (8) 
3. (A) > (p),(s); (B) > (p), (8); (C) > (q), (8); 
(D) > (q), (s) 
Comprehension Type Questions 
1. (i) (D); (ii) (C); Gili) (A) 3. (i) (C); Gi) (A); Gali) (B) 
2. (i) (B); (ii) (C); Gali) (D) 4. (i) (B); (ai) (A); (ili) (C) 
Assertion-Reasoning Type Questions 
1. (B) 4. (D) 
2. (A) 5. (A) 


3. (D) 
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Integer Answer Type Questions 
2 


Pe is 


9 
5 
3 


ONAN 


nbkBN 


Inequalities 


Euclid 


R(z, +2) 


Contents 


8.1 Introduction 


Worked-Out Problems 
Exercises 


Euclid, also known as 
Euclid of Alexandria, was a 
Greek mathematician, often 
referred to as the “Father of 
Geometry.” He was active in 
Alexandria during the reign 
of Ptolemy I (323-283 BC). 
His Elements is one of the 
most influential works in 
the history of mathematics, 
serving as the main textbook 
for teaching mathematics 
(especially geometry) from 
the time of its publication 
until the late 19th or early 
20th century. The origin of 
inequalities stemmed from 
the famous theorem of 
Euclid: The sum of two sides 
of a triangle is greater than 
the third side. 
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8.1 | Introduction 


The origin of inequalities stemmed from the famous theorem of EUCLID, namely, the sum of two sides of a triangle 
is greater than the third side. Almost all geometric inequalities, in some way or other, are based on this result. In 
this chapter, we deal with geometric inequalities as well as algebraic inequalities, especially more with Arithmetic— 
Geometric Mean inequality. Let us begin with formal definitions of Arithmetic Mean (AM), Geometric Mean (GM) 
and Harmonic Mean (HM) of real numbers. 


DEFINITION 8.1 (i) Let a,, a,, ..., a, be n positive real numbers. Then the number 


a,+a,+--+4, 
n 


is called Arithmetic Mean or simply AM of a,, a,, ..., a 
(ii) (a,,4,, 4;,...,4,)"”" is called Geometric Mean (GM). 


(iii) de is called Harmonic Mean (HM). 
(1/a,) + (A/a,) +---+ (/a,) 


Note that n = 2. 


n 


THEOREM 8.1) Ifa,,a,, ...,a, aren positive real numbers (n 2 2), then 
1 1/n 
= (a, + a+ d,) > (ayaa) 
n 


Equality holds if and only if a, =a,=---=a 


PROOF| We prove the theorem by the principle of mathematical induction. If a,, a, are two positive real 
numbers, then clearly 


a+ 
oa > /a,a, 
because (a 7 ae Y=0 and equality occurs if and only if a,=a,. Assume the validity of the 
theorem for (” — 1) positive real numbers and suppose 4,, a,, ..., a, be n positive real numbers not 
all equal. 

Without loss of generality, we may suppose a, is the greatest and a, is the least. Let G, be 
(a,a,---a,)''" so that using the assumption for the numbers a,, a,,..., 4,_,,44,/G,, we have 


vey Ud 


oa bps Pica . ( adv ) id 1/(n-1) 
n-1 a, a, n-1 G = a, 3 n-1 G 


n 


n 


That is 


ata t-4a,, +E" 2(n—NG, 


n 


Therefore 


nG,s[arast a+) +6 


aa 
=[nA, —(a,t+a,)]+~ 
[nA,—(a,+a,)] + 


n 


n 


[G; — (4, a a,) G, + 4,4, | 
G 


n 


=nA,+ 


Worked-Out Problems 


=nA,+ (G, — 4, (G, — 4,) 
G 


n 


<nA, (.4a4,>G,>4,) 


So 
G,<A, 
Hence, the theorem follows from induction. ia 
Coro.iary 8.1) Ifa, a,,...,a, are positive and a,+a,+---+a,=s (constant), then the product p=a,a, ... a, is 
greatest when 
s 
a = a, =9 = a, = — 
n 


Coro.iary 8.2) If a,,a,,...,a, are positive such that their product a,a,...a,=p (constant), then their sum 
a,+a,+---+a, 1s least when 


THEOREM 8.2} Leta,,a,, ...,a,and b,, b,, ..., b, be two sets of real numbers. Then 


(CaucuHy’s 
INEQUALITY) (a,b, + a,b, +++ +4,b,) < (ap + @ +++ +45) x (bj + by +--+ BF) 


Equality occurs if and only if a,, a,, ..., a, are proportional to b,, b,, ..., b,,. 


PrRooF| We proved this inequality when n = 3 in Chapter 6 (see Corollary 6.5). Let 


A=)'¢,B=) ab, and C=) 0h 
i=1 lk i=1 
For any real x, we have 


0< > (a+ xb =A+2Bx+Cx’ 


i=1 


This implies 
4B’-4AC <0 
=> B’- AC <0 
=> B’< AC 
and equality holds if and only if a,+ xb, =0 for i=1, 2, ..., n. Oo 


| WORKED-OUT PROBLEMS 


Caution: When AM-GM inequality is to be applied, be sure that the numbers are positive. 


1. Ifaand bare positive realnumberssuchthata+b=1, Proof: By Theorem 8.1 
then prove that 


lO Pea 


1 
2 2 mr (8.1) 
[a+] +(o+2] a : : 
a b 2 


Chapter 8 | Inequalities 


Now 


= (a+ 6) -20b+44(4 +2] 
a ob 


eee ee 


ab 
1 
21- 2(4) +4+2(4) [By Eq. (8.1)] 
=12+ ss 
2 
Equality holds if 
j=" 
2 
2. If x,, x5, ..., X, are positive real numbers, then show 
that 
1 1 1 
(ye mtontay( Aa bane tle 
HX Xn 
Equality occurs if and only if x, =x,=---=x,. 
Proof: By AM-GM inequality we have 
Xp +X te +X, > N(X,X,...x,)" (8.2) 
and 
io re Ge ae 
tote t =f re (8.3) 
mu % x; HX X, 


Multiplying Eqs. (8.2) and (8.3), we have 


1 1 1 2 
(x, +x) ++++x,))] —t—t+--4+—]2n 
HX x, 


3. InAABC, if 
3 
cos A +cosB+cosC = 5 


then prove that the triangle is equilateral. 


Proof: We have 


cos A +cosB+cosC = : 
Therefore 


A+B A-B 
2cos cos 
2 2 


+1 jie oe 
2 2. 


2sin . cos 2 2sin c o 
2 
cos———— =sin—+ 
2 Ag 
2 
1 2 
jin +1 
“2 2,/sin(C/2) 
>1 


Hence we get 


A-B 
1<cos 5 <1 


which implies that 


so that A=B. Similarly B=C. Therefore AABC is 
equilateral. 


4. Assuming that e* > 1+. for all real x (this result can 
be proved using differential calculus), prove that AM 
of positive real numbers is greater than or equal to 
their GM. 


Proof: In e*'>1+.x replace x on both sides with x - 1. 
We get 

esx (8.4) 
Let x,, x5, ..., x, be positive real numbers. Now, replace 


x with x,/X, x,/x,...,x,/x in Eq. (8.4) where 


qamtmtrtm 


n 


Now multiply all of these so that 


eV, ola!) gln!2)- > cae a An 
x Xx x 
Therefore 
ax x + X, = +X, a NS Ca: x) 
x (x)" 
nx XX, +°* X,, 
exp n|\2 a 
(x) 
1-2&> mi%p*** Xn 
(x)" 
pa Oe ae ae 
o 1°*2, n 
5. In AABC, if tanAtanB+tanBtanC+tanCtanA 


= 9, then prove that AABC is equilateral. 


Proof: First we show that the angles A, B, C are acute. 
Suppose one of the angles say A is obtuse so that tan A is 
negative. Therefore B and C are acute, and B + Cis also 
acute. Also 


tan(B + C)=-tan A >0 


Therefore 
tan B+ tanC eer, 
1-—tan BtanC 

and tan BtanC 41 


so that tan Btan C < 1. Now 


9= pS tan Atan B 
= tan A(tan B + tanC) + tan BtanC 
which implies that 
0>tan A(tan B + tanC) 
=9-tan BtanC 
>0 


which is a contradiction. Therefore A cannot be obtuse 
and hence A, B, C are acute. This means tan A, tan B and 
tan C are positive. Again 


9=tan AtanB+tan BtanC + tanC tan A 
_ tan Atan BtanC n tan Atan BtanC 
tanC tan A 
tanC tan Btan A 
tan B 
_ tanA+tan B+ tanC r tan A + tan B+ tanC 
tanC tan A 


n tan A + tan B+ tanC 
tan B 


because 


tan A + tan B+ tanC = tan Atan BtanC 
Therefore 


i tan A x tan B n tan B ig tanC tanA_ tanC 
~tanC tanC tanA tanA tanB tanB 
tan A tanB tanB tanC tanA tanc]”° 
tanC tanC tanA tanA tanB tanB 
(Theorem 8.1) 


=6 
Because equality is holding, 


tanA tanB_ tanC 
tanB tanC tanA 


Worked-Out Problems 


which implies that tand=tanB=tanC. Hence the 
triangle is equilateral. 


6. In AABC, if 


acosA+bcosB+ccosC _at+b+c 
asinB+bsinC+csinA  9R 


where R is the circumradius of AABC, prove that the 
triangle is equilateral. 


Proof: In Chapter 4, we proved that 
a bc 
sinA sinB sinC 
Therefore a=2RsinA, b=2RsinB and c=2RsinC. 
According to the hypothesis 


=2R_ (Theorem 4.1) 


sn2A+sin2B+sin2C 2 
25 (sin Asin B) 9 


(sin A + sin B+ sinC) 


4sin Asin BsinC 2 : 
ay (sin Asin B) — pasinA) 


9sin Asin BsinC =(sin A+ sin B+ sinC)(}'sin Asin B) 
9 =(sin A+ sin B+ sinC) 


( 1 1 1 
; bees a 
snA sinB sinC 
29 (by Problem 2) 


Equality implies that sinA=sinB=sinC. Therefore 
AABC is equilateral. 


7. Let a,, d,, ..., a,; b,, b,, ..., b, be two sets of positive 
real numbers such that 


at+a,t+--+a,=b,4b,4+--+5, 


Then prove that 


> a > ay +a,+--+4,) 
- 4, +b, = 2 a, 2 n 
and x bi Gis + b,) 
= 4, +b, = 2 al 2 n 
Proof: We have 
q; qi + a,b, a,b, = a;b, (8 5) 
a+b, a,+b a eb: 


Again, 


(a,+ es = ) >2? (Problem 2) 
q; 


t 
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which implies that 


a,+ b, ‘ 1 
4 (1/a,) + (/B,) (8.6) 
_ ab, 
7 a, +b, 
From Eq. (8.5) 
a _ a,b, 
a+b, | a+b, 
>a,- aan [from Eq. (8.6)] 
Therefore 


a . 3a, — b, 


a,+b, 4 
So 
ans 1 
2g ge ee) 
1 
= 7134+ a+ 44,)— (q+ a,4--+4,)] 
1 
= 9 ta +--44,) 
8. If x,, x,, x3, ..., x, are positive real numbers such that 
X,+x,+-+++.x, =s (constant), then prove that 
SS S 
1+x,)(1+x,)--(+x,)<14+44+24+.-4+4 
( i) ») ( a) [1 [2 |n 
Proof: Note that 
a _ n(n-1)(n-2)---(a—r+1) 
. La 
so that 
eee (8.7) 
nor 


Now by Theorem 8.1, we have 
Cx) +x) ve (1+%,) 
<[ Ceara) ra) 


2 n 
=1+"¢,(2}+c,(3) wate, [5] 
nN nN 


SO ee [By Eq. (8.7)] 


9. If x, y, z are positive real numbers and x+ y+ z=3, 
then prove that 


x+y +Vz2zaytyerex 
Proof: We have 
2Vx — x(y +z) =2Vx — x(3- x) (8.8) 
Now 


[2Vx — x(3 — x)][2Vx + x(3- x)]=4x —2°(3- x) 
= x[4-x(9-6x+ x’)] 
= x(—x* + 6x’ — 9x +4) 
= x(x — 1)(—x* + 5x - 4) 
=(x-1)(x -1)(4-x) 
20 (2 0<x<3) 
Hence from Eq. (8.8), we have 
2Vx — x(y +z) 20 


Similarly 
2Jy — y(zt+ x) 20 
and 2Jz —2(x+ y)=0 
Therefore 
2(Vx + fy + Vz) — 2(xy + yz+ zx) 20 


Vx + fy tz 2xyt yet 2 


10. In AABC, if 
(tan A + 2tan B+ 3tanCy 
> 14(tan* A + tan’ B + tan’C) 
then show that |B +|C is 37/4. 


Proof: In Theorem 8.2 (Cauchy’s Inequality), take a, =1, 
a, =2, a,=3 and b, = tan A, b, = tan B, b, = tanC. Then 
(tan A + 2tanB+ 3tanC) < (1° + 27+ 37) 
(tan? A + tan’ B + tan’C) 
(tan A+ 2tanB + 3tanC/y < 14(tan’ A + tan’ B + tan’C) 
< (tan A +2tan B+3tanCy 
(by hypothesis) 
Therefore 


(tan A + 2tanB + 3tanC) =14(tan’ A + tan’ B + tan’C) 


But it is known that equality occurs if and only if a, : a,: 
a,=b,:b,:b,. So 


tan A = tan B : tanC 
1 2 3 


Hence 


A=7 and B+|c-= 


11. In Figure 8.1 P is a point inside AABC. Let d,, d,, d, 
be the distances of P from the sides BC, CA and AB, 
respectively. R and r are, respectively, the circumra- 
dius and inradius of AABC. Prove that 


(i) The greatest value of (fd, + Jd, + fa,y is 


C+h4+e 
2R ; ‘ 
(ii) The least value of ane c is = 
d, d, 4d, r 


w. G@ boc, . . 
(iii) — + — + — is least when P is the incentre of 
1 2 3 


AABC. 


Proof: Let a,=./ad,,a,=./bd, and a,=.j/cd, and b,= 
1/Ja, b, = 1/Vb, b, = 1/Ve. 


FIGURE 8.1 Worked-out problem 11. 


(i) Using Cauchy inequality (Theorem 8.2) we have 


(Ja + Veh + JE) sad + bd, +cc,)(2+ 242) (8.9) 
a Cc 
But 


ad, + bd, + cd, = 2APBC + 2APCA + 2APAB = 2A. 
From Eq. (8.9), 


(lah + lie + JEP <20[ 2+ 542) 


= he +ca+ab) 
abc 
at+b+c 
2R 
Therefore the least value of (Jd, + Ja, + Ja, Y is 


£2 Pah ee y= 
abc 


C++ 
2R 


Worked-Out Problems 


(ii) We have 


a bc Fe, ue 
—+—+—]= 
(ad, + bd, +e4,){ $ Zz ‘| (a +b°+c) 


rial 


and 
(ad, + bd, + cd;) x Bg Pe 
ae. ae oe 
>(@ +b’ +c) + > 2ab Geared 
d, d, 
=(a+bt+cy 
Therefore 
a bc _(a+b+cy 
+—+—2 
dd, d, 2A 
28 ashe yee 


(iii) is obvious. 
Note: The above problem may be asked under 
comprehension. 


12. If x, y, z are positive real numbers andx+y+z=1, 
then prove that the minimum value of 


4 9 16 
x y 2Z 
is 81. 
Proof: Since x+y+z=1 we have 
4 9 16 . 9 i) 
—+—+—=(x+ y+z)} —+—+— 
x y Zz x y Zz 
(449416) +(24 2), (%2422),(2422] 
x Z y Z x y 


> 29 + 264 + 2V144 + 2V36 =81 
Equality holds if and only if 


13. If a, b, c are positive real numbers such that 
a+b+c=1, then prove that 


at+b+c>4(ab+bce+ca)-1 


where the equality holds if and only ifa=b=c=1/3. 
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Proof: We have then prove that 
a+b +c=(atb+c)y-2) ab Vxtyt+z2Jx 1+.Jy 1+ Jz 1 
= 1-2)! ab 2 4(ab + be + ca)—1 (Maths Olympiads IRAN, 1998-99) 
@22 > ab Proof: In Cauchy’s inequality (Theorem 8.2) for n =3, 
e212 a ab as 
= (a+b+c) 23> ab Si V9: ve 


x-1 y-1 z-1 
2 2 2 b= ,b, =. |——, b, = ,J — 
eatbh+c-—ab-be-caz20 1 "| Pe | = | : 


e sta — by +(b-cy+(c- ay | >0 Therefore 


b, + a,b, + a,b, < (az + a; + a )(by + bs + BF 
which is true and equality occurs if and only if a=b= (41D, + dada + asbs) S(t + a + as )(Br + By + 85) 


c=1/3. This implies 
14. If a, b, c are real numbers such that 0<a, b,c < 1 (x 1+ Jy 1+ Jz 1y<(x+y+z) 
anda+b+c=2, then prove that 
x-1 y-1 z-1 
abc oe ec ee (8.10) 
28 x y Zz 
(1-a)- b)(1-c) 
But 
Equality occurs when a= b=c=2/3. 
-1 -1 z-1l 1 1 1 
Proof: We have sath tag (etal) 
x y Zz x y Zz 
aa tbo t(a— bre) =3-2=1 


2 


So by Eq. (8.10) we have 
> J(a+b-c)(a-b+c) eee) 


ix 1+.Jy 1+ Jz 1s Jxty+z 


5 _btc-a)t (b-cta) 


2 
16. If x, y, z are positive real numbers such that x° y° 
> V(b+e- a)(b-—c+a) z'=7, then show that 
+a—b)+(c-atb = 
Pe (ace) a (c ) 2x +5y +3229 55] 
2 2 
2 vc +a—b)(c—a+b) Proof: Using AM = GM for the nine numbers 
Therefore 2x 2x 2x Sy S5y 3z 3z 3z 3z 


3° 3°3’°9’9'°4'°4'’4'4 
abc 2(b+c-—a)(ct+ta-—b)(a+b-c) 
= (2 — 2a)(2 — 2b)(2 - 2c) 
e. Bet Sy 9a (x 2e Be Sy Sy, 38 3¢, 36,3)" 


we have 


9 3 3 3 22 44 4 4 
abc 38 
(1—a)(1—b)(1—c) Therefore 
OV 75) (3) aaa 
15. If each of x, y, z is greater than unity and 2n+5y+3029|(2) (3) (;) xyz | 
1 1 1 


7 AIG] EY 


17. If a, b, c are positive real numbers such that abc = 1, 
then prove that 


ab be ca 
5 5 + 5 5 az a 
atb+ab b+c+t+be 


C+at+ca 


Equality holds when a=b=c=1. 


Proof: We have 


at+b=(at+b)[a’'-ab+ab —ab’ +b] 
=(a+b)[a’(a—b)-b’(a—b)+a@b’| 
=(a+b)[(a-b)(a—b)+ab'] 
=(a+b)[(a—b) (a +ab+b’)+ab'] 
>(a+b)ab 
Therefore 
a+b+ab>(a+b)ab +ab 
1 2 1 
a+b +ab (a+b)ab’+ab 
ab Z ab 
at+b+ab (at+b)ab+ab 
1 
~ ab(a+b)+1 
abc 
~ ab(a + b) + abc 


Cc 
a+b+c 


(." abc =1) 


So 


ab Cc 
5 5 S$ 
at+b+ab a+b+c 


Similarly 
be < a 
b+cet+be atbt+c 


ca b 
C+at+ca atbte 


Hence 


ab be ca at+b+c 
< =1 


5 5 + 5 5 + 5 5 oa 
at+b+ab b+cec+be cCc+a+ca at+bt+e 


18. If 0 < a < 1 and 0 < b < 1, then prove that 
Vab + J(1-a)(1-b) <1. 


Put a=sin’@ and b =sin’¢. Then 


Proof: 


Jab + Ja —a)(1—b) =sin@sing + cos@cos@ 
=cos(@ — ) 
<1 


Note that equality holds when a= b. 


Worked-Out Problems 


19. If a, b, c are positive real numbers, then prove that 


P+e C+a a+b’ 
a+b+cs< + + <2(a+b+c) 


b+c cta at 
where the preceding equality holds if a=b=c. 
Proof: We have 
b’ +c’ >2be 
= 2(b° +c) >2bce+b +0 =(b+cy 


b+c _b+ce 
=> > 


b+c 2 
Therefore 
b+ b+c cta atb 
3 > + + 
bt+e 2 2 2 
=at+bt+c 
So 
b+ 
+bt+cs 
‘ ° p> b+c 
Also 
b+c<(b+cy 
b’ 2 
=e <bt+c 
b+e 
Therefore 


pete <(b+c)+(c+a)+ (a+b) 


=2(at+b+c) 
20. If a, b, c are positive real numbers sucha+b+c=1, 
then prove that 
(1+a)(1+b)(1+c) =81-a)1-b)(1-c) 
and equality occurs if a= b=c=1/3. 
Proof: We have 
1l+a=1+(1-b-c) 
=(1-b)+(1-c) 
>2,/(1- b)(1-c) 


Similarly 
1+b22/(-c)(1-a) 
1+c22/-a)(1- 5) 
Therefore 


(1+ a)(1+b)(1+c) >8(1-a)(1—b)(1-c) 
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21. Prove that Proof: We have 
1 e133, 2n-l. 1 (a+ b)(ax’+ by )=ax°+ by +ab(x’ + y’) 
2.n+1 246 2n J2n+1 = (ax? + b’y*) + ab 
Proof: Let >2J(a’x’ + b’y’)ab 
135. 2n-1 Therefore 


ax’ + by’ . 2Vab 


Therefore 2 
lex? + by a+b 


pew 2n («3<3 ee 
"357 ntl i 23. If a,, a,, a,; b,, b,, b, are positive real numbers, then 
So prove that 
a<(}33 7 mnt) 246 2n (a+ 4b+ 06) 24 oe S) 2 +mea) 
"\2 4 6 2n 357 2n+1 oo 
1 and equality holds if and only if b, = b, = b,. 
ee Proof: We have 
which gives a 
g (abt bya) SS a) 
1 1 2 3 
a,< 
2n+1 naive (SO " ot | oe “a | 
ee 3 
b b b b. 
Again, ° ‘ 
357 (2n+1 = ce + sa | 
Ant Se 
ES TG (==) a 
pee 56 aid >a +a,+a,+2a,a,+2a,a,+2a,a, ( AM>GM) 
n 
257° Iya ; and equality occurs if and only if b, = b, = b;. 
So 24. If a, b, c are positive integers such thata+b+c=n, 
then prove that 
2n+2 
(2n i ya, >—=n+4+1 (ghey +4 (gir y” + (cbc y” <n 
> n+l q 1 Equality holds when a = b =c and nis a multiple of 3. 
"(Qn+ly 4(n +1) Proof: 
Step 1: Consider a number of a’s, b number of b’s and 
>a,> : c number of c’s and use AM = GM. Then 
" 2.n+1 
a+b+ce 


> (a’b’c! yor) 
22. If a and b are two given positive real numbers and aro 


x, y are variable real numbers satisfying the relation e+b+e > (abe)! 
x° + y’ =1, then show that the minimum value of ‘- 


ax’ + by’ Step 2: Consider 6 number of a’s, c number of b’s and 
[Peay by? a number of c’s and use AM = GM. Then 
ab+be+ca > (abet)! 


is 2Jab/(a + b). 


Step 3: Consider c number of a’s, a number of b’s and 
b number of c’s and use AM = GM. Then 


ac+ab+bc 
> (ab*c?)"" 


Adding all the results in steps 1 to 3, we have 
~(@ +b’ +c’ +2ab + 2be + 2ca) 
(abc yi" + (adc) + (abc? )" 
that is 


2, 
(a + b + c) > (a’b’c as 4. (a’b‘c" yin 4: (ab'c” a 


Result follows because a+ b+c=n. 


25. If a, b, c are positive real numbers, then prove that 
[1+ a)(1+b)(1+0c)] >7'a*b*c* 
(IIT-JEE, 2004) 


Proof: We have 


(i+a)\1+b)d+c)=1+at+b+ct+ab+be+catabc 
This implies 
(1+a)1+b)1+c)>a+b+c+ab+bce+cat abc 
(8.11) 
Using AM 2 GM, we have 


T(a+b+c+ab+ be+ca+ abc) 
>[(abc)(ab-bc-ca)abc}'"" 
= (a'b'ct yi" 
Therefore from Eq. (8.11) we have 
(l+a)(1+b)\(1+c)>7(a'bic’)” 
So 
[1 +a)(1+b)(1+0c)]’ >7'a*b*c* 


26. For any positive integer n, prove that 


J4ntl<vVn+Jn+1</4n+2 
(IIT-JEE, 2000) 


Proof: We have 


n<.jn(n+1) 


=> 2n<2,/n(n+ 1) 


Worked-Out Problems 


= 4n+1<2n+14+2Jn(n+1) 
=(Vn + Jn+1/P 


Therefore 


J4nti<vn+Jnt+1 (8.12) 


Again 
2,n(n+1)<2n+1 
>nt+nt+14+2Jn(nt+1)<4n+2 
= (vn +.Jn+1) <4n+2 


=vVn+Jnt+1<J4n+2 


(8.13) 


From Egs. (8.12) and (8.13) we have 


J4nti<vn+Jn+1<J4n+2 


27. If a,, a,,..., a, are positive real numbers whose 
product is a fixed number c, then the minimum value 
of a,+a,+---+4a,,+ 2a, is 
(A) n(2c)"" 

(C) (2n)e"” 


(B) (n+ 1)c"” 
(D) (n+ 1)(2c)"" 
(IIT-JEE, 2002) 


Solution: Using AM > GM for the n numbers 4, a,, ..., 
4,1, 24,, We have 


n-1? n 


+adtet +2 
AAG Sra * “Ah > (a. aya,... a,,(2a,))!” 
n 


— (2c) 
Therefore 
a,ta,+-+a,,+2a,>n(2c)” 


Answer: (A) 


28. If a, b, c and d are positive real numbers such that 
a+b+c+d=2, then M = (a+b) (c +4) satisfies the 
relation 
(A)0<M<1 
(C)2<M<3 


(B)1<M<2 
(D)3<M<4 
(IIT-JEE, 2000) 
Solution: Using AM = GM for the two numbers (a + b) 
and (c + d) we have 
(a+ b)+(c+d) 


5 >[(a+ b)(c + d)]'” 
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Therefore 


2 > M2 
2 


and M cannot be zero because a, b, c, d, e are posi- 
tive. Hence 0 < M < 1 and equality occurs if and only if 
a+b=c+d=1. 


Answer: (A) 


29. The product of n positive numbers is unity, then 
their sum is 


(A) a positive integer 
(B) divisible by n 
(C) equal to n+ Z 
n 
(D) never less than n 
(IIT-JEE, 1991) 


Solution: 
product a,a,a, .. 


Let a,, a,,..., a, be positive such that the 
. a, = 1. Using AM 2 GM we have 


ure alee) 2(an;...4,) "=1 
n 


This implies 
at+a+--+a,2Nn 


Answer: (D) 


30. Ifa, b, c are positive real numbers, then prove that 


a b a 
b+c cta 


a+b 2 


and equality occurs when a= b =c. 


Proof: We have 
(b+c)+(c * a)+(a+b), [(b+c)(c+a)(a + b)]!” 
Therefore 
(a +b+c)z[(b+c)(ctaatb)]} (8.14) 
Again 
1 1 1 
b+c cta 


+ + 1/3 
a a I ee 
3 “\b+ectaatb 


Multiplying Eqs. (8.14) and (8.15), we have 


b+e 


(a+b+c) + z + : = 
cta a+b) 2 


a b Cc 
+1}+ +1}+ 
5S ) ee i 


ay b a a ee 
b+c 


+i}z3 
2 


+ 2 
cta a+b 2 2 


31. Ifa, b, c are positive real numbers, then prove that 
2 2 2 
+ + 2 z 
b+c a+b at+b+c 


(Ireland Olympiads, 1998-99) 


c+a 


Proof: Asin Problem 30 we have 
2 1 1 1 
—(a+b+c) + + >1 
9 b+c cta at+b 
Therefore 


2 2 2 . 9 
bt+c a+b at+b+t+e 


ct+a 


32. Ifa, b, c are the sides of a triangle, then show that 
a+b+c 
~ ab+bc+ca 


and left side equality holds when the triangle is 
equilateral. 


Proof: We have 
a+b’ +c —-ab—bc-ca 


= 5[(a-b) + (bof + (ca) ]20 


Therefore 
C++ 
ab+bce+ca — 
Also, since a, b, c are the sides of a triangle, we have 
|b —c| <a, |c—a|< band |a— b| <c. Therefore 
(a—- by +(b-cY +(c-al <@+P +e 
2(a +b’ +c°)—-2(ab+bet+ca)<a +b +e 
a+b +c <2(ab+ be +ca) 
at+b+c 
ab+bc+ca 


33. Ifa, b, c are sides of a triangle ABC, then prove that 
(i) (a+ b+cy =27(b+c-a)(c+a—b)(a+b-c) 
(ii) abc = (b+ c-a)(c+a—b)(a+b-—c) 

C é 1 

2 8 


ww A.B, 
(iii) sin —sin—sin 
2 2 


In all the three relations equality occurs when AABC is 
equilateral. 


Proof: (i) Inany triangle, since sum of any two sides is 
greater than the third side, we have 


b+c-a>0 

cta-b>0 

a+b-c>0 
Put 

x=b+c-a 

y=ct+a-—b 
and z=at+b-c 


so that x, y and z are positive. Alsox+y+z=a+b+e. 
Now AM 2 GM implies 


+ y+ 
zt ytz, oe 


3 
Therefore 
(x+y+z) > 27xyz 
that is 


(a+ b+c)>27(b+c—a)(c+a-—b)(at+b-c) 


(ii) Again 
yt+z 
2 YZ 
) y 
Ztx, i 
2 
ue xy 
This implies 
(222) 422 )20< 
2 2 2 
that is 


abc 2(b+c-—a)(ct+a-—b)(a+b-c) 


(iii) We have 


sin = (s — b)(s —c) 
2 be 

gat _ [(s—c)(s—a) 
2 ca 

eG _ (s —a)(s—b) 
2 ab 


Worked-Out Problems 


(See Theorem 4.4 of Chapter 4.) Therefore 


sin 2 sin ee Cc = (s —a)(s— b)(s—c) 
2 2 2 abc 
_ (2s —2a)(2s — 2b)(2s — 2c) 
8abc 
_ (b+c-a)(c+a-b)(a+b-c) 
8abc 
< 2 [from (ii)] 
8 


34. In AABC, prove that 


Area As ; (a +b+c)abc 


(IIT-JEE, 2001) 


Proof: In part (ii) of Problem 33, we proved that 


(b+c-a)(c+a—b)(a+b-—c)<abc 
Therefore 


(s—a)(s — b)(s —c) S abc 


(s—a)(s- b)(s si 
e-on-ot-os( 52) 


A< oe +b+c)abc 
16 


A< a+ b+ cabe 


35. In AABC, prove that 


1< 008 A + cos B+ cosC <> 


Proof: We have 


cosA +cosB+cosC =1+ 4sin sin sin >1 


Again 


cos A +cosB+cosC 


=1- asin’ 4+ 2e09( 4 Joos{ 2—€ 
2 2 2 
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=1-2sin’ & + 2sine 


A) 
2 


<1 2sin’< + 2sin< + cos cos 


Je 


2 
=1 2{ sin’ 5) +55 
2 2 2 2 
Note that 


cos A + cos B+ cosC = 5 


if and only if AABC is equilateral. 


36. In AABC, prove that 
1 
cos Acos BcosC < 3 


Equality occurs if and only if it is an equilateral 
triangles. 


Proof: IfAABCisright-angled or obtuse, the inequality 
is clear. Suppose AABC is acute angled. By AM—GM 
inequality, 
cos A + cosB + cosC 
3 


> (cos Acos BcosC)'” 


Therefore 


3 
sen ee eene 


cos Acos BeosC =| 3 


37. In AABC, prove that 


33 


sinA+sinB+sinC < — 


Equality holds if and only if the triangle is equilateral. 


Proof: First, we prove that 
(x+y+z/P<$3(X°+y +2’) 
where x, y, z are positive real numbers. Consider 
(xty+zpaxrtyt7t2xyt2yz+2zx 
K<(P+y+7)t(C+y)t+(y +27) 
+(2 +x’) 


=3(x° +y +2’) 


We know that a=2RsinA, b=2RsinB, c=2RsinC and 
a, b, c are positive. Therefore 


(a+ b+cy <3(@ +b +c’) 
4R’(sin A+ sinB + sinCy <12R’(sin* A+ sin’ B + sin’C) 


(sin A + sin B+sinCy 


<3 


Fe n 1—cos2A ‘s see 
2; 2 2; 


[3 —(cos2A + cos2B + cos2C)] 


[3 —(-1-—4cos Acos BcosC)] 


= act 4cos Acos BcosC) 


= 6(1+ cos Acos BcosC) 


< oft + *) (By Problem 36) 


a/N 


Therefore 


33 


ssp sn == 


38. In AABC, prove that 


cosec A + cosec B + cosecC = 2 sec A sec a sec <) 
4 2 2 2 


Proof: We know from Problem 2 that 
(sin A + sin B + sinC) = = + es >3 
snA sinB sinC 
Therefore 


(4 cos cos =c0s S| (cosec A + cosec B + cosecC) 29 
cosec A + cosec B + cosecC = 2 sec A de Bike c 
4 2 2 2 


39. In AABC, prove that 
cos Acos BcosC < =jleos'(A — B)+cos’(B-C) 


+cos*(C — A)] 


Proof: If x and y are any two real numbers, then we 
have 


(x+ yy —4xy=(x—- yy 20 
=> (x+ yy >4xy 
Now take x =cos A and y =2cos B cos C. Then 
(cos A + 2cos BcosCY = 8cos Acos BcosC 
[-cos(B + C) + 2cos BcosC] > 8cos Acos BcosC 
(cos BcosC + sin BsinCY > 8cos Acos BcosC 
cos’(B-C) =8cos Acos BcosC 
Similarly, 
cos (C — A) > 8cos Acos BcosC 
cos (A — B) > 8cos Acos BcosC 
Therefore 
cos (B— C) + cos*(C — A) + cos*(A — B) 
224cos Acos BcosC 


and hence the result. 


40. In AABC, prove that 
a (b+c-a)+b'(c+a—b)+c (a+ b-—c) < 3abc 
Proof: We have 
a (b+c—a)+b'(c+a—b)+cC(at+b-c) 
=a(b+C-a@)+W(C+a-—b)+cla +b -c’) 
=2abccos A + 2abccos B + 2abccosC 


= 2abc(cos A + cos B + cosC) 


< 2abe{ >) 
2 


The last step has been derived using Problem 35. 


41. In AABC, prove that 


3.4 b Cc 


< + + <2 
2 b+ec cta at+b 


Proof: In Problem 30, we have proved that 


a b Cc 3 
+ = 
b+c cta at+b 2 


for any positive real numbers a, b and c. Now we prove that 


a b Cc 
b+c cta at+b 


<2 


Worked-Out Problems 


Consider 
b+c>a 
=>2(b+c)>a+b+c 


at+b+c 
=>b+c>———_ 


1 2: 
—— < — 
b+c atbt+e 


2a 
—_< — as 
b+c atbt+e 


Therefore 


a b Cc 2a+2b+2c 
+ + < =2 
b+c cta atb at+b+c 


42. In AABC, prove that 


3(bc + cat+ ab) <(a+b+c) <4(bc + ca+ ab) 


Proof: We have 


a +b’ >2ab 
b’ +c’ 22be 
and C+a >2ca 
Now 
2(a° + b’ +c’) > 2(be + ca + ab) 
Therefore 


a+b+c2ab+be+ca 
Adding 2(ab + bc + ca) to both sides we have 


(a+ b+c) >3(ab + be + ca) 


Also 
la—bl<c 
|b-c|<a 
|c-a|<b 
This implies 
(a—b) +(b-cY +(c-ay <a@+b +e 
So 


a+b’ +c <2ab+2bc+2ca 


Adding to both sides 2ab + 2bc + 2ca, we have 


(a+b+cy <4(ab+be+ca) 
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43. In AABC, prove that Similarly 
BOSE 2, ie = 4A<C+a@ 
abc a b Cc AAS eR 
Proof: Weh 
. ee Therefore 
BC+CA>2WBC Ca =2abc AA< min{b° 40,040, a4 b?} 


Ca + ab > 2bea 
Pair sou 46. In AABC, prove that 
Therefore bc+ca+ab >16N 
(bc? + ca +ab’)>2abc(at+ b+c) pieee ‘Wenheve 
16A? = (2s)2(s — a)2(s — b)2(s —c) 
=(at+b+c)(b+c-a)(ct+a-—b)(at+ b-c) 


=[(b + cy -a’][a’ -(b-c)’] 


be+cat+ab >abc(a+bt+c) 
Dividing both sides with a’b’c’, we have 


1 1 1 _at+bt+ce 


2 as 2 - 2 2 2 2 2: 4 2 2\2 
a b c¢ abc =a[(b+c)+(b-c)]-a@-(b-c) 
which is the required one. =a +b’ +ca’)-a'—bi-c* 
44. In AABC, prove that =@bP+RC+Ca- li@- BY +(b-cy 
2 


48(s — a)(s — b)(s—c) < bc(b +c) 


+ ca(c + a) + ab(a+ b) He eT) 


<@bP4+PC+Ca 
where 2s=a+b+c. 


Proof: We have 47. In AABC, prove that 
bc(b + c)+ ca(c + a) + ab(a + b) be+ca+ab>(4V3)A 
=B(c+a)+cla +b’) +a(b +c’) Proof: We have 


SR are) A= ae sin A = oe sin B= ee sinC 
e) 2 2 


Therefore 
be(b +c) +ca(c+a)+ab(at+b)>6abc (8.16) This implies 
But by part (ii) of Problem 33 ee a 24 1 7 1 1 
mA ani a 
abc 2(b+c-a)(ct+a-—b)(a+b+c) sm ia aa 
1/3 
= 8&(s = a)(s _ b)(s = c) (8.17) > (2A)(3) 1 : 1 . 1 
sinA sinB sinC 
Therefore from Eqs. (8.16) and (8.17) 
1/3 
8 
48(s — a)(s— b)(s—c) < 6abc < bc(b + c) 2 ayes 


+ ca(c + a)+ ab(a+ b). 


[ sin Asin BsinC < 2B) 


8 
2 
= 2ay(3)( 4] 
Proof: We have v3 


4A =2besin A <2be< b+ = 4,/3A 


45. In AABC, prove that 


4A<min{b +c, cC +a,a +b} 


48. In AABC, prove that 


1 1 1 
at+b-c 


b+c-a cta-b 


9 1 1 1 
= max ,-tit 
a+b+ca b ec 


Proof: Let x=b+c-—a, y=c+a-—b and z=a+b-c 
so that x, y, z are positive and 


x+y+z=at+b+c 


By Problem 2, 


wryro[tetetjes 
x y 


Zz 
This implies 
+ ro 2 
X Y ZF X+yVrZ 
Therefore 
: + : + : > 2 (8.18) 
b+c-a cta-b at+b-c at+b+tc 
Again, 
1 1 2c 
rs = 
b+c-a cta-b c-(a-by 
c -C 
Similarly 
1 1 2 
+ 2 
cta-b at+b-c a 
1 1 2 
2 
a+b-c b+c-a b 
Adding all the three in equalities we have 
: : : eee (8.19) 
b+c-a cta-b at+b-c a b ce 


From Egs. (8.18) and (8.19), the result follows. 


49. For AABC, prove that there exist positive real 
numbers x, y, z such that y+z=a, z+x=b and 
x+y=cand hence prove that 


R € 
Robi ec 
r Cc a 


where r is the inradius and R is the circumradius. 


Worked-Out Problems 


Proof: Letx=s-—a,y=s—b,z=s-—c where 2s=a+b 
+c, so that 


y+z=a 
z+x=b 


x+y=c 


R fabc\(s 
raleryty 
_ abc 
4(s — a)(s — b)(s—c) 
_ tat xet y) 
Axyz 
: W(Z+x)\(x+ y) + 2(z+x)(x+ y) 
Axyz 
_ (z+ x)(x+ y) , Ett) 
4zx 4xy 


Now 


(8.20) 


Now 
Azx <(z+x/y 
and Axy <(x+ yy 
This implies 
ve 
A4zx  (z+xy 
oe a 
A4xy (x+y) 


and 


Therefore using Eq. (8.20) we have 
(zt+x)(x+ y) 
(x+ yy 

Ryoxty ztx_c db 


Ry (z+ x)(x+y) 
ro (z+xy 


r z+x xty bc 


50. Ifa, b, c are positive real numbers, then prove that 


1 1 1 (2 1 =) 
+ + < ++ 
a+b b+c cta 2\a Db c¢ 


(Ireland Olympiads, 1998-99) 


Proof: We have 


1 1 2 

—+—>— 
a b Jab 
11g 2 
b c vJbe 
1,1, .2. 
c a Jca 
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which imply that This means that Eq. (8.21) is true. Therefore 
(24242) 22 1 4 1 ai 1 a+b°+c+2abe<2 
abe Vvbe Vca ab 
re oe ee eee 52. In AABC, prove that a’ +b? +c > 4V3A. 
a bc be Vea ab Proof: We know that 
ae ee a =b’ +c —2bccosA 
b+c cta a+b 
Therefore 
because 
sdk a+b +c =2(b+c)-2bccosA 
> Vab 
: a+b'+c—4 3A 
bt+c 
>Vbe pa : 
2 =2(b’ + c’) —2becos A — 2V3sin A 
cta 
5 2 Ca =2(b’ + c’) —2bc(cos A + V3 sin A) 
51. If a, b, c are the sides of a triangle anda+b+c=2, =2(b+c’)- Aceos{ A - 4 
then 3 
2 2 2: 
a+bo+c+2abe<2 > 2B +2) —4be E cos( 4) <1] 
Proof: We have 
4=(a+b+cfP=a@+b+C+2>) ab =2(b-c) 20 
Therefore So 
a+b +c +2abc=4-2) ab + 2abc C+b+C>4 3A 
a+b’ +c° + 2abe<2 Equality holds, if the triangle is equilateral. 
4-25) ab+2abe <2 Note: InProblem 47, itisproved that bc + ca + ab > 4V3A 
and hence Problem 52 follows from Problem 47, because 
<2-Sab+abe<1 a+b’ +c >ab+bc+ca. In both cases equality holds if 
the triangle is equilateral. 
1-} ab+abe<0 (8.21) 
Now 53. In AABC, if p,, p, and p, are the lengths of the alti- 
tudes from the vertices A, B and C on to the oppo- 
Is=atb+c=2>s5=1 site sides respectively, then prove that 
Therefore 1 1 1 3 
-2 ae 2 aes 2r ‘ r 
A’ = s(s —a)(s — b)(s —c) Ba Boe By 
=(1-a)(1-b)(-c) where r is the in radius of AABC. 
=1+ab+bc+ca-(a+b+c)-abc Proof: It is known that 
=1+ab+bc+ca—2-abc 1 ap 
A=—(BC)p,= — 
=ab+bc+ca-—1-abc 2 2 
So Therefore 
ab+ be+ca—1-abc=A’>0 1a 
=>1-ab-—bc-cat+abc<0 Pp, 2A 


Worked-Out Problems 


From this we get I,, 7, 7; are the ex-radii opposite to the vertices A, B 
and C, respectively, then prove that 


PPh Py 2A. 2A 2A Rb Bs; 
s 1 Pi PP. Ps 
“Ar Proof: We have 
Now 1 2A 
A= ie = P= 
af OF OF. ‘ : 
Pi Po Ps Now 
1 1 s-b s-c a 2 
=(1-2}(1-2)(1-2}-3-2-1 SO a Oi ee Ee 
Py P, P3 h OR A A A Pp, 
Therefore Therefore 
= = = 2, Roo 24, 
PA 2r P2 2r P3 r _ 1 (8.22) 1 1 1 
P P, P3 hm PY 
Also Similarly 
2A 2A ee 
oa ere ars 
a Ss mR KR Pp 
-2a(+-=) 5b _ 2h 
ane) A 1 P3 
= (= _ 2) Adding all the three equalities, we have 
as 
Nees ee 
ee DP Bh PB) ee RR RG 
By Problem 2, we have aa 
(using AM = GM for the six numbers on the RHS.) 
(4 72r 4 a 2r gi *) Therefore 
P P, P; 


Hg Gs 
Py ne P2 4 P3 > 3 PP Pr Ps 
P,-2r  p,-2r p,-2r 


55. In AABC, prove that 
So from Eq. (8.22), we have 


cos’ B + cos’ C sitet 
Pi +" _+_F_39 py cos B + cosC ante 
P,-2r p,-2r_ p,-2r 
P DP, Ds Proof: First, we prove that, if x, y and z are real 
fe = | + =o i ¥ pao 1) 26 numbers such that the sum of any two is positive, then 
il 2 3 
2. 2 2 2 2 2 
2r 2r 27 56 EN gee ge Sa ae 
P,-2r p,-2r_ p,—2r es sles alas 
1 1 1 3 We have 
+ + > 
P\—2r p,—2r ps-2r x+y 2axy>Axr’ + y)z(x4+ yl 


2 2 
54. In AABC, if p,, p,, p, are the lengths of the altitudes pane ae J 


drawn from the vertices onto the opposite sides and x+y 2 
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Therefore 


eas pEtY Yte, 24H 
x+y 2 2 2 


=xX+ty+z 


To prove the given problem, take x=cosA, y=cosB 
and z= cos C'so that 


x+y=cosA+cosB 


A+B (44) 
= 20s cos 
2 2 


>0 


Therefore x + y, y+ z and z+ x are positive. So 


2: 2: 
+ 
ae Mant yte 


X+y 


7A > B 
= x= + cos 


=cosA+cosB+cosC 
cos A + cos B 


=14+— 
R 


56. In AABC, prove that 


1/4 
sin A + sin B + JsinC < 3(3) 


Proof: Let x, y, z be positive real numbers. Then 
(x+ytzypaxrty+zet2xy+2yz+2zx 
SP +¥+7)e+y)t(y¥ +z) 
+(2 +x’) 
=3(x°+y +2’) 
This implies 


xty+zs 3" +y+2) 


Put x =./sin A, y=./sin B, z= ./sinC . Therefore 


sin A + sin B + sinc < /3(sin A + sin B + sinC) 


< [2] (see Problem 37) 


57. Consider Figure 8.2. P is a point interior to AABC. 
The lines AP, BP and CP meet the opposite sides in 
D, E and F respectively. Prove that 


AP BP CP 
—+—+——26 
PD PE PF 
A 
E 


LAF 


FIGURE 8.2. Worked-out problem 57. 


D 


Proof: Let A,=area of APBC, A,=area of APCA, 
A,=area of APAB and A=area of AABC. Let the 
length of the altitude drawn from the vertex A on to BC 
be y and the length of the altitude drawn from P onto 
BC be x. Now since x and y are parallel we have 


eee ec 
A, x PD 
Therefore 
A,+A,+A,; AD 
A, PD 
A, A, AD i= AP 
A, A, PD PD 
Similarly 
Baa - BE 
A, A, PE 
Ay, Ay CP 
A, A, PF 
Adding all we have 
AP AP | BP BP oP CP -y A, : As 
PD PE PF A, A, 


58. In AABC, prove that 


eer Ben) 


sin B + /sinC = sin A 


Proof: Since a=2Rsin A, b=2Rsin B and c=2RsinC, 
we have to prove that 


va > 
eevee) 


Let 
x= Vb+VJe-Va 
y=vVc+va-—vb 
z=Va+vb-Ve 
Since 
(Vb + VcP =b+c+2vbe 
>b+c>a 
This implies 
vb +Ve-VJa>0 


So x, y, Z are positive. Now y+ z= 2Va, z+x=2Vvb and 
x+y=2vec imply that 


Va _ytz 
dpinesaa 29 
vb _ztx 
Vve+Ja—-Jb  2y 
ve _xty 
Vet+Ja—-Vb 2z 


Therefore 


23 eee )(2S 2222) 


va > 
Eee) 


59. If x, y, z are distinct positive real numbers and 


then prove that 

1 1 1 
—+—+-—>3 
xX y Z 


x+y+z>3 and 


Worked-Out Problems 


Proof: By hypothesis, 
ayt+] yet] xxl 


y Z x 


Therefore 
xyztz=yzt+y 
XYZ +X= 2x +z 
xytx=xyzt+y 
Now 
xyz+z=yVzty 
=> yx(x-y)=y-Z 
= xyz(x — y)=x(y—- 2) (8.23) 
Similarly 
(8.24) 
(8.25) 


xyz(y— z) = ¥(z-x) 
xyz(z— x)= 2(x- y) 


On multiplying Eqs. (8.23), (8.24) and (8.25) and cancel- 
ling xyz(x —y) (y—z) (z—x) we have (xyz)? =1 which 
implies that xyz = 1. Therefore 

xt yt+z>3(xyz)'?=3 
and z + = + I >3 

x y Z 


Here equality cannot occur, because x, y, z are distinct. 


60. If a, b and c are positive rational numbers such that 
the sum of any two is greater than the third, then 
prove that 


a b c 
(14928) (144) (14?) ct 
a b Cc 


Equality occurs if and only ifa=b=c. 


Proof: Wecansuppose, a = x/m, b = y/m,c = z/m where 
x,y, Zand mare positive integers. Also note that b + c — a, 
ct+ta-—banda+b-—care positive and 


x+y+z=m(a+b+c) 
Consider 


jge=s 


(x times) 
1+ =e (y times) 


1+ ee (z times) 
é 
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and use AM > GM. Therefore 


1/(x+y+z) 


e|(- 7=£) (1+ <1) (1+ mal 
(x+ y+z)+ml(b-—c)+(c—a)+(a—b)] 
x+y+z 


r _ x = y = Zz 
2|(1+? “) (144) (iss ‘y 
a Cc 
ie x/m yim zim 
12|(1+°24) (14 =") (1+ =") | 
a Cc 
r # b . 1/(a+b+c) 
1> (1+7=*) (+=) (1+ =") 
[ a b c 
Therefore 


a b c 
(1+2=*) (1+ =") (+=) < (1)? =1 
a b Cc 


61. If x and y are positive real numbers such that 
x+y=1, then show that 


botfed 


Equality occurs when x = y= 1/2. 


We have 


“S23 fs 52 V0 


1/m(at+b+c) 


1/(at+b+c) 


Proof: 


(8.26) 


By Eq. (8.26) we have 


(+2 fret}-rtets : 
x y xX y xy 


2>14+2(2)+4 


feds 


62. In AABC, prove that 


Therefore 


a b Cc 
cta-b at+b-c b+c-a 


23 


Equality holds when the triangle is equilateral. 
Proof: Using AM =GM we get 


a b Cc 
cta-—b at+b-c b+c-a 


1/3 
a b Cc 


ct+ta-b at+b-c b+c-a 


But, from Problem 33, part (ii), we have that 
abc =>(b+c-—a)(c+a-—b)(a+b-c) 
Therefore 


a b Cc 
cta-b at+b-c 


>3 
b+c-a 


| EXERCISES 


Subjective Questions Only 


1. If a, b, c are positive real numbers and a+b+c=1, 
then prove that 


8<(2-1)(4 ij(2 i)s : 
a b Cc 2Tabc 


Equality holds when a= b=c = 1/3. 


2. If a, b, c are positive real numbers, then prove that 
2(a' +b? +c) >ab(at+ b)+ bce(b+c)+ca(c+a) 


> 6abc 


3. If n* < 10" for a positive integer n > 2, then show that 
(n+1)*<10"". 


4. Ifx, y are positive such that 3x + 4y =5, then show that 


and equality holds if and only if x = 2/3, y=3/4. 


5. If x, y, z are positive such that x + y+z=18, then 
prove that the maximum value of x’y*z’* is 4°6°8". 


10. 


11. 


12. 


13. 


. Ifa, b,c, e, f, g are positive, then show that 


[21242 \eeLe8)z9 
e f gha b c 


. Ifa, b,c are positive, then prove that 


(aro+o(Latet)zs 
abe 


When does the equality occur? 


. Ifa, b are positive, then prove that V2 lies between 


a/b and (a+ 2b)/(a+b). 


. If0<x<a/2, then show that the minimum value of 


9x’ sin? x + 4 

xsin x 
is 12. 
In AABC, prove that the inradius 

+h+e 

3(a+b+c) 
If a, b, c are the sides of AABC, then prove that 

la’ (b—c)+b’(c—a)+c’(a—b)|< abc 


(Hint: Factorize the expression and use that the 
difference of two sides is less than the third side.) 


If 0,, 0, ..., 0, are real, then show that 
n 2 n 2 
[Secose +(Ssing <n 
i=1 i=1 


If a,, a, ..., a, are positive real numbers such that 
a,+a,+-:-+a,=8 then prove that 


where n >2 


14. 


15. 


16. 


17. 


18. 


19: 


*20. 


If A, B, C are independent events with positive 
probabilities of a random experiment, then prove 
that 


P(A) + P(B)+ P(C)=3(P(AN BOC))'” 
When will the equality hold? 


Let A, B, C be mutually exclusive and exhaustive 
events with non-zero probabilities of a random 
experiment, and FE is any event of the experiment 
with P(E) > 0, then prove that 


P(E) 2 3(P(A)P(B)P(C))” 
x [P(E/A)P(E/B)P(E/C)}'"? 
If a,, a), ..., 4, are positive real numbers such that 


each a,;< 1 anda,+a,+-:-+a,=s, #1, then prove 
that 


(l+a)1+a@):--(+a,)< 
1-s 


n 


If n> 1 integer, then prove that |n >n"”. 


If a, b, c are positive real numbers, then prove that 


(a+b+c)(bc+ca-+ ab) = 9abe 


Ifn> 1 integer, then prove that n">1-3-5---(2n - 1). 


In many books, one finds the following problem: 
If a,, a, ..., a, are positive and (n—-1) s=a,+a,+ 
-- +a,, then show that the product 


aa, -a,--- a, >(n—-1)"(s— a)(s—a,)---(8—a,) 


This result is wrong, if we consider a,=1, a,=2 
and a, = a, = 6. Find the fallacy in the argument (or 
proof) given by the authors. 
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